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Chapter 1

Intr oduction

The RFQ in high-power accelerators

Thefunctionof anaccelerators to producea beamof chagedparticleswith anenegy andin-
tensity correspondindo the users’requirements.t consistsof a source,acceleratiormodules
and particletransportsections.Up to now, existing equipmentdesignshave beenableto meet
beamcoré requirementsvhetherfor measuremerdr simulationpurposesBut thisis nolonger
thecase particularlyfor installationgproducingintensebeamf protonsandlight ions(deutons
etc.¥.. It hasbeenfoundthata small proportionof the beamcanimpinge on the inner wall of
the structureandcauseactivationof theinstallation[1].. Activationgreatlycomplicatesnainte-
nance.The smallproportionof particleswhosespreads greaterthanthe sizeof the beamcore
is referredto ashalo.
High intensityacceleratorbiave anumberof applicationd2]:

¢ Nuclearphysicsandparticlephysics,for whichinjectorsproviding high-qualitybeamsof
ever-greatelintensityarenecessaryCERN,DESY, Fermilabetc.).

e Spallationneutronsourceswith flux increasediy two ordersof magnitudecomparedo
the performancef existing reactordor biology, physicsetc.

e Medicalaccelerator$or productionof radioisotopegmarkersfor medicalimagery).

e The irradiation of materialsand injection of neutralparticlesfor heatingof plasmafor
tokamakgfusionwith magneticcontainment).

e Treatmenbf nuclearwasteby exposureto high neutronflux producedoy spallationwith
or withoutthe productionof enepy.

e The productionof enegy with a cycle basedon thorium, which is more alundantthan
uranium.

lthe partextendingfrom the centreof gravity andthe meanquadraticdimensionsor RMS (RootMeanSquare).
2from afew tensto afew hundredmA with high duty cycles.

11



12 CHAPTER1. INTRODUCTION

e Theproductionof tritium.

Thereis agreatneedfor suchfacilities. Sincethefifties, therehave beennumerousgprojects,and
a substantiahumberof facilities have beenbuilt. Somewerein the form of cyclotronsor linear
acceleratorglinacs),operatingcontinuouslyor with a high duty cycle compatiblewith industrial
scaleinstallationrequirements.Views sometimedlifferedasto whetherto choosea cyclotron
or alinac. Herewe arenot concernedvith therelative advantageof the two types. Suffice to
saythatlinacsaregenerallybeingchoserfor mostof the on-goingprojects,andit is thistype of
structurethatwe will considerin detail. Thefollowing sectioncoversthe stagesy whichenegy
levelsin the GeV rangeandintensitiesof afew tensof mA canbereached.

The characteristicsof high-power linacs

In this section,we considerthe differentoptionsavailablefor building alinac. We have limited
thescopeto a corventionaldesign,asshown in Figurel.1.

Source

An ElectronCyclotronResonancéECR)sources generallyused.This consistof achambein
which plasmais containedby meansof a setof coils. The plasmais heatedoy a radiofrequeng
power source(magnetroror klystron). The electronsareacceleratedby resonancéetweenhe
magnetidield andthe RF generatofrequeng, hencethe name.The chagedparticlesproduced
by ionization (protons,deutonsetc.) areejectedby a setof high voltageelectrodeswhich es-
tablishthe enegy of the primary beam(approximatelyl00keV). The voltageof the systemcan
alsobe pulsedto obtain pre-choppingof the beam. The sourceis followed by a transportiine
consistingof two solenoiddor injectioninto anRFQ.

RFQ

The RFQ (Radio Frequeng Quadrupole)linear acceleratgrwith which a few MeV can be
reachedhasa numberof functions:

e bunchingthe particlesatthe selectedrequeng,
e acceleratingwith minimalloss,the bunchedormedbetweenl00keV andafew MeV,

¢ provide radialandlongitudinalcontainmenbf the beamwhenspace-chae dominated..

Theseprocessetake placecontinuouslyalongthe axis of propagatiorof the particlesto ensure
that the systemis asadiabaticas possible. This arrangemenis analyzedin detail in the next
section.

3Spacechageforcesaredueto thedecontainmenpotentialcreatedoy the beamitself.
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Superconducting

Room Temperature
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Figurel.1l: Typical high-pover acceleratoarrangement.

Drift Tube Linac (DTL)

This structurerecevesthebeamof afew MeV andacceleratethe bunchessuppliedby the RFQ
up to around100 MeV. This acceleratingcavity, also referredto asan Alvarezstructure[3],
picksup the beamwhenthefield produceslecelerationby meanf slip tubes.Radialfocusing
is provided by magneticquadrupoleplacedeitherin situ (insidethe slip tubes[4]), or between
the cavities [5]..

Coupled Cavity Linac (CCL)

This stageuseslessRF power thanthe DTL at enegieshigherthan100 MeV. Focusingis by
magneticquadrupoleplacedbetweenthe cavities. The useof superconductingavities is in-
creasing(high acceleratogradientandefficiency). This laststageenablesanenegy level of 1
to 2 GeVto bereachedyhichis necessaryor the effective productionof spallationneutronsn
atametplacedatits end.

The main problemsto be solved

The problemsfacedwhenbuilding suchlinacsarenumerousandcomplex becausehe levels of
performanceresometwo ordersof magnitudenigherthanthoseof existing installations.There
arenumerougritical issues:
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e masonrystructuresandalignmentof theinstallations,

e associategower suppliescorrectoraandquadrupoles,

e vacuum,

e provisionfor electricityandcooling,

e magnetianeasuremen@ndradiofrequeng field measurements,
e computersystemsandelectronicscontrolsystem,

e designof cavities (fieldsandmechanicaktrength),

e radiologicalprotectionresistancéo radiation,nuclearsafety

e RFwindowsandcouplerspheam/RFslaving,

e machiningof components.

All thesekey issuesarethesubjectof specificationgeflectingthetolerancdimits resultingfrom
the beamdynamics.The validity of the tolerancdimits derived from simulationis thusa criti-
cal point. It is thereforeextremelyimportantto carry outin-depththeoreticalandexperimental
studiesto gain a betterunderstandingf the dynamicsof the particlesin suchlinacs. More
specifically in orderto assesshe costandfeasibility of the high-enegy section(superconduct-
ing cavities representing/3 of thetotal cost),it is indispensabléo accuratelycharacterisg¢he
beamleaving thelow-enepy stagg(injector: sourceRFQ,DTL < 10 MeV) . Thisis thepurpose
of the IPHI* and LEDA?® projectsconductecconjointly by the CEA andCNRS andby the Los
AlamosNationalLaboratory[5, 6] (Figurel1.2) respectiely. For theseinjectors,particlelosses
arecritical. Theconsequencesf ary suchlossesaremultiple: activationof the coppef, outgas-
ing in the cavity resultingin flashover, anderosionof theinnersurfaceincreasinghe amountof
flashover, to mentiononly the mostimportantones.For thelasttwentyyears the PARMTEQM?
codehasbeenthe internationalstandardor simulatingthe dynamicsin RFQ simulators. The
LANL transportcode,initially written by Ken Crandallin 1979, was subsequentlynodified
on a numberof occasiondy Ken Crandallhimself andothercontributors(LIoyd Young). The
changesssentiallyrelatedto image effects, spacechage forcesand allowancefor the actual
configurationof the radiofrequeng fields of the beamzone (the usefulzone). PARMTEQM
wasbasedon approximationsimplifying treatmentof the dynamics. The simplificationswere

4Frenchacrorym standingfor High-Enegy Protoninjector

SLow Enegy DemonstratiorAccelerator

8FrenchAtomic Enegy CommissiorandNationalCentrefor ScientificResearch

"The activation thresholdfor copperis 2.16 MeV, it is thereforeextremelyimportantto accuratelyknow the
enegiesof thelostparticles.

8PhaseAnd RadialMotion in Trans\erseElectricQuadrupolevith Multipoles.
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Figurel.2: Artist’sview of the IPHI projectRFQ.

necessaryo limit the calculationtime on the computersavailableat thetime. Sincethen,appli-
cationshave focusedon beamacceleratiorwith very shortduty cycles,with the main purpose
of simulatingchangesn the beamcore. Thisis no longerthe caseas,in additionto the change
in the RMS® parametersit wasalsonecessaryo gain a betterunderstandingf the character
istics of the particlesmakingup the halo (locationof lossesandenengy of the lost particles)as
well asthoseof the beamleaving the RFQ to avoid ary lossesin the high-enegy part. This
thesisanalyzesthe approximationsusedin the PARMTEQM code and quantifiestheir effect.
The secondchapteraccordinglyreviews the basicsof the conceptausedfor dynamicsin RFQs.
Thethird chaptercoversthehypotheseandequationsisedin PARMTEQM. Thefourth chapter
describesn detail a new transportcodenamedTOUTATIS, which integratestime asthe inde-
pendentvariableandcalculateghefields by meansof three-dimensionaCartesiargrids. In the
fifth chapterthis code andits derivatives,areusedto testthevalidity of theapproximationsised
in the PARMTEQM code.Thesixth chaptercoversotherwork beingcarriedouton dynamicsn
theRFQs.

°RootMeanSquare.
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Chapter 2

The radiofr equencyguadrupole

Theradiofrequeng quadrupoldRFQ)is arelatively recenttype of linearacceleratarAlthough
the operatingprincipleis basicallysimple,the RFQ wasunknowvn until the late sixties,whenit
was inventedby Kapchinsly [1] and Teplyalov of the Moscov Experimentaland Theoretical
Physicsinstitute (ITEP). Major contritutions were madeto RFQ designby the Los Alamos
National Laboratory(LANL)[2], wherea demonstratonamedPOP (Proof Of Principle) was
built andrunin 1980. Sincethen,RFQ hasbecomeso popularthat, within afew years,dozens
werebuilt andcommissionedn numeroudaboratoriesanduniversitiesthroughoutheworld.

The mainfeaturesof the RFQ arethatit forms bunchesfocusesandaccelerates beamof
chaged particlesby meansof RF fields only. RFQsare particularly suitablefor accelerating
low-enepgy ions(of 1 to 2 MeV pernucleon),andconstituteghe bestmeansof doing so.

This chaptercoverstheoperatingorinciple of the RFQ,with particularreferenceao beamdy-
namics.Theelectrodynamicsf the structures not consideredn detail,andfurtherinformation
canbeobtainedn theahundantiiteratureon the subject.

2.1 Operating principle of an RFQ

Theoperatingorincipleof anRFQis shavnin thediagramselow. Figure2.1shovsanelectrical
guadrupolewith an electrodepolarity that alternateswith time. If a beamof chaged particles
is injectedalongthe longitudinalaxis of the structure,andif the particlesmakingup the beam
passthroughit for a periodof time suchthatthe polarity is reverseda numberof times', they are
subjectedo analternatingfocusingforcein eachtrans\erseplane(focusingthendefocusingetc.
in agivenplane). The overall effect is containmenbf the beam.This is directly comparabldgo
thatproducedoy atransportine with magneticquadrupolest regularintervalsandthe polarity
of the successie quadrupoless opposite(alternatefocusing).

The geometryof the poles,asdescribedabove, preventsthe formation of bunchesandac-
celerationof the beam. For this to be possible the quadrupolasymmetryof the electrodess

lthis representa.compromiséetweerthelengthof the quadrupolethevelocity of theparticlesandthe polarity
pulsation.In otherwords,the quadrupolenmusthave a lengthof afew S where = v/c (v is the velocity of the
particles,c is thespeedf light) and A = 2w¢/w (w is the polarity pulsation).

19
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\-ésin(wt+¢)

——===n

- \-ésin(wt+¢) R

Figure2.1: Quadrupolewith alternatingpolarity.

disturbed(Figure2.2). When,the horizontalpolesareat a distancen from the axis, the vertical

polesareatadistancen x a from theaxis;m is known asthe modulationfactor). Its valuetypi-

cally variesbetweernl and2.. a istheminimumgap. Thedissymmetrys invertedoveradistance
of 8s\/2 whereg; is therelatiistic factorof thesynchronougparticlewith radiofrequeng beat,
and) is thewavelength.Thepotentialalongtheaxisthenvariesperiodicallyanda componenof

thelongitudinalfield is created.This is the key aspecbf an RFQ:the periodof the modulation
is appliedin sucha mannerthat particlesand wavesare synchronized.The longitudinalforce
alwayshasafocusingeffectandcanproduceaccelerationwhereaghetrans\erseforcesproduce
alternatingfocusing. It is to be notedthatit is not possibleto obtaina focusingforcein three
planesat the sametime. Whenthe particlesmove in time with an electromagnetiovave, the
situationis virtually staticandthefollowing equation:

0E, OE, OEF,
VE-= i 2.1)
canbe applied. For thereto be a focusingforcein eachplaneat the sametime, the threeterms
would have to have the samesign, andthe equation(2.15)would thereforeonly be true if they
werenull.

An RFQoperateathighfrequeng, typically severaltensto severalhundredsof MHz (352.2
MHz for the RFQ at IPHI). Theresultis thatat the enegiesconsideredthe cells have lengths,
BA/2, of theorderof onecentimeter Therearetwo typesof polegeometry In one,four rodsof
circularcross-sectiomreinsertedinto a cylindrical cavity aroundthe axis of the structure[3,4].
The cross-sectionsf the rodsvary with the characteristianodulationof the RFQ (Figure 2.3).
With thistypeof geometrythestructures referredo asarodtypeRFQ.Alternatively, the cavity
canbe dividedinto quadrantgFigure 2.4), in which casethe structureis referredto asa vane
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Ysin(wt+9)

- \-ésin(wt+¢)

Figure2.2: Quadrupolewith alternatingpolarity andmodulatedpoles(a is minimum opening,
m X a IS maximumopening,3 X\ is the modulationperiod,andm is the modulationfactor). A
cell correspond$o onemeshof the geometrywith alengthof 5\ /2..

Figure2.3: Geometryof polesin RFQswith rods.
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Figure2.4: T F51o modein acylindrical cavity thatis empty i.e. notchaged,andin avane-type
RFQ (cross-sectiomt mid-length).

type RFQ. The endsof the vanesareprofiledasshovn in Figure2.2.. Vanetype RFQsarenot
consideredere,althoughmostof theissuegaisedapply equallywell to them.

2.2 Static approximation in the useful zone

To performthe specificfunctionsof an RFQ,a quadrupolesymmetryelectricaltrans\ersemode
is necessary The T'E,; modeis used. The third index must be null to avoid longitudinal
fluctuationof the trans\ersefocusingforceg.. The spatialdistribution of the electromagnetic
fieldsis shavnin Figure2.4.. The magnetidines of force passthroughthe planeof the page.lIt
is frequentlydesirablefor the designerof the electrodynamisystemto be ableto representhe
cavity by anequvalentcircuit. Figure 2.5 shawvs a simplified equivalentcircuit for a vanetype
RFQ.It is to benotedthatthe usefulzoneis essentiallycapacitve, with theresultthatthe vector
potential, A, canbedisreggardedor this regionin the Maxwell equationsThe electricfield:

A
B=-vu-24 2.2
V- (2.2)
canthereforebe written asbeingpuredivergenceof a scalampotential:

E=-Vu (2.3)

2|n practice,anumberof views prevail. Someconsiderthatthe amplitudeshouldbe variedwithin arangeof 10
to 20%, othersconsiderthatthe amplitudeshouldremainconstantWhatever the case,I" Es1 g is used.Variationof
its amplitudeis obtainedby adjustmenbf geometry
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_

Figure2.5: Simplified equivalentcircuit for vane-typeRFQ.

Theconsequencemreextremelysignificant. Theelectrodynamiproblemsaretotally distinct
from thoseassociatedvith the beamdynamics.. Resolutionof the wave equationscan,in a
broadusefulzone,bereplacedy resolutionof the Laplaceequation:

AT =0

(2.4)
for optimalrepresentationf thefieldsin theregion. Two methodsareavailable:

e An analyticalsolutionto equation(2.4) canbe optedfor, andits expressiordetermineshe
form of the poles.

¢ Criteriaareadoptedor imposingthe shapeof the poles,theresultingpotentialis thenrep-

resentectitherby anappropriaténarmonichaseor by numericresolutionby discretization
of thedomain.

It shouldbe notedthattherearea numberof possibilities,afactemphasizedy Kapchinsk. We
arebeginningto developthe approachadoptedby Kapchinsly, which alsosenesasa basisfor
the PARMTEQM code.lIt consistdn usingtwo cylindrical coordinatd_aplaceequationsolution
harmonicbasis. This techniqueis describedn the following section. Appendix A containsa

review of harmonicbreakdaevn. For furtherdetails,a secondsolumeby Durandon electrostatics
entitled“Conductors”coversthe subjectin somedetail [5].

3Thisis only trueto a certaindegree. The creationof a structureof this type necessarilynvolvesinteractionbe-

tweenthedifferentdisciplines(mechanicselectrodynamicsyeamdynamicsyacuumgivil engineeringelectronics
etc.).
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2.3 Cylindrical harmonicsin an RFQ

Thecylindrical coordinatesystem(r, 6, z) appearso bethe mostsuitable(quadrupolasymme-
try) for describingthe potentialin the usefulzoneof anRFQ.Equation(2.4) becomes:

=0 (2.5)

10 ( 09(r0,z) n l@zklf(r,@,z) n 0*W(r, 0, 2)
ror ' or r? 00? 022

where¥(r, 4, z) is the electrostaticscalarpotentialwhich is multiplied by sin(wgxrt + ¢)

to allow for the radiofrequeng beateffect. Solving this equation,which is detailedbelow, is

a relatvely complex matterandthe readercanrefer directly to page25 to find the results. By
seekingthe solutionof thetype:

U(r,0,z) = R(r)-0(0) - Z(2) (2.6)

by substituting(2.6) into (2.5), thefollowing is obtained:

Z(z) - Arg (R(r) - ©(0)) + R(r) - ©(0) - A, (Z(2)) = 0 (2.7)

whereA,, , is theLaplacianin relationto the coordinates: andv whichimplies:

{ Avo (R(r) - ©(8) F K- R(r)-©(6) = 0
(2.8)

2 Z
O2C) + k2. 7(2) =0

wherek is anarbitraryconstant. The secondequationin (2.8) canhave the following solu-
tions:

Z(z) = A-sinh(kz)+ B - cosh(kz)
A" -sin(kz) + B - cos(kz) (2.9)

1

N N
&
[

dependingon whether(-), (+) or (¢ = 0) hasbeenselectedn the secondequationof (2.8).
For thefirst equationof (2.8)to betrue, it is necessaryhat:
r? 80 0RO 4 em? F (kr)?)-R(r) = 0
(2.10)

626@999) F m2 - @(0) = 0

wherem is a constant.The angularsolutionsare of the sametype asthe longitudinalsolu-
tions:
©(f) = A-sinh(mé)+ B - cosh(m#)
0(f) = A -sin(mb)+ B’ - cos(mb) (2.11)

" "
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dependingon whether(-), (+) or (m = 0) hasbeenselected.For theradial equation,cases
wherem andk arenull alsoneedto be considered.If the combination(-) and(-), or (-) and
(m = 0) is selectedthesolutionwill be:

R(ry=A-I,(kr)+ B-I1_,,(kr)+C - K,(kr)+ D - K_,(kr) (2.12)
wherel.,, andK,, aremodifiedBessefunctionsof thefirstandsecondrder+m, respec-

tively. If the combination(+) and(-) is adoptedijt is sufficientto replacem by i - m in (2.12Y,
thecombination(-) or (m = 0) and(+) in theradialdifferentialequationgives:

R(r)=A-Jn(kr)+ B-J_p(kr)+C-Yy(kr)+ D -Y_,,(kr) (2.13)
where.J.,, andY,,, areBessefunctionsof thefirstandsecondrder+m, respectrely. The

expression(2.13) is alsothe solutionfor the combination(+) and (+) whenm is replacedby
i - m.. Thecasg(k = 0) gives:

R(r) = A-r™+B-r™™
R(r) = A -cos(m-log(r))+ B -sin(m -log(r)) (2.14)
R(r) = A"-log(r)+ B’
for (-), (+) and(m = 0) respectrely. In short,allowing only for Besselfunctionsof imagi-
nary orders,andwith m andk real,a Laplaceequationsolutioncanbe written with cylindrical
coordinatesisingdevelopmentsuchas(2.15).

U(r,0,2) = Y.[A}-sinh(kz) + B} - cosh(kz)] - [C} - Jo(kr) + D, - Yo(kr)] - [E} - 0 + F}l]

+ Yk Ym[A2,, -sinh(kz) + B2 - cosh(kz)] - [CE,, - Jm(kr) + D2, - J p(kr)]
(ER - Ym(kr) + FE, - Y (k)] - [G%,, - cos(mB) + HZ,. - sin(mb)]

+ Yk [A} -sin(kz) + B} - cos(kz)] - [C} - Ly(kr) + D} - Ko(kr)] - [E} - 0 + F}]

+ Yk (AL, csin(kz) + B, - cos(kz)] - [Chy - I (kr) + Dy - I (K7)]
[ER, - Km(kr) + FE - K (kr)] - (G - cOs(mB) + Hp . - sin(mf)]

+ YnlA2 - z+B2]-[C5 -r™+ D3 -r~™] - [E> -sin(mf) + EF2 - cos(mb)]
+ [A®.z+ B%]-[C" -log(r) + D] - [E®- 6 + F°]

+ Y lAl -2+ BI]-[CI -cos(m-log(r)) + D!, - sin(m - log(r))]
-[ET - sinh(m@) + F - cosh(mf)]
(2.15)
This setof serieswill be extremely usefullateron. It will be seenthat Ken Crandallhas
madesubstantialuse of theseseriesandthat mary of themare usedfor differentpartsof the

4 is the pureimaginerynumberequalto /—1..
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| Coeficientsthatcancelout | Reasongliven |
ELESES;ELF! angularperiodicity
A}C,B,ﬁ,Aim,Bﬁm,A5 A6 AT longitudinalperiodicity
D;EZ FZ D3 Ey Fp D3 06 ;CT DI finite potentialalongaxis (0~z)
B Db F® null potentialalongaxis (Oz) at mid-cell
H,;*m,Ef’ rotatedquadrupolesymmetry

Table2.1: Sortingof coeficientsfor RFQin expression2.15)

RFQin PARMTEQM. It is now necessaryo identify thetermswhich possesshe symmetrieof
theRFQ. This stageis summarizedn Table2.1..

Rotatedquadrupolesymmetryrequiresthatm be aneveninteger, 1,,,(kr) andI _,,(kr) then
beingidentical. Assumingthat the structureis periodicaboutz, which is true aslong asthe
modulationfactorvarieslittle betweercells:

k—n-k (2.16)
where:
2w
k=" 2.17
5 (2.17)

wheren is aninteger Thedevelopmentiable to give the bestrepresentationf the potential
of theusefulzoneof anRFQin cylindrical coordinatess therefore:

\% +o0 +00
U(r,0,z) = =3

Z Ao - 7*™ - cos(2mb) + Z Apm - o (kr) - cos(2m#) - cos(nkz)

mene (2.18)
where(m + n) is oddfor quadrupolasymmetry andV’ is the potentialdifferencebetween
thetwo poles. This type of seriesoffersrapid corvergence,.e. thefirst termsare sufiicient to
obtaina high degreeof accurag.

2.4 Time/position matching

An RFQ is thereforean acceleratomwhich usesfocusingwith a time-basedoeriodicity. This
raisesan importantissue: matchingof the beamfrom a time-independenstructure(a corven-
tional transportine consistingof quadrupolesndmagnetostatisolenoids)with thatof a time-
dependenstructuresuchasan RFQ whoseacceptancearieswith the radiofrequeng phaseof
the pole polarity. Ken Crandallhasmadea major contritution by suggestinggradualreduction
of the pole gap,which hasthe effect of creatinga rampfor the amplitudeof the focusingforces
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U=- cost)

NI

NY

SAR

Figure2.6: Longitudinalprofile of thevanesof anRFQin the RadialMatchingSection.

(Figure2.6). If sucharampis createdover a certaindistanceandin a certainmannerfor ex-
ample,it is possibleto make the beamparameterst the endof the structuredime-independent
(Figure2.7). We will explain in furtherdetailwhatwe meanby a certaindistanceanda certain
mannerin thenext chapter

2.5 Conclusionof chapter

In this chaptemwe have seerhow RFQsoperateandwhatthe start-of-the-arts for descriptionof

theusefulzoneonthebasisof acylindrical harmonicbreakdevn. The principle of time/position
matchinghasalsobeendescribed.The advantage®f the PARMTEQM coderemainto be con-
sidered,andthis is the subjectof the next chaptemwhich containsa detailedreview of the main

approximationsn the code,particularlyasregardscalculationof the fields dueto the structure,
calculationof the spacechage forcesandintegrationof the dynamicsequations.
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Figure2.7: Theacceptancef anRFQwith andwithout a RadialMatchingSectionat different
radiofrequeng phases.
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Chapter 3
PARMTEQM transport code

ThePARMTEQM transportodeconstitutesheinternationally-recognizestandardor thetrans-
portof chagedparticlesin RFQs.Beforeinvestigatingthe limits of its validity for thetransport
of intensebeamswhich is the subjectof Chapters, it is first necessaryo considerin detailthe

differenttechniquesisedin thecode.This constituteghenecessarintroductionto thefollowing

chapters.

3.1 The algorithm usedfor transport

The calculationis madeon the basisof particle distribution in a 6D space(z, z', y, ', ¢, W)..
All the particlesareat the samepoint Z,, which correspondso the longitudinalpositionof the
synchronougarticle. The phaserelatingto this synchronougpatrticle:

is usedto estimatethelongitudinaldistribution of thebunchneededor calculationof theimage
andspacechageforces.For eachparticle,theforcesarecalculatedusinganalyticalexpressions
with takulatedcoeficientsfor the externalfields. Theseforcesareappliedto the particlesby a
leap-frogeffect. For the spacechageforces,the chage distributionis discretizedn a 2D mesh
with symmetryof revolution whenever the bunchis at mid-cell. The cross-sectiomf the beam
is thenvirtually circular. This discretizationnto rings makesit possibleto calculatethe forces,
asthe electrostaticontribution of anevenly-chagedring is preciselyknown. Theseforcesare
appliedat eachcalculationincrement. The effects of imagesare estimatedat the beginning
and middle of the cell by analyticalexpressionswith takulated coeficients, the forcesbeing
integratedover a half-cell unlike the spacechage andexternalforceswhich areintegratedover
onetenthof acell.

Thestratgyy usedfor simulationof thetransporiof ionsin anRFQusedin PARMTEQM can
be summarizedasfollows: imageand radiofrequeng fields basedon harmonicdevelopments

1Theeffectsof imagesaredueto the chagesinducedby the beamon the surfaceof the conductoywhich gives
riseto aforcethatdisturbsmovement.

31



32 CHAPTER3. PARMTEQM TRANSPOR CODE

with takulatedcoeficients,spacechage fields calculatedusinga grid (r-z) for a bunchreconsti-
tutedby meanof atransform(z—t—z), themovementintegrationparametebeingz, with acell
discretizednto 10 elementsThefollowing sectiongdescribea numberof thesestagesn detail.

3.2 Calculation of the external fields

In PARMTEQM, representatioof theexternalfieldsis basedntheharmonicdevelopmentsie-

scribedn thepreviouschapter Dependingonthezoneof theRFQconsideredgertainharmonics
areselected.The needfor this multipolar representatiomasintroducedin 1982by Jean-Louis
LaclareandAnnick Ropert[1]. For awhile, PARMTEQM madedo with thetwo-termpotential

describedn AppendixB..

3.2.1 The body of the RFQ

For thebodyof the RFQ, thefirst eighttermsof expression(2.18)aresufficientfor representing
guadrupolasymmetryandlongitudinalperiodicity modulationof the vanes:

e thenon-periodicquadrupolaterm(Ag;)

thenon-periodicdodecapolaterm (Ays3)

thefirst periodicmonopolarterm(A)

thefirst periodicoctopolarterm (A4:2)

thefirst periodicdodecapolaterm (Ay3)

thefirst periodicquadrupolaterm (A4,;)

thesecondperiodicmonopolarterm (As)

theseconderiodicoctopolarterm (As,)

The periodicityis of courselongitudinal. The non-periodiccoeficientsarenormalizedrelative
to Ry, theaveragepolegap.
Thedevelopmentusedis thereforeasfollows:

2

U(p,0,2z) = ¥ {An (RLO) cos(26) + Aops (%0)6 cos(66)
+A101y(kp) cos(kz) + A1o14(kp) cos(40) cos(kz) (3.2)
+A9115(2kp) cos(20) cos(2kz) + Agsls(2kp) cos(66) cos(2kz)
+A3214(3kp) cos(40) cos(3kz) + Asolo(3kp) cos(3kz)}
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whereV is the potentialdifferencebetweersuccessie vanes At eachlongitudinalposition,
the trans\ersecross-sectionsf the equipotentiakurfaces,correspondingo the above formula,
areasymptoticcurvesdueto combinatiorof termsin cos(n#) wheren is aninteger. It is therefore
impossiblejn practice to profile polesexactly in accordancevith thisformula,astheamplitude
of thefield would becomenfinite. The PARMTEQM codethereforeusesaharmonicbreakdavn
of anumericsolutioncalculatedvith CHARGE3D? onthebasisof equation(3.2)[2]. CHARGE
3D calculatesthe chage distribution on the surface of the polesof an RFQ, the latter being
representelly semi-circleswith radii andtrans\ersepositionsthatarevariablein thelongitudinal
direction[3]. This variationis determinedby the structuredesigner AppendixB coversthe
differentgeometriesusedfor vane-typeRFQs. Oncethe pole geometryhasbeencalculatedby
CHARGE 3D, the numericalsolutionis projectedon the basisof harmonican a domainwhere
the basisis orthogonal.In view of the coordinatesystemselectedthis domainis boundedby a
cylinderof radiusa.. We shallreturnlaterto theconsequences thislimitation. Thecoeficients
arecalculatedndependentlyith thefollowing relationships:

Aom = #26’”[@ /0% /OLC Ul(a,,z) - cos(2m@)dfdz (3.3)
8 5 (L
A0 = ol /0 /0 U(a, 6, 2) - cos(nkz)dfdz (3.4)
A = 10 / : / " U0, 0, 2) - cos(2mb) - cos(nkz)dbdz (3.5)
7V Ism(nka)L. Jo Jo

whereU (a, 6, z) is the numericalsolutionof CHARGE 3D. The tablescompilecoeficients
for thedifferentcell configurationslt is theseableshatareinterpolatedrom by the PARMTEQM
codeto obtainthe coeficientsfor eachcell of the structureit simulates.

3.2.2 The entranceradial matching section

A numberof developmenthave beenproposedor theradialmatchingsectionof anRFQ[1,4].
TheLANL codesusethefollowing formulation:

U(p, 0, z) Z Am [Izm kr) - sin(kz) +37CmO L, (3kr) - sz’n(?)kz)] -cos(2mf) (3.6)

wherethe A,, areadjustedo obtainvirtual continuity with the formulationfor thefirst cell
of the RFQ (cunatureof vanesandpotentialamplitude)[5] and:

™

k= (3.7)

2Lsar
where Ls 4 is the entrancesectionlength. The termsm = 0 allow for the possibility of
startingthe RFQwith amodulationanalternatve thatis rarelyused.To obtainthecorrectbeam

2Electrostaticcomputercodewritten by Ken Crandall.
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parameter$or thisformulationandthechannefollowing theentrancesectionthe PARMTEQM
userreliesonthe TRACE 3D code. This code,coveringbeamenvelopetransportusesa2 x 2
matrix formalism for the RFQ. It was written by Ken Crandallandis basedon a simplified
formulation of expression(3.6). This simplified formulation notably disregardsthe dodecapo-
lar componentand equateghe quadrupolarcomponentwith a “pure” quadrupolarcomponent
(A1 = 1) in development(3.2).

3.2.3 Exit section

At the exit from the RFQ channelvanemodulationproducesanexit potentialoscillatingalong
thelongitudinalaxis. Dependingonthemomentwhentheparticlespasshroughthisregion, they

cangainor loseenegy. To controlthis effect,andmeetthetime-independedtbeamrequirement,
KenCrandallhasproposed5] ageometrygeneratinghefollowing potentialalongthe axis:

U(z,t) = 3%;1/ cos(kz) + %cos(Skz) sin(wt) (3.8)

wherez = 0 atthe beginning of the sectionandz = L, attheendplate,k = 7/2L;, w is
the radiofrequeng pulseand AV/2 is the potentialalongthe axis on leaving thelastcell. The
longitudinalfield alongthe axisis:

B = ?’ATVk [sin(k2) + sin(3k=)] sin(wt) (3.9)

Given ¢, the phaseof the radiofrequeng whena particleis at z = 0, wt canbe replaced

by ¢ + k'z, wherek' = 27/B\.. Assumingthatthe variationin velocity of the particlepassing
throughthe sectionis nggligible, theenegy gainis:

AW (g, Ly;) = /O " B dy = ?’ATV [S1(Lss) sin(e) + So(Lss) cos()] (3.10)
where:
1 (Lsy) = /o% [sin(kz) + sin(3kz)] - cos(k'z) - d(kz) (3.11)
and: .
Sy(Lys) = /0 ? [sin(kz) + sin(3k2)] - sin(k'2) - d(kz) (3.12)

Figure 3.1 shaws the variationsin enegy gainin unit AV/2 asa function of the width of
sectionL, in unit 5\ andthe phaseof theparticleatthesectionentrancelt shouldbenotedthat
when L, is smallerthan~ /2, the sectionbehaesasa longitudinally focusingaccelerating
cell. However, the sectionis thentoo shortto performits time/positionmatchingfunction. When
L, is greatetthan~ 33\/2, theenegy gainbecomesegligible andthetime/positionmatching

3This is lessimportantat the exit thanat the entrancevherethe beamis continuous.As the bunchis formed,
thereis a slight extensionin phasecomparedo theradiofrequeng fields.
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Figure3.1: Variationin enegy gainin unit AV/2 asa functionof thelengthof the sectionL;;
in S\ unitsandthe phaseof the particleat the sectionentrance.

functionbecomeeffectivewhenL;; is greatethan~ 24\ .. In this casethe Twissparameters
of the beambecomeidenticalin eachtrans\erseplane. This is an adwvantageif a solenoidis
placedafterthe RFQ,andadisadantagéf it is amagneticquadrupoleln addition,the bunchis
nolongerkeptlongitudinal. Theseadifficultiescanberesohedby insertinga specialcell between
the exit sectionandthe last acceleratingcell. This is referredto asthe transitioncell andis
describedn thefollowing section.

3.2.4 Transition cell

To overcomethe difficulties mentionedin the precedingsectionandto provide a smoothtran-
sition betweenthe dissymmetryof the lastacceleratingell andthe quadrupolasymmetryexit
section KenCrandallhasproposedntroducingatransitioncell [6] betweerthe exit sectionand
thelastacceleratingell. This cell solvesthe problemof uncertaintyconcerninghe enegy in-
troducedby theexit sectionandenablegreaterflexibility in adjustingthe sizeanddivergenceof
the beamat the exit. To describethe potentialprovided by thesefunctions,PARMTEQM uses

4This actiondepend®n the bunchphasedimensionand23 ) is agoodcompromise.
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thefollowing formulation:

U(p,0,2) = g { (R%)Q cos(20) + [A10Iy(Kp) cos(K z) + AsgIo(3Kp) cos(SKz)]} (3.13)

where K = 7/2Ly with L, beingthe lengthof the transitioncell. Parametersd;q , A3
andL,; aredeterminedn sucha mannerasto ensurecontinuity with the adjacentsections.The
horizontalandvertical profilesof thevanesarethengivenby:

(% )2 — Aily(Kx) cos(Kz) — Az lo(3Kx) cos(3K2) =1 (3.14)
0
and:
_ ( }é, )2 — Ajplo(Kx) cos(Kz) — AsoIp(3Ky) cos(3Kz) = —1 (3.15)
0

The(—) signis usedfor thesecondandthird terms.Thehorizontalvanethusbeginsatm x a
andtheverticaloneata whenz = 0 (beginningof cell). As thelongitudinaltermsarenull when
z = Lg, thetwo vanesareeffectively at R,.. However, we alsorequirethe gradientto be null at
theendof thecell. By differentiatingequationg3.14)and(3.15)relatve to z, andby imposing
thatdrift isnull at z = L,;, arelationshipcombiningA,, and Az, is obtained:

_ Iy(KRy)
Az = mAlo (3.16)

Figure3.2shavs atypical configurationof the pole profile. Parametersi;, and K remainto
be determinedThis canbedonenumericallyusingequationg3.14)and(3.15) by imposingthe
following boundaryconditions:

U(m x a,0,0) =V/2 (3.17)

and:

Y(a,7/2,0) =-V/2 (3.18)

asK = 7/2Lg:

U(Ry,0, Ly) = V/2 (3.19)
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Figure3.2: Longitudinalprofile of thevanesattheendof the RFQ (transitioncell + exit section).

and:

U(Ro,m/2,Lg) = —V/2 (3.20)
Whentheseconditionsaremet, it canbedemonstratethat,in thefirst order:

K? =~ k*/3 (3.21)
which givestherelationship:
A
Ly~ \/3/4% (3.22)

It is alsopossibleto demonstratehat the radii of longitudinal curvatureof the formulation
effectively ensurecontinuity with thoseof the neighboringcells [6]. This is why this cell is
referredto asthetransitioncell.

3.2.5 Peakfield assessment

Substantiahdvantagesanbe derived from a structurewith high electricalfields, the foremost
of which beingthatthelinacis shorterandthe currentlimits arehigher It is thereforeamportant,
at the designstage,to determinethe peakfield, beforeany considerations given to surface
conditionor otherparametersor the voltagecapacityof the transportine. PARMTEQM can
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be usedto assesghe peakfield. The methodis basedon tableswhich containform factors
asa function of geometricalparametergmodulation,averageradius, length of cell, radiusof
trans\ersecurvature of the polesandthe type of longitudinal profile, seeAppendixB). This
form factor F, givesthe peakfield £ by meansf thefollowing formula:
~ 1%
E=F o8 (3.23)
whereV is the potentialdifferencebetweenadjacentpolesand R, is the averageradius.
Theseform factorswere calculatedusingthe CHARGE3D code[3]. This codecalculateshe
surfacedensityof chage on the RFQ poles. The peakfield cantheneasilybe calculatedasit
is proportionalto this quantity The stagesy which CHARGE3D calculateghe chage surface
densityaredescribedelow.
The potentialat a point 7 nearto the conductingsurfaces betweernwhich thereis a differ-
encein potential,canbe describedasafunctionof the chage densitys inducedon the surfaces:

U(P) = Z/S 0i(F) - G(7;7)dS; (3.24)

whereG(7; %) is the potentialproducedat point 7 by the chage at point 5 on the ;"
surfaceS; ando;(3)dS; is the moduleof the chage. The techniqueusedby the programfor
finding thechagedensityo is asfollows. Thearearepresentinghevaneis assignegarameters,
andz, y andz coordinate®f the point consideredn the surfacearegivenby two independent
variablesy andv, where0 < v < 1and0 <o < 1:

y = psin(mu) (3.25)
z = Lw

whereq is the longitudinal profile of the vaneand p, is the trans\erseradiusof curvature
which candependbn z (seeAppendixB pagel59¥.. For eachpointontheplane(u, v) thereis a
correspondingpoint (z, y, z) onthe surfaceof the pole. Chage densityo canalsobe expressed
as a function of © andv andthe integral (3.24) can be replacedby an integral for the plane
(u,v).. o is representetby bicubic splineswhosecoeficientsaredeterminedoy minimization
of the quantity:

{ x = a+p [l — cos(mu)]

R = /S W(F) — 1)2dS (3.26)

Theresultcanbeusedto calculatethe potentialby multiplying by thepeakvoltage. Thepeak
field directly proportionalto  canalsobe calculated.In Figure 3.3, amapof F' derived from
the PARMTEQM tablesis plottedfor the differentvaluesof m andcell lengthin units of Ry..
Figures3.4to 3.9 shov mapsmadefor differentp,/ R, ratiosusingthescaleof 1.0to 1.8. These
mapscorrespondo alongitudinalprofile extrapolatedrom the two-termpotential.It shouldbe
notedhow F increasessp; /R, increasesndwith long cells. Thisis dueto thegapbetweerthe

SThevaneis describedy acircle alone,andno othergeometricatonsiderationaretakeninto account.
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Figure3.3: Map of F' asafunctionof thelengthof thecell (in unitsof Ry) andm with aradius
of trans\ersecurvature,p;, of 0.89 x R, with ascaleof 1.2t0 1.6.

vanesandthe trans\erse-longitudinatouplinginducedby the Besselfunction of the two-term
potential[7]. Thedropin F' in certainhigh modulationshortcellsis dueto unrealisticgeometry

[2].

3.3 Integration of the dynamicsequations

The complity of the electricfield expression(includesBesselfunctions) preventsanalytical
solving of the equationfor movementin an RFQ. Incrementaintegrationmustthereforebere-
sortedto. Therearemary incrementaintegrationalgorithmsin the literature. For example,the
Runge-KuttaalgorithmandLie algebraconstitutealgorithmsthatarefrequentlyusedin simula-
tion of acceleratobeamtransportin PARMTEQM, aleap-frogapproachs used.Thisalgorithm
is basedon linear discretizationof the trajectorieswhich arelinear relative to anindependent
parameter In PARMTEQM, this parameteis the longitudinal position of the particle,andis
referredto asz code. The longitudinalpositionis chosemasanindependenparametefor his-
torical reasons.It notably facilitatescomparisonwith the diagnosticsof the beammadeat a
given positionin the transportline. Therearealsocodesin which time is the independenpa-
rametey referredto ast codes(LIDOS, TOUTATIS). In the leap-frogtechnique acceleration,
henceforce, is calculatedat anintermediateositionbetweerthosefor which the displacements
arecalculated Themovementequationsaredescribedn detailbelow toillustratetheseconcepts.



40 CHAPTER3. PARMTEQM TRANSPOR CODE

Longuenr Cellule en unité Rn

Figure3.4: Map of F' asafunctionof thelengthof thecell (in unitsof Ry) andm with aradius
of trans\ersecurvature,p;, of 0.6 x Ry..

Longuenr Cellule en unité Rn

Figure3.5: Map of F' asafunctionof thelengthof thecell (in unitsof Ry) andm with aradius
of trans\ersecurnvature,p;, of 0.75 x Rj..
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0rs 16.00 20.00
Longuenr Cellule en unité R

Figure3.6: Map of F' asafunctionof thelengthof thecell (in unitsof R,) andm for aradiusof
trans\ersecunvature,p;, of 0.89 x Ry..

0rs 16.00 20.00
Longuenr Cellule en unité R

Figure3.7: Map of F' asafunctionof thelengthof thecell (in unitsof R,) andm for aradiusof
trans\ersecurvature,p;, of 1.00 x Rj..
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0rs 16.00 20.00
Longuenr Cellule en unité Rn

Figure3.8: Map of F' asafunctionof thelengthof thecell (in unitsof R,) andm for aradiusof
trans\ersecunature,p;, of 1.15 x Ry..

0rs 16.00 20.00
Longuenr Cellule en unité Rn

Figure3.9: Map of F' asafunctionof thelengthof thecell (in unitsof R,) andm for aradiusof
trans\ersecurvature,p;, of 1.30 x Ry..
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Accordingto thefundamentaprinciple of dynamics:

7
= Z¢E 3.27
o (3.27)

where 7 is the quantity of movementof the particle,ﬁ the residualelectricfield, Z the
chage numberande the elementarychage. Allowing for restrictedrelatiity, the equationcan
bewritten asfollows:

dvB) _ Zec
= EE‘ (3.28)

where E, is the enegy of massat restandc the speedof light. To discretizethe equation,
consideratiorcanbe givento infinitesimalvariationin the quantity~y 5 , thus:

5(vB) = %"fﬁat (3.29)

To usethe longitudinalpositionasanindependenparameterthe following variablechange
canbemade:

0z

B.c

whereg, c is theaveragevelocity of themicro-particleasit travelsoverdz.. It is now possible
to write the expressionsecessaryor incrementamovementintegration:

5t = (3.30)

( (’Vﬁm)ﬂ—l/? = (’Yﬁx)z 1/2+——E W (pz
(VBy)is12 = (vﬂy)z_l/ﬁﬁonEy(OWi)sin(gai)az
) (vB2)ix172 = (VBz)ic1y2 + ZeOEZ(O—]\ji)sin(cpi)(Sz (3.31)
Tit1 = $Z+IZ+1/252
Yi+1 = yz+yz+1/253
. = Wr
Pi+1 w; + —f—(ﬂz)m/zcéz
where:
.’L‘I e = (¥Bz)it1/2
it B ('7/32)1
R % A (3.32)
Yirr2 = (vB2)i+1/2

wy s is theradiofrequeng pulse. The functionalsubscriptindicatethatthe quantity considered
is calculatedat anintermediatepositionbetweenthoseat which the quantitieswith integer sub-
scriptsare calculated. The principle is illustratedin Figure 3.10.. The crosscorrespondgo
calculationof the positionwhereaghearrovs correspondo calculationof vecity.
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\4

«

e ‘
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0l

Figure3.10: Discretizationof thelongitudinaltrajectoryby the “leap-frog” method.

The accurayg of this algorithmdependsnly on the size of incrementyz, andno otherap-
proximationsare introduced. To simplify processingand reducecalculationtime®, Ken Cran-
dall introducedan additionalsimplificationinto this algorithm: the paraxialityhypothesis.This
hypothesigprovidesthat asthe trajectoriesof the particlesare virtually parallelto the axis of
referenceof the structurethetotal 8 quantitycanbe equatedo /3, andvice-versa:

B=/B2+ B2+ B2 =B, car B, > Bret By (3.33)

It is thereforenecessaryo replaces, and(5,);;1/2 by 8 and(3);,1/» respectiely in equa-
tions(4.4) .
To evaluatethesequantitiesthe enegy gainis first calculated:

Wivio =Wi_12+ Ze- Ez(O—Mz) -0z (3.34)

The trans\ersecontrikbution to the total kinetic enegy is thereforedisregarded. Using this
new value,a? overdz is calculated:

Wi_i2 + Wig1)2

o, (3.35)

Ti=1+

81t shouldberememberedhatthe codewaswrittenin 1977, whencomputersverefar lesspowerful!
7In fact,it is not 3, whichis usedin PARMTEQM but v3,.. As + is closeto 1, this is nota major problembut
nevertheless sourceof error.
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hence:

(5z)i+1/2 = \ll - @ (3.36)

Ep

and:

B = 1—:% (3.37)

Thevaluescalculatedcanbe usedin equationg4.4). The processs thereforerepeatedintil
the desiredongitudinalpositionis reached.The sizeof incrementjz is onetenthof thelength
of thecell.

3.4 Image effects

To estimatethe effects of image chages, the programusesthe resultsof calculationderived
from simulationwith CHARGE 3D. This codecanbe usedto calculatethe surfacedistribution
of chageson a conductor{3], theimagechage is calculatedoy a beamrepresente@itherby
a point chage (bunch)or by a highly chagedwire (continuousbeam)thatis equivalent. The
numericalsolutionis projectedon a baseof cylindrical harmonics:

Lpb,2) = K- Lgo Az (Rﬁ())zm cos(2mp) + 22: 24: A 2mIom <2ﬂ> cos(2md) cos (27_’2)]

n=0m=0 ﬁ/\ ﬁ/\
(3.38)
whereK is anormalizationconstandefinedby:
I
K = 30— (3.39)
p
for thewire and:
I\
K =30=—=— 3.40
7 (3.40)

for the pointchage. As the beampasseg$rom the continuousstateto the modulatedstatein
termsof densityalongthe RFQ, it is representedsbeingsuperimposedn a cylindrical beam
anda spherepoth beingevenly chaged. The proportionof this superimpositionis determined
by the two constantsf; and f. which weight K.. Thesetwo quantitiesmustcomply with the
following relationship:
fs+fe=1 (3.41)

To determinethem, it is necessaryo obtain a secondrelationship. The rms length of a
cylindrical beamof length 8\ is equivalentto SA/2v/3.. The rmslength, Z, of the bunchis
intermediatédbetweenhatof a sphereanda cylinder, andis givenby:
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2

L
,%szcx?c—i—fsfo (3.42)

whereL. = g)\/2 is thehalf-lengthof thecylindrical beam,and R, = /zy is thermsradius
of thesphereBy combiningexpressiong3.41)and(3.42),thefollowing is obtained:

L _»
— _3
ﬂ—%_@ (3.43)

Oncethetwo constanthave beencalculatedthetakulatedforcesdueto the cylinder andthe
spherecan be weightedand appliedto the particle$.. The amplitudeof theseforcesis small.
To give anideaof proportion,for a beamwith a radiusequalto half the averagegap, Ry, these
forcesrepresenB% of the spacechage [8]. Whenthe beamis off the axis, harmonicsof odd
ordersappear The methodneverthelessemaingdentical.

3.5 Spacechargeforces

3.5.1 Calculation of fields
(SCHEFFsub-program)

The spacechage forcesare appliedto the particlesat eachcalculationincrement. These
forcesare calculatedby interpolationin a 2D grid (r-z). This grid is calculatedwheneer the
synchronougarticleis at mid-cell, at which momentthe beamis virtually round. The chage
distributionreconstitutedor thisinstantis discretizedn thegrid. Weightsareattributedfor each
ring. Onceeachstagdas completedthefieldsarecalculatedy summingthecontributionof each
ring of the meshthatproducesanexactly-known field. This lastcalculationis basedn tablesto
reducecalculationtime [8,9].

The advantageof this methodis that it is not necessaryo know the potentialat the grid
boundaryunlike in relaxationmethods.This however becomesa disadwantagef theaimis to
malke allowancefor imageeffects. This methodcannotmake allowancefor interactionbetween
polegeometry(imposedpotential)andchagedistribution. The useof a meshwith symmetryof
revolution simplifiesprocessingandreducescalculationtime.

3.5.2 Reconstitution of a bunch at mid-cell

This is the most difficult transformmadeby the code. To calculatethe spacechage forces
cleanly it is necessaryo know the positionsof all the particlesat agivenmoment.In az code,
it is theabsolutephaseof the particleis known ata givenplacein thelinac. Theseawo situations
arevery different, particularlywhenthe beamhasa large phaseextension(low enegy part of

8As thepolesareoutsidethe beam thefieldsdueto theline andthe pointaretruly equivalentto thefields of the
cylinder andsphererespectiely (Gausgheorem).
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the RFQ). To be ableto startthe processlescribedabove for calculationof the fields, the code
usesa seriesof transformmatriceswhich only cover the quadrupolaterm. Thesematricescan
transportparticlesbetweerphasesat a 5* increment(z—t transform).The reversematricesare
alsodeterminedor returningto theinitial situationoncethefield calculationhasbeencompleted
in thegrid [8] (t—z transform).

3.6 Lossmanagement

3.6.1 Transverselosses

The naturalcriterionfor estimatingwhethera particleis lost or notis simply contactof the par
ticle with the poles. Allowancethereforeneedsto be madefor the geometryof the polesat
eachincrementon the trajectoryof eachparticle. To reducethe calculationtime and remove
the particlesfrom the term outsidethe cylinder usedasthe integrationdomainfor the harmonic
developmentsthe PARMTEQM codeappliesa completelydifferentcriterion. For eachcalcula-
tion incrementthe codedeterminesvhetherthetrans\ersecoordinate®f the particlearewithin
a squarewhosesizeis twice the minimum gapfor the cell in question. Any particlesoutside
thesquareareconsideredo belost. This criterionreflectsthe hypothesighata particlewith an
amplitudesuchthatit is outsidethe squarecannotreturninsidethe square.

3.6.2 Phaseoffset particles

At eachcalculationincrementall the particlesthereforehave the sameazimuthaldimensiorand

it is theirphasep thatprovidesfor thelongitudinaldistribution of thebunch.Bunchingefficiency

is not 100%, andin the simulation,a numberof macro-particlesrenotacceleratedTheir phase
offsetscontinuallyincreaseuntil thewindow of width 27 centeredn the synchronouphases

not large enoughto containall the particles. As thereis no practicalway of increasinghe size
of thewindow?, thetrick usedin PARMTEQM is to translatethe phaseof the offsetparticlesby

27

e (+) if theparticleis late

e (—) if it is early(this canoccuratthe startof simulation,the digital noiseassociatedvith
thespacechageforcescanejectthe particlesfrom thewindow).

This phasédranslationis basedn theradiofrequeng beatperiod.

9Allowancewould thenhave to madefor neighboringounches.



48 CHAPTER3. PARMTEQM TRANSPOR CODE

3.7 Conclusionof chapter

This chaptershows the varioussimplified hypothesesisedin the PARMTEQM code. In terms
of present-dayequirementdor high-currentRFQ projects,thesesimplificationscanraisethe
following questionswhaterrorscanthey causeand,if thereareary errors,whatis their relative
importancefor transmissiongdistribution of the beamat the exit, andthe locationof losses?To
answerthesequestionsit is necessaryo have experimentalor theoreticakeferencanaterial,or
to remove the approximatiorfrom the PARMTEQM code,dependingnthecase.

The following chapterdescribeghe processof creationof a new transportcodewhich re-
ducesthe numberof working hypothesesandwill be usedas a referencefor a numberof the
comparatre studiesn Chapters.
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Chapter 4

The TOUTATIS transport code

A high-powverlinearacceleratocanonly operataf activationof thestructureremainsacceptable.
For thelow-enepgy stagetheRFQstructures the partmostsensitveto particleloss,which must
be predictedwith the greatespossibleaccurag. The TOUTATIS codewaswritten to meetthis
requirementandreducego a minimumthe hypotheseandapproximationgor the transportof
intensebeamsn RFQs.This chapterdescribeshe numericalmethodausedto finalizethe code.

4.1 Algorithm for simulating transport in an RFQ

Thestratgyy usedin the TOUTATIS codefor simulatingtransporis shavn schematicallyn Fig-
ure4.1.. Theprocesdgginswith distribution of macro-particlesn 6D space(i.e. 3 for position
and3 for velocity). The centroidof the positionsis calculatedo determinethelongitudinalpo-
sition of thebunchin the RFQ.All the gridsusedin the numericalcalculationsare centerecbn
this azimuthalzone. Oncethe positionis determineda mesherdiscretizeghe geometryof the
RFQ polesin thevicinity of the distribution. This chage distribution is discretizedn the same
grid to allow for spacechage andimageeffects. The discretizationof the chagesis carried
out by linear interpolationto neighboringnodes.. During this stage,the vanesare polarized
with allowancefor radiofrequeng scalarpotentialamplitudeandtime. Oncethis grid prepara-
tion stageis completeda procesdor solvingthe Poissonequationis begun. Oncethis process
is completedthe forcesderived from the numericalsolutionare appliedto the particlesusing
a leap-frogapproach.The procesghen entersa loop until the desiredlongitudinal positionis
reached.

This sectionoutlinesthe transportalgorithm usedin TOUTATIS. The following sections
coverthedifferentstagesn greaterdetail.

1This type of discretizatioris referredto ascloudin cell.
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Figure4.1: Algorithm usedin TOUTATIS.
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4.2 Movementequationintegration

TOUTATIS is basedon incrementalintegrationof movement,the integrationbeing somevhat
morecomple thanthatof PARMTEQM. Anotherdifferenceis thatthe independenparameter
istime, andit is thereforereferredto asat code.Thechoiceof time astheindependenparameter
in TOUTATIS is astraightforvardone. It is evenunasoidableif theaimis to accuratelycalculate
the self-consistenforcesof the beamin a simplemanner(i.e. spacechage andimageeffects).
It is to be notedthatthe RussiarLIDOS codeis alsotime-basedbut usesa leap-frogapproach.

Beamemittanceis directly proportionalto the Jacobianof the transform. To ensurethat
the integration systemdoesnot resultin spuriousvariation of emittance,the Jacobianof the
transformmustbeequalto 1. In detail,accordingo the basicprinciplesof dynamics:

dp
= = Z¢E (4.1)

where7 is thequantityof movemenif theparticleandﬁ theresiduaklectricfield, while Z
is thechage stateande is the elementarychage. Allowing for restrictedrelatity, the equation
canbewritten asfollows:

dvB) _ Zec
dt E,
with Ey, the enegy of massat restand ¢ the speedof light. To discretizethis equation,
infinitesimalvariationin quantity~ 5 is consideredgiving:

s(vB) = Z ecﬁat (4.3)

It is now possibleto write theexpressmnaecessarf,or integrationof incrementamovement

[1]:

(4.2)

Tiv1 = X+ (Be)icdt + feEEOE (OWJ%

Yirr = Yi+ (By)icdt + f;ngy(mz)%

Zit1 = 2+ (B.)icot + fiebf; EZ(OWZ)% 4.4
(B)int = (1) + 222 [E,(OM) + B, (OM 1) @4
(VBy)isr = (¥By)i+ L2 [E,(OM;) + E,(OM;1)

| (1801 = (18.)i + %2 |E,(OM;) + E,(OM,,.)]

in whichfactor-; aloneis necessaryo isolatethe velocities,obtainedwith the expression:

— 1+ [(Be)i? + [(WBy)i]2 + [(v8.)i)? (4.5)

This system’nvolvesstorlngtheflelds experiencedy theparticleatincrement soasto beable
to calculatethe velocitiesatincrement + 1.. Incrementt is typically equalto onetwentiethof
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theradiofrequeng period.Let uscheckthatthe Jacobiarof thetransformis effectively equalto
1

Oujr1  Ouiqr

Cx — du; vy

NS = avi_ﬁl 6viil (46)
ou; ov;

whereu = z,y,z andv = v8;, 78y, 75... As theforce dependsonly on position (electric
field), thefollowing is obtained:

Ouip1 14+ Zec? ﬁaEu(Ozm\z)

du; - viEo 2 u;

8ui+1 — @

Jv; Vi

Mipn St Ze 6Eu(01qi) + 8Eu(02qi+1) 1+ 0t2 Zec 6Eu(ozu\i) (47)
Ou; 2 vEg ou; Ou; 2 v Eo ou;

Mit1 1+ 82 Zec 3Eu(oju‘i+1)

ov; - 2 vEo Ou;

By substitutioninto (5.23),the calculationof & gives:

« ll + 0t2 Zec 3Eu(mi+1)]

% — l1+ ZeczﬁaEu(mi)

viEo 2 du;

et Ze {aEu(Oﬂi)

2 v2Ep Ou; +

2 viEo Ou;

05.(OM i11) [1 40t Zec aEu(OM)”
ou;

2 v Eo Ou;

(4.8)

=1

Therefore this algorithmdoesindeedconsere emittancein the phasespaceat eachincre-
mentof lineartransport.

4.3 Calculation of electrical potential

Controlof particlelossesecessitatesccurataleterminatiorof theelectricalfields. As discussed
in Chapter2, the Poissorequatiomneedgo be considered:

AY(7) = p(7) (4.9)

where¥(7) is the electricalpotentialand p(7) is the chage densityper unit volume[1]..
Thespecialshapeof the polesandthe multiple configurationof p(7”) preventthe useof analyt-
ical solutionsof equation(4.9) (discontinuitiesof poles[2, 3], beamervelopecorrespondingo
modulation[4], etc.). Numericalsolutionof equation(4.9) remainsthe only realisticalternatve
andpresent-dayrogressn computersystemaiov makesit a possibility for RFQs. In the fol-
lowing sectionsthe methodsusedfor solvingthe Poissonequationin the TOUTATIS codeare
reviewed.
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4.3.1 The finite differencesmethod

To situatetheproblem let usassumehattheusefulzoneis coveredwith anetof cubicmeshe®f
sideh andthattheelectricalpotentialis known atafew pointsin thenet(i.e. theelectrodes)As
the potentialsoughtcorrespondso equation(4.9), we canseethatthe value ¥; of the potential
atnode: is equalto a linear combinationof the valuesof the neighboringnodes. Value ¥

obtainedat a pointin the discreteproblemfor a certainvalueof A, differsfrom the exactvalue
of ¥ of theknown problem,but theerror:

tendsto zerowhenh — 0 [5].. It is thereforepossibleto get ascloseto the exact value as
is desired. The finite differencesnethodis the easiesto implementandthe mostgeneral. It
providesaresultin every case.The sectioncontainsa detaileddescriptionof the mainissuesn
implementingthe method.

4.3.1.1 Developments

In thevicinity of a coordinatepoint (¢, yo, 20), a regularfunctionandits derivativescanbe de-
velopedasa Taylor seriesof thefollowing type:

V(z,y,2) =Yg+ i i ialmn(a: —20) (Y — yo)™ (2 — 2)" (4.12)
I m n

whereW, = U(xg, yo, 20).. If the developmentis limited to £ termsandif it is true for &
pointscloseto (o, yo, 20), the resultis a systemof £ linear equationdor determiningthe ay,,
coeficientsasa functionof (¥; — Wy)...(Vy, — ¥y).. The ayy, arepartialderivativesof ¥ in
(z0, 0, 20)%.. If this function correspondso a partial derivative equation this equationcanbe
transformednto arelationshidinking ¥, and¥,,¥,, ...V,.. Here,thepartialderivative equation
is the Poissorequation.

>Note: If f(x) canbe developedasa Taylor seriesthis functioncorrespondso:

f@) =) ana"
n=0

where:
F™(0)

n!

Qp =
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4.3.1.2 Secondorder approximation

Whenserieg(4.11)is limited to the secondrdert ¥ (z, y, z) canbewritten asfollows:

U(z,y,2) = Yo+ (v —0) 5|+ (—w0) Gr| + (=~ =) ¥
+5(z—w0)? 5|+ 5y —w0)? 5F| 4+ 5(z—20)” TF|
+(@ = 0)(y — yo) 2epg |, + (x = 20) (2 — 20) £ + (2= 20)(y — v0) 3t .
(4.12)
By writing that(4.12)is satisfiedat6 pointscloseto (xy, yo, 20), @aSystenof 6 linearequations
is obtained.This canbeusedto determinehedervatives:

A\
0z?

P
o Oy

U
o 022

(4.13)

0

at point (zo, yo, 20).. It is thennecessaryo determinetheseformulasfor the caseswhere
the referencepoint is “distant from” or “close to” the surface of the conductor This surface
constitutesa boundaryof the Dirichlet type (normalfield). We will discusghetwo-dimensional
caseonly to avoid unnecessarilgomplicatingthe expressions.The finite differencesquations
for thethree-dimensionataseareobtainedn the samemanner

4.3.1.3 Application to normal branchesfor internal nodes

Normalbranchesorrespondo casesvherethe neighboringpointsareat equaldistancegrom
thereferencepoint (Figure4.2). By writing (4.12)at points1, 2, 3 and4, thefollowing relation-
shipsareobtained:

W S%| =0y + Uy — 20,
2 (4.14)
W %) = Uy + Uy — 20

If U complieswith equation(4.9),the secondorderapproximationnesting(4.9)and(4.14),
gives:

4\110 = \Ifl + \112 + \113 + \114 - h2p0 (415)

which is effectively the relationshipsought. p, is the sourceterm at point 0.. This value
resultsfrom discretizationof the chagesin the grid. This relationshipis appliedto eachnode
of the netby successie iterations.During eachiteration,asthe new valuesarecalculatedthey
areusedfor calculatingthefollowing nodesjn accordancevith the Gauss-Seidehethod.. The
following sectionrelatesto nodesat a distancdessthanh from the surfaceof the conductor

3Unlike the Jacobimethod,wherethe recalculated/aluesare reusedat the next iteration. The corvergenceis
thenlessrapidandtwice asmuchmemoryhasto be setaside.
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—
X

Figure4.2: Geometricatonfigurationwith normalbranches.

4.3.1.4 Application to unequal brancheswith internal modes

Whenthe nodein questionis at a distancelessthan i from the surfaceof the conductorit is
necessaryo allow for theactualdistancebetweent andthenodein orderto avoid “steps”in the
geometricakepresentationf the conductof.. Consideringexpression(4.12),at points1, 2, 3
and4 of Figure4.3,thefollowing is obtained:

hi+h3 82w
2 ox2

0 == hLl(\Ijl - lI]()) + th(\Ilg - \Il())

(4.16)

ha+ha\ 92V
2 Oy?

o= 5y (W2 — Tg) + (s — )

By substitutingheseexpressiongnto (4.9),thePoissorequationis obtainedjn thefollowing
form:

1 1 1 U, U, 1 T, T\ 1
+ ]@:7(—+—)+7(—+—>—— 4.17
[h1h3 B 0T g hy) \in T hs) Tt h) \y ) T2 @D

This is the unequabranchequationsought. The expressions extremelypracticalwhenthe
dimensionsof the grid differ with direction. In the presentcase,the longitudinal and trans-
versedimensionsyhich arefunctionsof S\ andthe averagegaprespectrely, caneffectively be
very different(3 is the relatiistic velocity of the synchronougparticleand A the lengthof the
radiofrequeng wave). This pointis coveredin detailin Section4.3.2.1..

4Theanalystis thenforcedto considerablyncreasenodedensityto properlyrepresenthe conductor
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Figure4.3: Diagramillustratingthe unequabranchcase.

4.3.1.5 Grid boundary conditions

4.3.1.5.1 Transverseplane

Whenthe nodesat the edgeof the netareat a distancegreaterthan » from any conductor
asmeasuredrom the centerof the grid towardsthe edge,we imposethat the flux throughthe
boundaryis null (Neumanrcondition). Flux Eis givenby thefollowing relationship:

E=-Vu (4.18)

A Neumanrconditionon a horizontalsurfacethereforesignifiesthat £, = 0.. This approxima-
tion is acceptablaslong asthetrue flux existing atthe boundarydoesnot affect the solutionin
the usefulzone. In practice,this Neumannconditionis appliedby imposingthat ¥, = ¥, in
(4.14)with 2, ahypotheticapoint, at a distanceof ~ outsidethe mesh(Figure4.4).

4.3.1.5.2 Longitudinal plane
Two casesarise:

e thegridis in apartof the RFQ structurethatcanbe equatedo a channelmesh,the front
andrearsidesof the mesharethusidentical(toroidal meshof squarecross-section)This
conditionmakesit possibleto includethe effect of adjacenbunches.

e thegridis eitherattheendof thestructure orin azonewherethereis adiscontinuityin the
poles(i.e. radiofrequeng couplinggap),anda Neumanrconditionis imposedon the two
surfaces It hasalsobeenverifiedthatthedisturbanceausedy the Neumanrconditionis
negligible relative to thatcausedy the gapitself.
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Figure4.4: Applicationof Neumanrconditionto node0, i.e. ¥, = ¥, in (4.14).

The fundamentaprinciplesof the finite differencesnethodhaving beenestablishedit is now
necessaryo createthe grid thatwill be usedasa basisfor therelationshipsiescribedabove.

4.3.2 Strategyfor automatic creation of grids with conductor
4.3.2.1 Sizingof grid

4.3.2.1.1 Transversesize

In the previous section the choiceof thetrans\ersesizeof the meshresultsfrom a compro-
mise betweerkeepingthe numberof nodesto a minimum (memoryuseandcalculationspeed)
andthe quality of the solutionin the usefulzone. The compromisds setat twice the average
radius(Ry), the half-sizeof thegrid in TOUTATIS.

4.3.2.1.2 Longitudinal size

Thelengthof thegrid is setat S \.. Thischoiceappearso bethe mostappropriaten view of
the quasi-periodicityof the beamandthe structure.However, this choicecanresultin problems
whenthebunchis well formed. Very few nodeswill thenremainfor representingnacro-particle
distribution (Figure6.11). Onesolutionis to increasehe numberof nodes[6].. However, this
methodresultsin greatlyincreasedalculationtime andresultsin a finer meshin areaswhere
thisis unnecessanyit will be seenthatit is advantageouso increasdhe densityof the meshon
thebunch.
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Figure4.5: Bunchof particlesatendof RFQ

4.3.2.2 Discretization of vanegeometry

4.3.2.2.1 Assigningparametersto conductor surface

The conductorsurfaceis analytically describedoy an equationof the S(z,y, z) = 0 type.
Thelongitudinalprofile of theendof thevaneis takento be sinusoidal sothattheaverageradius
of thecell is givenby:

BA,  1+m
R0(20+4)— D)

wherez, is the positionof thestartof theRFQcell. For acell, thelongitudinalprofile is obtained
by applyingthefollowing expression:

{ Ru(z) = Ro(z) {1+ 25} cos|Z(z — 2)]}
Ry(2) = Ro(2){1 - 2 cos[Z(z — 20)]}

u (4.19)

(4.20)

where R, (z) and R, (z) arethe profiles for the horizontaland vertical polesrespectiely.
Function R, (z) is a linear interpolationbetweenthe valuesof the averageradii of successie
cells. Theseaverageradii have valueswhich are very similar but interpolationis necessaryo
allow variationof the parameterlongthe structurewhile maintainingcontinuity of the profile
of thepole.

The trans\ersesectionof eachpolein the usefulzoneis mostly circular (Figure4.6). This
makesthemmucheasierto machine. The circular partis thenextendedby a flat sectionat an
angleto vertical, the breakout angle. This anglecanvary asa function of coolingor ary other
mechanicatonsideratiorfit is typically 10%).
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y

Figure4.6: Photograplof RFQtrans\ersesection.

Theratio betweertheaverageradiusR, andthe poleradiusof curvaturep is generallymain-
tainedconstantlongthe structure.This ratio is closeto 0.85 andvarieswith RFQs. Thevalue
resultsfrom acompromisdo minimize non-linearityandpeakfield amplitude:

P
— =0.85 4.21
i (4.21)

This relationshipdetermineshevariationin p asafunctionof z via Ry(z)..

4.3.2.2.2 Finding conductor/grid intersections

The principle consistsin scanningaxes of referencg(Ox), (Oy) and (02 anddetermining
the nodeclosestto the surfacebut outsidethe conductor Let us considerFigure4.7 for scan-
ning along (OX) and (Oz). The point soughtis point 0.. Its indices(i, j, k) are given by the
relationships:

T 950—1—}/’\'
h ~

j o= B |leoT] (4.22)
BA

[ 20+

hz

whereFE]| is theinteger partoperator 4 is thetrans\ersepitch of the mesh,h, is thelongi-
tudinal pitch of themesh,Y is the maximumtrans\erseextentof the mesh,and f is afunction
derivedfrom the conductorsurfaceequationgiving y asafunctionof x andz. To applythefor-
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Figure4.7: Caseof finding nodesn thevicinity of conductors.

mulasdrawvn up for unequabranchesit is necessaryo determinethe exactdistanceh, (Figure
4.7)betweerthe metalandthe node,usingtherelationship:

hy = f(zo,20) +Y —j x h (4.23)

Whenscanningn direction(Qy) or (O2), the samemethodcanbeapplied,taking careto usethe
correctfunctionsdervedfrom S(z, y, z)..

4.3.2.3 Labeling of nodes

Four quantitiesareassignedo eachnodeof the grid: electricalpotential¥, chage densityper
unit volume p, residuep andidentifiern.. ¥ and p are corventionalphysicalquantitiesat the
point representedby the node. Quantity p correspondso the error remainingafter successie
iterationsduring resolutionof (4.9). Theresidueaftertheith iterationat node0 is givenby the
relationship:

Fo=po— e T e m T T (4.24
in accordancevith (4.15). This quantityis requiredfor applicationof multigrid methodsand
for evaluationof corvergence.This pointis coveredin detailbelow.

Identifier n is usedto indicatethe type of node. n is equalto —1 if the nodeis insidethe
conductoy potentialbeingimposed.n is equalto 0 for anodewith normalbranchesFinally n is
apositiveintegerfor anodewith unequabrancheg4.17). Thevalueof n thennumberghenode
for accesdgo thetablescompilingthevaluesof type h; in accordancevith Section4.3.2.2.2..
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Thenodelabelingstageconsistf threephaseskFirst of all, all nodeshave labelsinitialized
at0.. During the conductor/gridntersectiorsearctphaseconsiderations givento thelabelsof
thenodeswith unequabranchesFinally, the nodesinsidethe conductorarelabeled—1.. Once
labelingof thenodess completediterationasperthe procedureslescribedn Section4.3.1can
commence.

4.3.3 Multigrid methods

Application of the Gauss-Seidahethod,asdescribedn theinitial sectionscanprovide a pre-
cisedescriptionof the electricalpotentialin the usefulzoneof the RFQ. However, calculation
time rapidly becomesrohibitive. For instance,a numberof daysof calculationmay be nec-
essaryto describethe structureof anRFC.. In anerror studyinvolving variationof numerous
parametergbeamat entrancemisalignmentetc.), the useof a codebasedon this methodob-
viously requiresacceleratiorof corvergenceby all possiblemeans.The needfor accelerating
convergenceis not specificto beamtransportcodes,it haslong beena basicrequiremenbf all
numericalcalculationsby relaxation.

Franlel andYounghave contributedwith amathematicastudyof the problemfor thesimple
caseof agrid without anencapsulatedonductor{5].. They proposemultiplying the correction
madeto ¥ by eachiteration at a constantw, referredto asthe numericalaccelentor.. This
methodmakesit possibleto reducethe numberof iterationsby afactorof 30 or more,depending
onthe numberof nodesinvolved. Factorw is calculatedanalyticallyasa function of the dimen-
sionsN x P x @@ x ... of thegrid in eachdirection[5].. Whena specialconductorgeometry
is encapsulated the grid, w canno longerbe calculatedanalytically Empiricaldetermination
remaingpossiblebut canbe difficult andtime-consumingn termsof calculationtime whendif-
ferentgeometriesieedto be consideredln suchcasesthe bestmethoduntil the seventieswas
Chebyshe acceleratiorj6].. This methodsusesthe residualof the successie iterationsto cal-
culatea suitableacceleratof7], makingit possibleto achiere performance&eomparabléo thatof
the Franlel-Youngmethod.

Sincethe seventies, multigrid methods,introducedby Brandt, have becomeunaroidable
for corvergenceacceleratiori7].. They areusedby numeroudaboratoriesand organizations
[8, 9, 10].. However, thereis not one multigrid methodbut mary, andit is up to the analystto
adaptthe basicconceptf thesemethodgo the problemin hand.

4.3.3.1 Basicconcepts

Therearetwo key conceptsn multigrid methods.Thefirst is seekingto evaluateerrorin ¥ by
successie iterationsratherthancorrectingd by smallincrements.The searchfor erroris made
by relaxation.Thesecondconcepis achieving relaxationnotin ameshof thesametypebutin a
coarsenf mesh(largerelements) Error evaluationis far quicker, if notvirtually instantaneous.
To gointo details,let usconsidetthatit is requiredto solve the equation:

SFor aN?® meshwhereN=65, with a 600-cellstructurecalculatedusingan HP-J282workstation.
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AT = p (4.25)

whereA is alinearoperatorandp representthe sourcesBY discretizing(4.25)in auniform
grid with a pitch of h, the problemis reducedo a setof equationsf the following type:

ApWy = pp (4.26)

During the first iteration, using the Gauss-Seidetnethod, an approximationof ¥, is ob-
tained.Notethe ¥, .. Theerrorthenequatego:
&p="T,— T, (4.27)

Theresidual or deficitrelative to the sourcesis:

Op = Ah\T’h — Ph (4.28)

As A, is linear, the errorsatisfieghe equation:

Ap&p = —0p (4.29)

The problemthereforeconsistsin finding &, (i.e. the error)in orderto correct¥, andthus
obtainV,.. Using A, would notresultin arny calculationtime beinggained.lt is preferableto
usea coarsegrid with apitchof H = 2h.. Equation(4.29)thenbecomes:

Apén = 0 (4.30)

As Ay containslessnodesthan A, (8 timeslessin the three-dimensionatase),(4.30)is
quickerto solve. For determiningéy, it is necessaryo obtaindy via a new operatorreferredto
asarestrictor.

5 = RG, (4.31)

This operatoris alsoreferredto asaninjection operator It makesit possibleto switchfrom
a fine grid to a coarsegrid. Once¢y is calculated,it is alsonecessaryo have an additional
operatommakingit possibleto obtaing,:

Eh = p€H (4.32)

This operatoris alsoreferredto asan extender. It usesinterpolationsn the coarsegrid to
calculatethe correspondingaluesin thefine grid. Therestrictorandextenderoperatorsenable
communicatiorbetweerthetwo levels. They have no separatexistence andmustbe generated
for the problemin hand.

Sit is, in fact, preferableto carryoutatleastthree.
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Figure4.8: A V-shapedycle.

Finally, all thatnow remaings to correct¥,,:

Ui =0 + &, (4.33)

The proceduranustbe repeatedo obtainthe desireddegreeof corvergence.The approach
canbe combinedat a numberof levels. Eachgrid, of increasingcoarsenesss usedto estimate
the error of the next one. The combinationsor cyclesare multiple. The analysthasto testa
numberof typesof cyclesto obtainanoptimizedalgorithm.

Anothertrick for acceleratingcorvergenceconsistan storingthe solutionsobtainedfor an
RF period. Thesecanthereforebe usedasa preliminarysolutionfor calculatingthe following
period. The numberof cyclesnecessarys thusreducedoy afactorof approximatelyt.. Details
aregivenof someof the commonestycles,suchasthatusedin the TOUTATIS code.

4.3.3.2 Main cycles

4.3.3.2.1 V-shapedcycle

Figure4.8 shavsthe principle of the V-shapectycle. The stagesnarked GSarewherethree
Gauss-Seiddlypeiterationsaremade. R represents restrictionand P an extension. V-shaped
cyclescanbecarriedoutin successioto obtainthedesiredreductionin theresidualin thefinest
grid.

4.3.3.2.2 W-shapedcycle
The principle of this type of cycle is shavn in Figure4.9.. In somecasesijt canbe usedto
obtainthe solutionwith a minimum numberof iterationson the finestgrid, whenit becomesa
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Figure4.9: A W-shapedycle.

usefulalternatve to the corventionalV-shapecycle.

4.3.3.2.3 Total cycle(Full Algorithm Multigrid)

Anotherway of minimizing the numberof transitiongto finer grids’, is thetotal cycle which,
in mary casesis themosteffective way of usingthebasicconceptgjivenin Sectiord.3.3.1..Up
to now, anintermediatesolutionon the finestgrid wasusedasthe startingpoint, andthe error
was estimatedon grids of increasingcoarseness successionln the full algorithm multigrid
systemthetermsof sources areknown atall levels. Either p hasbeendiscretizedbn eachgrid,
or p, hasbeenrestrictedin sequenceThe procesghenbegins atthe lowestlevel (Figures4.10
and4.11). Thenthesolutionis extendedo theupperlevel. Thelatteris calculatedoy a V-shaped
cycle,andsoonuntil thefinal level is reached.

4.3.3.2.4 The cycleusedin TOUTATIS

The cycle is a combinationof the precedingones. It usesthe principle of the total cycle
without having to know the sourcesat all the levels. This makes calculationtime 20 to 30%
shorterthanwith V- andW-shapedaycles,with thecode.It is shavnin Figure4.12..

4.3.3.2.5 Restriction and extensionoperators
Theseoperatorsyhichareusedfor communicatiorbetweerevels,areextremelyimportant.
The effectivenessof the multigrid processdependdlirectly on their quality. In the caseof a

’requiringlongercalculationtime.
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Figure4.10: A total cycle.

Figure4.11: Anothertotal cycle.



68

CHAPTER4. THE TOUTATIS TRANSPOR CODE

Figure4.12: Thecycle usedin TOUTATIS.
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Figure4.13: Configurationwith hy < h..

grid without encapsulate@onductorsthe potentialis continuousinside the domainwith the

resultthatthemostcommonlyusedextenderis straightforvardlinearinterpolationwith constant
coeficients. In otherwords,the valuesat the commonpointsof thetwo grids areretained.For

the intermediatepoints of the fine grid, the valuesare averagescalculatedusing nearbypoints
that have alreadybeeninitialized. For restriction,the valuesat the commonpoints of the two

gridsareretained.Thisis referredto asdirectinjection.

Whenthe discontinuitiesin potentialmake the useof unequalbranchesecessarythe ex-
tenderinterpolationcoeficientsmustbe different,dependingon the nodein question.In TOU-
TATIS, the correctionvaluesare weightedwith allowancefor the actualdistancedetweenthe
nodewith unequabranchesandthediscontinuity Thecloserthenodeto the conductingsurface,
thesmallertheerror.

In Figure4.13,node?2 is on the conductorin a trans\erseplanecommonto the coarseand
fine grids. It is desiredto calculateerror&, on node0, knowing errorsé; 3 4 atnodesl, 3 and4,
the errorat node?2 beingnil (imposedpotential). The valuesfor 1 and3 areobtainedby direct
injection of the coarsegrid. The valuefor node4 is obtainedby calculatingthe averageof the
errorsobtainedby directinjection of the nodesneighboring4 andat a distanceof v/2h, suchas
nodesl and3. Theerroronnode0 is obtainedwith thefollowing expression:

ha
hy +h

b= |5 (@ +6)+ 2ok, (4.3)

If node3 is alsoon the conductorat a distanceh; < h from nodeO, expression(4.34)then
becomes:
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Figure4.14: Representationf directinjectionfor restrictionasa matrix. The centralnodeis an
elemenbof thecoarsayrid. All thenodesareelementsf thefine grid.

R Ry
fo=73 h3+h§1+h2+h

All thenodesontheplanecanthusbecalculated Theintermediatglanesof thefinegrid are
finally obtainedoy simply interpolatingbetweertwo planesconstitutedoy the methoddescribed
above.

It is this algorithmthat TOUTATIS usesfor the cycle shavn in Section4.3.3.2.4..Section
4.3.5describesn detailarefinemenusingasecondyrid giving a betterdescriptiornof thechage
distribution. The secondgrid, which hasno encapsulatedonductoy is calculatedoy meansof
aV-shapeccycle (Section4.3.3.2.1).For this cycle, the extenderusesthe sameprinciples. The
relationshipf the (4.34)and(4.35)typesaresimplified asthereis no discontinuityof potential
in thegrid. For therestrictor thereis amoreeffective operatotthanthedirectinjectiondescribed
in the literature[7].. To representit, matrix formalismis used. Having threedimensionsthe
matrixis 3 x 3 x 3.. To understandhe basicidea,thedirectinjectionusedin the cycle (Section
4.3.3.2.4)is schematicallyshown in Figure4.14.. Therestrictorusedin the V-shapedcycle is
showvn in Figure4.15..

When appliedin the vicinity of the commonnode, this matrix gives the samedegree of
convergencewith a smallernumberof cycles. It is to be notedthat, unlike the cycle restrictor
(Section4.3.3.2.4) this oneinvolvesthe neighboringnodesof the fine grid. Cycle restriction
(Section4.3.3.2.4)could probablybeimprovedby creatingmatricesof morecomplec functions
of valuesh; < h.. Thisremainsto bedone.

&4 (4.35)
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Figure4.15: Representationf V-shapectycle restrictorin matrix form.

4.3.4 Convergence

The precedingsectionsndicateon numerousoccasionghat the relaxationprocesanustbe re-
peateduntil adequateeductionof theresidualis obtained.Thisimplieslaying down oneor more
criteriafor estimatinghe quality of the solutionobtainedaftereachcycle. It is alsonecessaryo
testcorvergenceof the processluringrelaxationto ensureghatthe numericalsystems robust.

4.3.4.1 Estimation of corvergence

In multigrid cycles, the geometryof the RFQ must be discretizedon all the grids, from the
finestto the coarsest. The quality of the extensionand/orrestriction operatorscan resultin

unsatisctorytransferof databetweenthe levels. This becomegarticularlycritical whenthe
geometryof thestructurebecomesomplex (endwith plateandcouplinggap). The“low” levels
of the multigrid cyclescanbe too coarseor poorly initialized to obtaina good estimateof the
error of the upperlevel. It is thereforerequiredto withdraw the level from the cycle to avoid

compromisingthe quality of calculation,evenif this meansreducingthe effectivenessof the
method. It is then necessaryo definea quantity which can be usedas an “anti-divergence
alarm”.. In the TOUTATIS code,the normof theresidualis usedfor this purpose:

R=Y 4 (4.36)

which is the sumof the squareof theresidualof eachnodein the net. This quantityshould
diminishif the processcornverges. Otherwise the coarsesgrid is withdravn from the cycle at
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the expenseof finally relaxingonly thefinestmesh.

4.3.4.2 Quality criterion

Whenthenormof theresidual X, diminishesjt is necessaryo introduceanothercriterionused
for determiningwhetherthe“solution” hasbeenfound. Theword “solution” is in quoteshecause
the true solutionis only reachedvhenh — 0, which, of course cannotbe achiezedin practice
(i.e. X = 0). In somecomputercodesusinga multigrid cycle, the authorsseta maximumvalue
for N.. This is basedon the assumptiorthatit includesa safetymamin for a relatvely wide
rangeof case&. This magin canthereforebe penalizingin termsof calculationtime. Another
more dynamiccriterion is applicationof the Laplacianoperatorafter eachcycle and stopping
the calculationwhenthe numberof particlesfound correspondso thatimposedfor eachnode
within tolerancdimits. Giventhattheinitial distribution of chageis itself affectedby errordue
to firing (V + v/N), thetolerancdimit to beappliedis easyto determinelt is simply amatterof
allowing the sameerrorat eachnode. The calculationis stoppedat cycle j when,for eachnode,
i:

N; —/N; < N/ < N; ++/N; (4.37)

In nodesvherethenumberof macro-particless small,theapproximatiorremainsacceptable
(oneparticlemoreor oneparticlelessfor nodeswith none,for instance).

4.3.5 Adaptive meshing

Whenthe bunchesof particleshave a smalllongitudinalextensionrelative to S, resolutionof
thegrid, for describingdistribution, becomegoor (seeSection4.3.2.1.2).This degradationcan
alsooccurtrans\ersallywhenthe cross-sectiomf the beamis small comparedo the radiusof
the averagegroove in thepoles(i.e. Ry). A goodsolutionis to useanothergrid encapsulateth
themaingrid. Thissecondyrid hasdimensionghatarefunctionsof thedimension®f thebunch
in thethreedirection$.. Figure4.16illustratestherespectie grid geometries.

The methodconsistsof a numberof stages.The maingrid is first calculatedndependently
of the secondmeshing. Oncethe corvergencecriterion hasbeenmet, the adaptve meshingis
initialized by interpolationin themaingrid. As for themaingrid, initialization makesit possible
to achieve corvergencemorerapidly. As thechageswereinitially discretizecatthenodesof the
net, the relaxationprocesss begun usingV-shapecycles. This type is moreeffective in such
a structurewithout a conductoy with the potentialimposedat the trans\ersesurfaces. For the
longitudinalsurfaces the boundaryconditionsareidenticalto thoseof the main grid aslong as
3.5 %X Z.ms > 60% x L., whereL, is thelengthof thecell. Thequantity Z,,,, is determinedvith
theexpression:

8Numberof macro-particlegor example.

9Thesearethe RMS dimensionsyhich areusedto provide freedomfrom ary statisticaffluctuations.Thelimits
aresetat3.5Z,,,s and4 X,.,,, for the half sizesof the meshin eachdirection(for thetrans\ersedirection,it is the
largerof thevalues X,.,,s andY .,,,s, whichis selected).
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Figure4.16: Sectionaliew shaving adaptve grid encapsulateth maingrid.

Zrms = \/(z —2)?— (2 — zc)2 (4.38)
wherez, is the centroidof the beamandz the averageof quantity z over the distribution.
Whenthis conditionis no longermet,a Dirichlet conditionis imposedon the surfacegpotential
given by large grid). This valueof 3.5 is a compromisebetweenthe desirenot to reducethe
resolutionof thenetoverthedistributionandnotto substantiallyinfluencethefinal solutionwith
the Dirichlet condition. Anotherpossiblemethodwould have beennestingof thetwo gridsdur-
ing the procesof calculationof the mainone,with the lattercommunicatingheir intermediate
solutionbetweeneachcycle. This communicationwvould make this methodslower andwould
probablycorverge towardsthe samesolution,aslong asthevalueof 3.5 wasnot nottoo greatly
diminished.

4.3.6 Testwith cylindrical Gaussiandistrib ution

Theusualprocedurevhenwriting a programsolvingthe Poissorequationis to testit with aref-
erencaistribution,andwe have donesousingacylindrical Gaussiarlistribution, corresponding

to the expression:
2

p(r) = Qexp(—%ﬂ) (4.39)
with:
—I

= — 4.4
2mo?egfe (4.40)
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Figure4.17: Differentradial electricalfield profilesfor differentadaptve grid densitiegelative
to thetheoreticaprofile.

wherel isthecurrent(100mA), ¢ the Gaussiarstandardleviation (0.934 mm), c thespeedf
light, 8 therelativistic factor(0.014229 for 95 keV protons),ande, the permittivity of vacuum.
p(r) is homogenousit a chage densityper unit volumedivided by ¢,.. Thefield producedby
this chagedistributionis asfollows:

1-— exp(—%)
r

E, = —-Qo? (4.41)
Figures4.17and4.18 shav theradial electricalfield profile given by theory(in black) andthe
profilesobtainedfor the differentadaptve grid finesseg65 meanshatthereare65 x 65 x 65
nodesin thefinestgrid). The differencebetweernthe maximumtheoreticalvalueandthatgiven
in the33 and65 casess lessthan(.7%.

4.4 Lossmanagement

4.4.1 Transverselosses

The criterionis simple. A particleis declaredo be lost whenits trajectorybringsinto contact
with the poles. Allowancemustthereforebe madefor pole geometryat eachincrementof the
trajectoryof eachparticle. To avoid unnecessarilgomplicatedprocessingandthus optimize
calculationtime, for a givenparticle,allowanceis only madefor pole geometryif the particleis
outsidethesquare2a of aside.
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Figure4.18: Focuson maximumvalues.

4.4.2 Phaseoffsetparticles

When the velocity of the particle is sufficiently different from the synchronousrelocity, the
window of width g\ centerednthecentroidis nolongerlargeenougho containall theparticles.
Whenan offsetparticleis early, its transports suspendedbr one RF period,the time takenfor
the bunchto becomethe precedingounch. It canthenbe determinedvhatbecameof a particle
whenit enteredthe following bunch. This caseis relatively rare. The caseof particledelayis
morecommon. The processings basicallysimilar. TOUTATIS storesthe fieldsfor oneperiod
for initialization of the numericalcalculations andthereforetransportof a late particleinto the
next bunchhasbeenimplemented.

4.5 Conclusionof chapter

The TOUTATIS transporicodewaswritten with aview to obtainingbetteraccurag while mini-
mizingapproximationsn simulationof thedynamicsof anintensebeamin anRFQ.Thischapter
describeshe numericalmethodausedto finalize the computercode. The basicprinciples(finite
differencesand multigrid grid) aredescribed.A suitablestratey for discretizationof the RFQ
electrodegeometryis discussedA numberof refinementsuchasadaptemeshingandstorage
of intermediatesolutionsareusedto improve the performancef the code.

Unlike PARMTEQM, this codedoesnotassumeparaxiality but calculategheself-consistent
forcesof the beamfor eachtime increment,and the potentialdue to geometryis calculated
numericallywith allowancefor the exactshapeof the poles.
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Chapter 5

Validity and comparisonof methods

Chapter3 coveredthemainhypotheseandapproximationsisedin PARMTEQM for simulating
transportin anRFQ.In this chapteran attemptis madeto quantify the errorsinducedby these
approximationsandto determineheir relative importance.This is achiezed by eithermodifica-
tionsto the PARMTEQM codeitself or simulationusingthe TOUTATIS codeandthe TOSCA
electrostaticalculationmodulus[1].

5.1 Calculation of external fields

Chapter3 describeshedifferentapproachessedfor eachpartof theRFQin PARMTEQM. The
following sectionsareconcernedvith theability of theseapproacheto describethe potential.

5.1.1 RFQ body

The PARMTEQM codeis basedon the eight-termmultipolar approachdetailedin Section2.3
[2,3]. AppendixA describeshevariousmethodsusedto calculatethe seriescoeficients. In this
section,considerations givento meansof determiningthe boundsof validity of this approach
in theusefulzoneby meansof two methods projectionandfitting to the geometryof thepoles.

5.1.1.1 Calculation of areferencewith the Vector Fields TOSCA module

To usethe projectionmethod,a referencepotentialis required. The electrostatigootentialof a
testcell wasthereforecalculatedwith the TOSCA codé.. Figure5.1 representshe distribution
of potentialobtainedfor a cell with the characteristicendicatedin Table5.1..

This simulationis alsousedasa referencefor estimatingthe quality of the multipolar ap-
proachobtainedwith the differentmethods.The sectionon the peakfieldscoversthetechniques
usedto make the simulationin greaterdepth.

'Notethatfor PARMTEQM, the calculationsveremadewith CHARGE 3D [3]..
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| Parameters | Valueor type |
Radiusof curvatureof pole p;/ Ry 0.89
LengthL./R, 11
Modulationfactorm 2
Longitudinalprofile sinusoidal
Minimum gap,a 2/(1+m)

Table5.1: Characteristicsf testcell.
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Figure5.1: Distribution of electrostatigotentialin thetestcell ascalculatedvith TOSCA.
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‘ Aot ‘ Aoz ‘ Ao ‘ Anp ‘ Agy ‘ Ags ‘ Aszo ‘ Az ‘
[0.9267] 0.00112] 0.6006] 307.6125] -0.8337] -30753.6794 -0.0109] -7.0949

Table5.2: Coeficientsobtainedoy projection.

5.1.1.2 Projection

To usethis method,it is necessaryo limit thedomainof integrationto the surfaceof a cylinder
of radiusa andlength ... In view of the quadrupolasymmetry it is possibleto take only one
guarterof the surface.Theformulaeusedfor the calculationarethefollowing:

16 7 [Le
AOm = m/o /0 U(CL, 0, Z) . COS(2m0)d0dZ (51)
8 3 [Le
Ag=—— . 2
" = T (nka) L, /0 /0 U(a,B, z) - cos(nkz)dfdz (5.2)
16 5 [Le
Aum = T L /O /0 Ula, 0, 2) - cos(2m8) - cos(nkz)dddz (5.3)

whereU is thenumericalreferenceTheresultsobtainedor eachcoeficientaresummarized
in Table5.2.. To assesshe relative weightsof eachcomponentthe valuesaregivenin Table
5.3 multiplied by their associatedadial functionsin Ry, the averageradius(Besselfunctionor
r™). Corvergencewould appearto be rapid, with high ordertermsmakinglittle contribution,
particularlynearthe axis.

Figure5.2shavstherelative differencebetweerthepotentialcalculatedvith TOSCAandthe
seriesobtainedoy projection.Thescales logarithmicin orderto beableto shav theentireuseful
zone.Thetwo linesat 100%correspondo thenumericalnoiseonthe“zero” equipotentialsThe
black circle describeghe cylinder usedfor integration. It is clearly apparenfrom thesemaps
thatthe high-quality solutioninsidethe cylinder cannotbe extrapolatedbeyond it (<1% inside,
more than 10% outside). In addition, if it is requiredto obtainan accurag greaterthan 1%
throughoutthe usefulzone it mustbeacceptedhatthe projectionapproachs inadequatewhich
was confirmedby Ken Crandallhimself during a visit to Saclay The approachis, however,
completelysatishctoryaslong asthe particlesremaininsidethe cylinder.

5.1.1.3 Geometricalfit

The quadrupletof valuesof the (z;, y;, 2;, U;) type necessaryor using this methodare taken
on the surfacedefinedby the vanegeometry ValuesU; thenappear Calculationis madewith

the Mathematicaapplication.The resultsobtainedfor eachcoeficientaresummarizedn Table
5.4.. Table5.5 givesthesevaluesmultiplied by their associatedadial functionsin Ry.. It is

to be notedthat the octupolarcomponentwas multiplied by 10. This hasa direct effect on
beamdistribution: the trans\erseprofile increasinglytendsto becomelozenge-shapedThis
particularprofileinducesuncertaintyasto thePARMTEQM spacechage calculation SCHEFF
sub-programyvhich assumeshatthe beamhassymmetryof revolution.
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| Coeficientxfunctionin R, | Value |

Ay 2 0.9267

Ags RS 0.0012
Arolo(kRy) 0.6129
AT (kRy) 0.0054
Ay I5(2kRy) -0.0349
Ay I5(2kR,) -0.0235
Asolo(3kR,) -0.0130
A1, (3kR,) -0.0103

Table5.3: Coeficientsobtainedby weightedprojectionby their associatedadial functionsin
Ry..

0%

Figure5.2: Relatve differencebetweemumericalpotentialandthe seriesobtainedoy projection
with alogarithmicscale.

‘ Ao ‘ Aos ‘ Ao ‘ Arp ‘ Agy ‘ Ags ‘ Aszo ‘ Az ‘
[0.9587] 0.0211] 0.6064] 3489.5500] -0.5960] 3493.3200] -0.0093] -4.1060|

Table5.4: Coeficientsobtainedoy geometricafit.
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Table5.5: Coeficientsobtainedby weightedfit by their associatedadialfunctionsin R,..

| Coeficientxfunctionin R, | Value |

Ag R 0.9587

Ags RS 0.0211
Arolo(kRo) 0.6188
AT, (kRo) 0.0613
A I5(2kRy) -0.0249
Ay Is(2kRy) 0.0027
Asolo(3kRy) -0.0111
A1 (3kRy) -0.0059

| Parameter | Valueor type |
distribution 4D WaterBag
Er.m.s.morm. AteNtrance | 0.47..mm.mrad
entrancecurrent 225mA
particles protons
Kinetic enegy atentrance 90keV
kinetic enegy at exit 5 MeV
frequeny 202.56MHz
constantvoltage 178kV
constantR? 8.203mm
constanfp; /Ry 0.85
maximumsm, 2.05

Table5.6: Main parametersf simulatedRFQ.
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Figure5.4 shaws the relative differencesetweenhe potentialcalculatedvith TOSCAand
the seriesobtainedoy geometricafit. Theaccurag is of afew percentin theusefulzone.How-
ever, it exceedsl% in the centralzone. As expectedthe multipolespredominateat a distance

from the axis.

5.1.1.4 Consequence$or particle dynamics

It is notpossibleto draw valid conclusionsfor theentireRFQ,concerninghe consequencesr
particledynamicswhenusingary oneof thesemethods.lt is, however, interestingto notethe
differencedor a given RFQ andto review the trends. The RFQ usedis a modified versionof
RFQ2at CERN. The modificationresidesin elongationof the structure the final enegy being
increasedo 5 MeV from theinitial 750keV. Table5.6 summarizeshe mainparameter®sf this
RFQ. Transportwascalculatedwith TOUTATIS in every case. The externalpotentialis either
calculatedor theresultof development.

Tables5.7 and 5.8, which give the rms emittanceshormalizedfor eachplaneandthe RFQ
exit transmissiorfor eachmethod,shavs thatthefit doesnotallow reasonablestimationof the



84 CHAPTERS. VALIDITY AND COMRARISON OF METHODS

+3%

¥R 0O
o

Figure5.3: Map of theerrorobtainedby fit in thetrans\erseplaneatthecenterof thecell (linear
scale).

Figure5.4: Relatve differencebetweemumericalpotentialandthe seriesobtainedby fit (loga-
rithmic scale).
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| | &z (r..mm.mrad)| &, ,.(r..mm.mrad)| &, , (deg.MeV) |

Truefield 0.584 0.597 0.202
Projection 0.598 0.612 0.206
Fit 0.518 0.540 0.196

Table5.7: rmsemittancesiormalizedfor eachplaneatthe RFQ exit with differentmethods.

| | Yield | Transmission| Yield Variation| Total lossvariation |

Truefield | 96.2% 97.9% 0.% 0.%
Projection| 95.4% 97.3% -0.9% +31.7%
Fit 90.9% 95.0% -5.5% +139.4%

Table5.8: Yield andtransmissiorwith eachmethod.Thefirst cases thereferencdor variation
calculation.Theyield is transmissiomwith allowancefor accelerategarticlesonly.

fieldsin the structure. The averageerroris around10%in thetrans\erseplane. The projection
methodis generallyin goodagreementHowever, it shouldbe notedthatthereis a variationof
morethan30%in the predictedosseswith this method.

5.1.1.5 Conclusion

Projectionis the methodwhich givesthe greatestaccurag in the zoneoccupiedby the beam
core. Thedevelopmentbbtainedcannotaccuratelydescribehe potentialappliedto the particles
making up the halo. The suitability of the methoddependson the tolerancelimits set. It is
to be notedthat thereis no guarantedhat the differenceswould be the samewith a different
RFQ. Although geometricalffit givesbetterresultsin the halo zone,the quality of the results
is inadequaten termsof the minimum tolerancelimits for linear acceleratorgmaximumerror
<1%).

It is impossibleto fully simulatethe usefulzoneof an RFQ becauseylindrical coordinates
areused.Thefour polesarenotasymptotidor obtaininghigh-wltageresistancef thestructure
[2,4], their trans\erseradiusof curvatureis maintainedconstantalongthe cell whereaghe dis-
tancebetweernthe axisandthe pole canvary by afactorof 2. The cylindrical harmonicsdo not
possessheseproperties. The introductionof higherordermultipolesgivesrise to the appear
anceof other+V//2 equipotentialdeadingto geometriesuchthatthe polescannotbe machined
(Figureb.5).

To avoid theseimperfectiongy analyticalmeanswhile retainingthe geometricaproperties
imposedatthepoles,it is necessaryo have asystemof coordinatesvith harmonicdevelopments
giving longitudinalperiodicity while retainingthe trans\ersecurvatureof the equipotentiakur
faces.This meanghatthereis no trans\erse-longitudinatouplingin the harmonics.However,
whenit is requiredto isolatethe periodic harmonicsin onedirection during resolutionof the
Laplaceequationsuchcouplingarisesn almostevery case. Evenif it is acceptedhatsuchhar
monicsexist, the introductionof discontinuityinto the structure(radiofrequeng couplinggaps
etc.),meanghatonly onenumericalsimulationwill be satishctory The useof suchnumerical
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Figure5.5: +£V/2 equipotentiaburfacesobtainedoy geometricafit.

simulationis now possibleasaresultof improvedcomputemperformance.

5.1.2 Radial matching sectionat entrance

Chapter2 shavedthatit wasnecessaryo introducea radial matchingsectionat the RFQ en-
trance. In Chapter3, the formulationusedin PARMTEQM for describingthis portion of the
RFQ was explained. Consideratioris now given to quantifying the performancehat can be
expectedrom the formulationandtestingof otheroptions.

5.1.2.1 Sectionoptimization method

Let us briefly considerthe methodusedfor optimizing the matchingsection. The RFQ de-

signermustfirst determinehe Twissparametersneededo optimizematchingfor the Focusing-
DefocusingFD) channelwvhich makesupthefirst partof theRFQ.TheFD channels accurately
describedy thefollowing formula:

U(p,0,1) = g [Am (R£0)2 c05(26) + Ao (Rio)ﬁ cos(60)] sin(wst + o) (5.4)

2Theseparameterarea, 3, .. They satisfytherelationshipsX = /Be, X' = \/7¢, By — o® = 1.. X isthe
trans\ersesizeof thebeam, X" its divergenceande its geometricakmittance.
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where R, is the gap, V' is the differencein potentialbetweenthe vanes,and Ag; and Ay
arethequadrupolaanddodecapolacoeficientsrespectiely. Thesecoeficientsonly dependbn
p:/ Ro wherep, is thetrans\erseradiusof curvatureof thepole.

OncetheFD channeis determinedsuitableTwissparameteror thechannebreestablished
using a minimization process. The designerthen assumeshat transportin this sectionof the
RFQis reversible. This is equivalentto statingthatvariationsin emittancearesuficiently small
to be disreggarded. The beammatchedto the FD channelis thentransportedrom the end of
the entrancesectionto the beginning. This stageis repeatedor the differentradiofrequeng
phasest the entranceo the FD channel. The characteristicef the beam,obtainedat the RFQ
entrancefor the differentphasesmustbe extremely closeto be consideredime-independent.
Twiss parameters< o > and< g > arethentaken asinput referencegor calculationof the
linac acceptancé..

Thefollowing questionghenarise:whatvanegeometryshouldbeimposedandwhatlength,
to obtainthe bestpossiblematching?Thesequestionsmply thata quality criterionis available.
Herewe useyield factorF,, which is themaximumvalueof thede-matchindactor Fys (z, ¢rf),
dependingn longitudinalpositionz andphasey, ; in thechannel.This functionis givenby the
following formula:

5(\des(za (Prf) _

1 (5.5)
Xada(za (prf)

Fdes(za Qprf) =

where X4, is the envelopeof the matchedbeamcalculatedduring the first stageof opti-
mizationand X ., is the beamervelopederivedfrom completetransportbeginning at the RFQ
entrancewith the beamcharacteristicebtainedby averagingthe inversetransport.Valuesof F,
of afew percenindicategoodentrancesectionperformanceandary valuebelowv around1 0% is
probablyacceptableFiguresbelov 1% involve refinementFigure5.6 summarizeshe different
stageof optimizationof the entrancesection.

5.1.2.2 Main formulations

A numberof formulationshave beenproposedfor determiningthe potential of the entrance
section[5,6,7]. It is to be notedthat[7] (F2) is the referencefor PARMTEQM. In this study
considerations givento thefollowing series:

3<> meanghatanaveragehasbeencalculatedelative to theradiofrequenyg phases.
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Figure5.6: Diagramshawing thedifferentstagef entrancesectionoptimization.
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Aom (—é’;)zm cos(2m0)]

F1:9(p,0,2) = %L:M Ym=13
F2: 9(p,0,z2) Y Y me13 Am | Lm(kp) sin(kz) + 3-Cm+D L, (3kp) sin(3kz)] cos(2mb)
2n+m
F3:9(p,0,2) = % Yom=13 2n=0,N [A()m (RLO) cos(mH)Gn(z)]
F4:V(p,0,2) = LA L(kp)cos(20)sin(kz)
F5:0(p,0,2) = Yii [ (&) cos(20)]
(5.6)
where
2! 32"G0(z)
L(2) = (=) 5.7
Gnlz) = (=1) 4nnl(n 4+ 2)! 022 (®.7)
with:
exp (o ()™ ) — exp (o ()™
Golz) = T (5.8)
and:
s
k=gp— (5.9)

where L,,, is the length of the radial matchingsection. All theseseriesare part of the
Laplaceequationsolutions(2.4), as per Chapter2. FormulationsF'2, F'3, F'4 correspondo
Reference$7], [6] and[5] respectiely. For eachdevelopmentthe differentsetsof coeficients
aredeterminedo ensureoptimalcontinuitywith formula(5.4),exceptfor formulation F'4 which
assumeshatthe FD channelis describedoy a purequadrupolgi.e. Ay = 1) [5]. For F'3, ay,
mg andL,, canbeadjusted.

Beforebeginningthe comparatie studiesjt is first necessaryo considethe advantagesand
disadwantage®f eachformulation:

e F'1 givesthe bestcontinuity with the transersecomponentf the field derived from
equation(5.4). Continuityin thelongitudinaldirectionis unsatisctory sincecomponent
0,¥(p, 0, z) is notcanceledut.

e F'2 givessatishctorycontinuitywith thetrans\ersecomponent®f thefield, it alsomakes
it possibleto cancelout thelongitudinalcomponentn thevicinity of theFD channel.

e F3isverysimilarto F2 but offers greatemparameteflexibility. Oneof the advantagess
thatthe gapbetweerthe endplateof the RFQandthe vanecanbe monitored[6].
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| Parameter | Valueortype |

distribution uniform
Etot..norm. 17.mm.mrad
current 100mA
particles protons
kineticenegy 95 keV
frequeny 352MHz
voltage 101.4kV
Ry 4.11mm
pr/ Ro 0.89
Aot 0.9826
Aoz 0.0197

Table5.9: Main parametersf simulation.

e F4 allows smoothconnectionlongitudinally but is extremely simplistic asregardstrans-
versecontinuity.

e F'5 hastheadwantageof enablingquantificationof therelative importanceof thedodecap
olar componentelative to the quadrupolacomponen(i.e. relatve to F'1).

The differentyield factorsF,, that canbe achievzed with thesedifferentformulations,asa
functionof length L,,,, arereviewedin thefollowing section.

5.1.2.3 Calculation of F, with ervelopecode

In this study themethoddescribedn the previoussectionis usedandtransporis calculatedvith
an envelopecodewritten usingthe functionality of the Mathematica3.0 application(adaptve
Runge-HKutta). The parameter$or the beamandthe FD channelaregivenin Table5.9..

Transportis givenby the FrankJ. Sachereenvelopeequationg8]. The systento be solved
is asfollows:

2 4 A<aFy> 2K g2 _
{az RETITES A 0 (5.10)

2% A<yFy> __ £
8ZY+7m(,6’c§2Y X+Y ¥ = 0
with:
ql
K=——~—— 511
2megm(ype)? ®-11)

wherel is the current,q andm arethe chage andmassof the particlerespectrely, v and
[ aretherelatiistic factorsof the beam g, is the permitivity of vacuum,andc is the speedof
light in avacuum. K is referredto asthe generlizedperveancef thebeam.During transport,
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¢ is kept constant. The expression< zF, > meansthatthe external sourceis linearizedby
integrating over the entire distribution. In orderto simplify numericalintegrationof equation
(5.10),the Bessekeriesin the force expressionsaretruncatedafterthe sixth order Incremental
numericalintegrationof (5.10) makesit possibleto recover the point pairs (z;, X\i) describing
variationin the beamervelopealongthe axis of propagation Beginningwith reasonablénitial

conditions,but differentfrom the matchedconditions this envelopeconsistsof differentmodes
of oscillation, including the principal modesought. To determinethe properinitial conditions
for the differentradiofrequeng phasesit is necessaryo minimize the differencebetweenthe
ervelopeandthe expression:

A—i—Bcos(ﬁ)\ + ©rf) (5.12)

where A is the averageervelopeof the beam,and B is the amplitudeof modulationof the
ervelopedueto the focusingforcesof spatialperiod g, ;.. It is thereforeassumedhat this
monofrequeng functionoffersthe bestrepresentationf the ervelopesoughtwith the envelope
beatfrequeng naturallybeingthatof the focusingforces.ValuesA and B arethereforesought
for which the quantity:

> {5(\ - lA + Bcos (;A ; + w)” (5.13)

2

is aminimum. The procedureusedis describedn detailin AppendixC.. For eachinstance
of transportover a distanceof a numberof periodss ), , new valuesof A and B arecalculated
andtakenasinitial valuesfor thefollowing transportsequence,e.:

(550)]’4—1 = (A4);+ (B);cos (27rz0 T %f)
(azj(\O)j+1 = (B)J oW sin (27r20 + (Prf)

(%A)jﬂ = (A); - ( f) o (Qﬂqﬂw) (5.14)
(azYE))j—H = (B) (27TZO +(‘0rf)

wherethe quantitieswith the subscripted werecalculatedfor the ;™ instanceof transport
to obtaintheinitial conditionsof the (j + 1) instanceof transport.Cornvergenceof the process
is rapid. In lessthanfive instancesof transport,the valuesof A and B only vary by a few
tenthsof a percentandaresuchthatthe quantity 7, is of a few tenthsof a percentf we usethe
expression5.12)for Xada(z @, ) and(X;)s for Xdes(z ¢, f).. Figure5.7 shovs thevariationin
the ernvelopeafterthreeinstance®f transport.

Oncethe beamparametersre obtainedfor the FD channel,it is possibleto continuewith
the procesdescribedn Section5.1.2.1.. We obtaindifferentvaluesof F, asa function of the
lengthof theentrancesectionfor eachformulation(Figure5.8). Theresultscall for thefollowing
comments:
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Figure5.7: X; for thefirst threeinstanceof transportwith minimizationrelatveto A andB..

e Figure5.9 shavsthatthe formulationdoesnot allow for the dodecapolacomponentand
thefactthatthe quadrupolacomponents not “pure” (i.e. Ay; # 1), reducedheyield of
thesection.

e Figure5.10shaws thatit is not sufficient only to allow for Ag; # 1, but the dodecapolar
componenmustbeincludedin thedevelopmentused.

e In Figureb.11,it appearshatalinearrampof thefocusingforcesgivesaloweryield than
arampof thesinusoidakype (F1 comparedo F2 andF3).

e Six cells for the lengthappeardo be a good compromise. Taking a longer sectionfor
optimal developmentgF2 an F3) reducesF, but increaseshe size of the beamandthe
convergencenecessargat the entranceof the structure(Figure5.13). This meanghatthe
beamfocusingsolenoidmustbe placednearto the RFQ to obtainthesenew parameters.
It thenbecomesnoredifficult to insertdiagnosticgor characterizinghe beamatthe RFQ
entrance.

e Thebestperformancevasobtainedwith formulationsF2 andF3.

5.1.2.4 Calculation of F, with a multiparticle code

In theprevioussectiont wasassumedhatemittancavasconstanfor eachinstanceof transport.
This meansthat the variationsin emittance,due to spacechage and mismatching,could be
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Figure5.8: Yield factor F,, for lengthsof 1 to 19 cellswith the differentformulations(1 cell=

BA/2).
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Figure5.11: Resultsfor formulationsF1, F2 andF3.
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Figure5.12: Optimumprofile for amplitudeof externalforcesin the entrancesection(compared
to alinearramp).
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Figure5.14: Resultsfor formulationF2 in ervelopeandmultiparticlecases.

disregarded. To checkthis hypothesi$, we repeatedhe procedureusinga multiparticle code
that we developedto allow for emittancevariations. The dynamicsequationswere integrated
usinga leap-frogprocess.The spacechage forceswerecalculatedby relaxationwith Franlkel-
Youngacceleration.The distribution usedis of the 4D WaterBag type [8] with the samerms
dimensionsasthatdescribedn Table5.9.. The normalizedemittancethusincreasedrom 1 to
1.5 w..mm.mrad As showvn in Figures5.14,5.15and5.16,thechangesn F, in themultiparticle
andervelopecasesarebroadlycomparableaslong asayield of ~ 10% is acceptablelt would
appeathat F, deviationsof lessthan10% canbe attributedto fluctuationsn emittanceIndeed,
if the original value of emittancechangedy 5% andtransportis simulatedwith the envelope
code,we obtaina mismatchof a few percentascomparedo a few perthousandnitially. We
thereforeconsidetthatif it is desiredto obtainmismatchof lessthan1%, it is not possibleto use
the proceduradescribedn Section5.1.2.1with an ernvelopecode. However, in view of current
diagnostigperformancendoverallcontrolof beammatchingin anRFQ),it would appeathatthe
valuesof a few percentarequite acceptablelt is alsoto be notedthat, with the multiparticular
code,matchingdoesnotimprove aftersix cells (Figuress.14and5.15),which substantiatethe
choicementionedn the previoussection.

4This hypothesigs alsousedin the LANL codes particularly TRACE 3D which givesmatchedoarametergor
theRFQentrance.
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5.1.2.5 Limits of method

The main hypothesisof the methodis that the variationsin emittanceobsened in the multi-
particle casecan be disreggardedand that envelope code transportwith constantemittanceis
acceptableHowever, it maybethat,whenspacechageforcesareverylarge,thismaynolonger
betrueandthattransporicanbecomerreversible.. Thelongerthe sectionthe morecritical the
emittanceenlagementto reachequilibrium. To estimatepossibledegradationof the quality of
the resultsof the method,it is possibleto repeatthe procedurewith wave numberdepressions
rangingfrom 0.3 to 1., with sectionsof 6, 12 and18 cellsusingthe PARMTEQM formulation
(F2). The depressionare calculatedat beamcorelevel usingthe following formulafor phase
adwanceo:

B dz
o= /0 o (5.15)

whereg; is the Twiss parameteassociatedvith the amplitudeof the trans\erseoscillationsof

a coreparticle. The depressiorthereforecorrespondso the ratio o /oy whereoy is the value
whencurrentis nil. For eachinstanceof transportwe have calculatedhedifferenceA between
mismatchfactor (F,),,. obtainedin the FD channelonly andthat, (F.),,., obtainedin the FD

channehbftergoingthroughtheentrancesectionandback. ThisquantityA thusmakesit possible
to quantifythe contribution of the sectionin termsof thereversibility criterion:

A= (Fe)ap. - (Fe)av. (516)

In view of the tolerancelimits asdeterminedn the previous section,it would appearthat
variationsin A canbe disregarded. Figure 5.17 shows that they remainbelow 5%, evenwith
depressionsghat arerelatively low® andvaluesof F, of a few percent. The methodbasedon
reversibletransporthereforeremainsvalid.

5.1.2.6 Conclusionconceming entrancesection

This study of the entrancesectionshows that the methodbasedon transportreversibility for
obtainingbeam-matchedarameteratthebeginningof thestructures valid for arelatively large
wave numberdepressiomange(0.3to 1). The optimumlengthfor this sectionis six cells,i.e. 3
BA, in view of the degreeof matchingachievedandtheresultingflexibility for thetransportine
upstreanof the RFQ.Theformulationusedin PARMTEQM givesthe bestperformancen both
the envelopeandmultiparticlecasesThis substantiatethe choicemadeby the IPHI andLEDA
projectteams:F2 formulationover six cells. However, the Twiss parametergivenby TRACE
3D for PARMTEQM input would be of betterquality if the codeallowed for the dodecapolar
component.

It is to be notedthat,asa resultof insertionof a transitioncell, the exit sectiondescribedn
Chapter3 behaesin exactly the samemannerasthe entrancesection. The lengthcantherefore

5In previoussectionswave numberdepressiomas0.67.
5for adepressionf 0.3, emittancevariedby 10%.
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Figure5.17: A for depressionsangingfrom 0.3 to 0.95 for PARMTEQM formulation with
lengthof 6,12 and18cells.

be adjustedo obtainoptimumtime independencef the beamat the RFQ exit.

5.1.3 Transition cell (“trancell”)

Section3.2.4shavs the advantage®fferedby the useof atransitioncell: “smooth” elimination
of modulationenablinga shortexit sectionideal for magneticquadrupolaiinsertionafter the
RFQwithout creatingenegy uncertaintyat the exit, andbetterphasestability of bunchesSince
PARMTEQM usesananalyticaldevelopmento describethe cell, thelengthof the“trancell” is
imposedoncecontinuitywith the neighboringcellshasbeenestablished:

A A
L= /3/4- % ~ 0.866 - % (5.17)

This resultsin asynchronouphasechangewhich canbe calculated:

AD, = (1/3/4 — 1) - 180 ~ —24.12 deg. (5.18)

It is helpfulto know whetherthis suddersynchronoughasechangeesultsin degradationof
the optical qualitiesof the beam,particularlylongitudinally. As TOUTATIS doesnot have ary
cell lengthconstraintgo ensurecontinuity with the neighboringecells, thevariationin emittance
was calculatedfor eachplanewith lengthsrangingfrom (6\/2 — g\/4) to (BA/2 + BA/4)
(Figures5.18 and5.19). It is clearly apparenthat the ideal solutionis to maintain3\/2 for
cell length. However, the differencecomparedo PARMTEQM remainsnegligible in the three
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Figure5.18: Variationin trans\erseemittancenormalizedn =..mm.mradasafunctionof trancell
length.

| Parameter] Value |
pt/RO 1.
m 1.,1.2,1.4,2.,2.4,3.

L/Ry 0.75,2,4,8,11,15,20

Table5.10: Cell parametersalculatedvith TOSCA.

planes(< 2%). Thevariationin the longitudinal Twiss parameterss also negligible (Figures
5.22and5.23). It is possibleto adjustthe trans\erseTwiss parametergFigures5.20and5.21).
It is, however, preferableo setthelengthat 5 /2, evenif this meansadjustingthe lengthof the
exit section.

5.1.4 Peakfield

To take the validity of the form factorF tablesusedby PARMTEQM, a comparatie studycan
bemadebetweerthevaluesgivenby CHARGE3D [4] andTOSCA.Thiscanberevealingasthe
finite elementcalculationmethodof TOSCA s differentfrom the approachusedin CHARGE
3D. Calculationsveremadefor differenttestcellswith the parametesetshaovn in Table5.10..

The caseswhereL/R, = 0.75andm = 2, 2.4, 3. arenot covered,asthey correspondo
cells that are difficult to make and pointlessin termsof dynamics. The longitudinal profile is
extrapolatedfrom the two-term potential. Before consideringresultsof an analysisof these
situationsadescriptionis givenin thefollowing sectionof thetechniquesisedto obtainreliable
results.
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5.1.4.1 Optimization of the meshusedby TOSCA

5.1.4.1.1 Sub-division of cell

The userof the codehasto make a meshrepresentatiorof the device for finite element
methodelectromagnetisimulation.To beableto usehexahedraklementsfor highestaccurag,
discretizationmustbe basedon the hexaedralmacroelementthemseles. Theseelementsare
usedasa basisfor obtainingthe final mesh,with eachmacroelemendliscretizedaselementary
bricks. In the RFQ case,unsatiséctorycell division canresultin deformationof the elements
andgive rise to point effectscausingspuriousintensificationof the field. Oneway of avoiding
thistypeof numericalartificeis to imposeaflat surfaceoppositethe high-riskzones.lt is for this
reasonthat the sub-dvision in Figure5.24 wasselected.This method,which is appliedin the
TOSCAcode,givesexcellentresultswhich were,in addition,validatedby measuremerduring
plasmascreerpoint simulation[9]. Figure5.25shows a systemof sub-dvision resultingin the
spuriousintensificationof the electricalfield shovn in Figure5.26..

5.1.4.1.2 Elementdensity

To improve calculationaccurag, corvergenceto a solutionis obtainedby densifyingthe
numberof elementarypricksin themesh[10]. Thisis accompaniedby anincreasen calculation
time,andacompromiseyiving thedesiredaccurag mustbefound. Thisis setatafew tenthsper
thousandn this study To adaptthe meshto the shapeof the poles,trans\erseandlongitudinal
discretizationof the cell aredecoupled.The poleis discretizedto anincreasingextent without
changingthe numberof horizontalelements.The cell simulatedis unmodulated Corvergence
on F' is obtainedwith someforty elementon eachpole (Figure5.27). Hereaftetin the study 80
elementsareusedperpolein thetransersedirection.
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[MU]075] 2 [ 4 | 8 | 11 [ 15 | 20 |
1 [ 1.70 [ 1.70] 1.70| 0.54] 1.63 | 1.84 | 2.34
12]033[127[2.20] 147 115 112 15
14]-0.20] 1.85 2.53] 1.53]| 0.96 | 0.67 | 1.01

2 1.53| 3.26| 1.30| -0.08| -0.37| 0.00
2.4 1.79| 2.73| 1.10| -0.52| -0.95| -0.48
3 2.28]4.06| 0.83| -0.93| -1.42| -1.14

Table5.11: Relatve difference(FTogcA — FC’HARGE3D)/FTOSCA asa%.

For longitudinaldiscretizationthereferencecell is thatexperiencinghegreatestnodulation
overtheshortestistance(i.e. aradiusof highlongitudinalcurvature) with m=3 and(L/R,)=2.
By increasinghe numberof z elementsconvergences finally reachedvith aroundfifteen sub-
divisions(Figure5.28). Thereferencdor therelative differenceis the value F' obtainedwith 25
longitudinalsub-dvisions.

5.1.4.2 Comparison betweenCHARGE 3D and TOSCA

Comparedo TOSCA, the relative distancesusedfor referenceare shavn in Table5.11 and
plottedin Figure5.29.. The maximumdifferencereachesA% whenm is greaterthan2 and
(L/Ry)=4. However, little useis madeof this combinationof parametersn RFQsof the LEDA
or IPHI types.In a moregeneralcontect, doubtcanpersistasto the valuesasa function of the
tolerancelimit set. A curiousphenomenoris to be noted: neitherTOSCA nor CHARGE 3D
systematicallygivesthe samevaluesfor cellswithout modulationof differentlengths.
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5.1.4.3 Comparison betweensinusoidalprofile and “tw o-term” profile

Oneof the motivesbehindselectionof oneof the two profilesis their effect on the peakfield.
Therelative differencess givenby TOSCAfor form factorF' betweerthetwo profilesareshovn
in Table5.12andplottedin Figure5.30.. The “two-term” profile is usedfor referencesothat
whenthedifferenceis positive, the “tw o-term” profile givesa lower peakvalue,andvice-versa.

In Figure5.30,two zonesareapparent:

e For shortcells,the peakfield is lower for a given profile, dependingon the two-termpo-
tential. This is explainedby the greaterlongitudinal curvaturewith the sine. However,
conventionalRFQsdo not have suchcells.

e Forlong cells,asinusoidgivesbetterresults.The phenomenois dueto the smallerinter-
electrodegapat the beginning of the cell with “two terms” (Figure5.31). In this case the
the higherlongitudinalratio L/ R, thelessmarkedthe longitudinalform factor

5.1.4.4 Peakfield study conclusion

The form factorsusedin PARMTEQM are in excellent agreementwith thosecalculatedby
TOSCA. A few notabledifferencesobsened correspondo cell geometrieghatarerarely used.
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(mi[075] 2 | 4 | 8 [ 11 | 15 | 20 |
1 [ 0.00 [ -0.75]-1.01] 0.00 | -1.11[-1.11] -1.11
12| 6.45 | 0.69 | -0.43| -0.60| -0.61| -0.59| -0.59
1.4[20.71] 1.80 | -1.07| -1.22| -1.25| -1.19] -1.16
2 457 | 2.46| -358| -3.70| -3.99| -4.18
2.4 4.15|-3.38] -5.31| 5.43| 5.75| -6.18
3 3.35 | -450| -7.19]| -7.56| -8.03] -8.41

Table5.12: Relative difference( Fyinus — Foterms)/ Foterms asa %.
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Figure5.30: Relatve difference( Fyinus — Faterms)/ Faterms @sa%.
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Figure5.31: Peakfield distributionin acell with a “two-term” profile with L/ Ry=11.

Thetypeof longitudinalprofile choseraslittle effectonthepeakfield. For RFQswith high 5\
(LEDA andIPHI), a sinusoidalprofile appeargo be preferablg11]. Thisis in additionto the
otheradwantage®f this type of profile: a largeracceleratingomponen{2], a symmetricalcell
with a longitudinalcapacityidenticalto that calculatedfor the trans\erseplaneat mid-cell and

easyconstructior12].

5.2 Integration of the dynamicsequations

5.2.1 Paraxiality hypothesis

Theincrementaimovementintegrationmethodusedin PARMTEQM is basedon the following

equations:

(

(VBe)iz1/2

(75y)i+1/2

(VB2)iz1/2
Tit1
Yit1
Pi+1

A

(VBz)i=12 + %EI(O_MZ) sin(p;)6z
(YB))i-1/2 + 525 B, (OM,) sin ()0
(vB2)iz12 + ﬁEz(mz) sin((;)d2
x; +2'62
vi +y'0z

Wy

. __“rf
Pi + (ﬂz)¢+1/206Z

(5.19)
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| Parameter | Valueortype |
distribution 4D WaterBag
Er.m.s.norm. At€Ntrance | 0.257..mm.mrad
entrancecurrent 100mA
particles protons
kineticenegy atentrance 95keV
Kinetic enegy at exit 1 MeV
frequeny 352.2MHz
constantwoltage 67kV
constantR 2.844mm
constanfp; /Ry 0.85
maximumm 1.46

Table5.13: Main parametersf simulatedRFQ.

where:
o = OBinie
- ('7/31)1'
) _ @i (5.20)
y o= (VB2)iy1/2

w, s is theradiofrequeng pulse,andthe half-integer subscriptsndicatethatthe quantityconsid-
eredis calculatecat a positionbetweerthe positionswherethe quantitieswith integersubscripts
arecalculated.

The paraxialityhypothesisntroducedby Ken Crandallgivesrise to certainquestionsvhen
thedivergenceof anumberof particlesreachsomehundredof milliradians. Theerrorinduced
by thehypothesisanbe calculatedor a purehorizontaldivergenceof 300mrad’.. By replacing
B, and(B,)i+1/2 by B and(f);11/», respectiely in equationg5.19),theterm:

Ze
B.Eo

(5.21)

becomes:

7z - 7z
¢ (1 - 53:'2> — 0.955 x B_—e (5.22)

Ze N
EEogll + FQ ﬁzEO 2440

which is equialentto 4.5%error for the fields. Most of the particleshave far lower diver-
genceswith theresultthat, to gainanideaof the impactof sucha hypothesisa specificRFQ
was simulatedwith both versionsof PARMTEQM: onewith the hypothesisof paraxialityand
theotherwithout. Table5.13summarizeshe RFQ parametersised whichweregeneratedising
the LANL codes(CURLI—RFQUICK—PARI).

thisis atypical value!
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| | Eon.(m..mm.mrad)| &, (r..mm.mrad)| &, (deg. |
With paraxiality 0.259 0.266 0.169
Without paraxiality 0.263 0.276 0.160

Table5.14: rmsemittancesormalizedat exits for thetwo versionsof PARMTEQM.

| | Yield | Transmission Variationin yield | Variationin losses|

With paraxiality | 87.22% 87.58% -5.69% +93.45%
Without paraxiality | 92.48% 93.58% 0.% 0.%

Table5.15: Total transmissiorandyield with the two versionsof PARMTEQM.

Theresultsof the simulationsaregivenin Tables5.14and5.15.. The paraxialityhypothesis
resultsin multiplicationof thelosseswith this RFQby afactorof 2. This conseratismis dueto
theartificial rigidity of thetrajectoryresultingfrom the hypothesis.

5.2.2 Error dueto integration algorithm

To consere emittancean lineartransportthe Jacobiarof the transformmustbe equalto 1 [13].
To quantifytheleap-frogquality, it is necessaryo calculatethe following expression:

Ouiy1  Ouit1
s=| d s 529)
ou; ov;
Here,thetransformcanbewritten asfollows:
{ Viy1 = v+ Z?Ef [EU(OMJ + EU(OM\iH)] ot (5.24)
Uir1 = Ui+ % [Ui + Ui+1] ot

whereu = z,y, z andv = v, vy, v,.. As forceonly depend®n position(electricalfield), the
following is obtained:

6ui+1 — 1

du;

Bl L 525
9v; _ St Zec® 8 .
s — 220 [E,(OM)]

Qvip1  _ 1

substitutinginto (5.23),the calculationof & gives:

S = 1- %20 (g, (OM))]
(5.26)
= 1- F(OM,)%
where: \
PO = 2 2 (g, 0, (5.27)

E() 8uz
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TheJacobians thereforenotstrictly equalto 1. It isto benotedthatif thevelocitiesandpositions
werenot calculatedfor intermediatenstants therewould be no factorof 1/4 in the expression
(5.26). Thisfirst calculationcallsfor thefollowing remarks:

e Erroris proportionalto 6¢?/4..
e If theforceis linear, theerroris constanin the planein question.

e If theforce expressioncontainsnon-linearterms,the errorbecomesa function of the co-
ordinatesof the particles.

To estimatethe combinederrorfor the entiretransportinstancejt is necessaryo calculatethe
productof the Jacobian®f eachincrement.For simplification,we considerthefollowing field:

E,(OM,;,t) = —susin(2r f) (5.28)

v
Rp
whereV=100kV, Ry=4 mmand f=350MHz. The productsoughtcanbewritten as:
N [1 B Zec? 6t V

N
i:Hl S = 1211 B 41 sin(2m ft)] (5.29)

whereN is the numberof calculationincrementsf this numberis large, expression(5.29)
canbe madeupperboundby:

ot

16

Zec?'V

N
1}1% <1-N lToR_% (5.30)

asthe large numberof termsmakesit possibleto disregardthe doubleproductsandsin? is an
upperboundof 1. If incrementt is afractionof period1/ f, theupperboundof error, £, canbe
written:

Tec? 2 g4 Tec? 2 9
6:]\7[ ec V] ot Ncl ec V] (5.31)

Ey, R}| 16 Ey R%| 32f4n3
wheredt = 1/(n- f), N., thenumberof cellspassedhrough,with onecell passedhroughin
onehalf-period.Figure5.32showvs the variationin the errorasa functionof N, for protonswith
n = 20, 30,40 and f = 350,700 MHz. For thePHI projectRFQ case(600cellsat 300 MHz),
the upperboundis around5% whenn=20anda few thousandthsvhenn=40. The instanceof
transportwith a systemof the leap-frogtypein TOUTATIS givesa variationin normalizedrms
emittanceof 2% in the horizontalplaneand0.3%in the vertical planebetweem=20andn=40.
Thevariationin z is only 0.1%. It canbe concludeahatsubdviding the cell into 10 segments
in PARMTEQM is not critical. However, if it is wishedto predictthe exit emittancewith an
accuray of lessthan1%, subdvisioninto 20 segmentds preferablelt shouldalsobe notedthat
the erroris proportionalto the force gradientandinverselyproportionalto the 4th power of the
frequeng.
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Figure5.32: Variationin upperbounderrorasa function of the numberof cells passedhrough
N, for differentfrequenciesandtime increments.

| | Eonteon. | Eyntion. | Eon(deg.MeV) |
TOUTATIS 1.33 1.34 0.209
PARMTEQM 1.28 1.29 0.237

Table 5.16: Increasein normalizedrms trans\erseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the 225 mA casewithout misalignment.In thesesimulations,
thetwo codeshave the sameintegrationsystem(leap-frog)andthe samelosscriterion (a square
whosesideis twice the minimumgap).

5.3 Image effectsand spacechargeforces

The calculationincludesa numberof uncertaintiesthe validity of the transformusedto recon-
stitute the bunch distribution at arny time (only the quadrupolaiterm being consideredor the
transform),the symmetryof revolution of the bunchat the middle of the cell andfor the restof
thecell (thespacechagefieldsnothaving beenrecalculated)therepresentationf thebunchas
the superimpositiorof a sphereanda cylinder uniformly chagedfor theimageeffects.

For thesymmetryof revolution hypothesigSCHEFFsub-program)it hasbeendemonstrated
thattheapproximatiorraisesproblemswith a beamwith elliptical trans\ersesymmetryin acon-
tinuousfocusingchannebwith the PICNIC sub-progranj14]. PICNIC usesthe sameprinciples
as SCHEFF but is basedon a CartesiarBD mesh. In this study a bunchof ellipsoidal shape
would retain,on average anelliptical profile trans\ersally(ratio of axis« varyingbetweenl.16
and2.58). Figure5.33shaws the increasesn emittancejn eachplane,in accordancevith the
valueof thea axisratio. Error mainly takestheform of spuriousncreasan emittancan certain
planescausedy couplingdueto the symmetryhypothesis.

It is interestingto notethat, in our case whenmodulationoccursin the RFQ, the trarverse
distribution of the bunchtendsto take the shapeof alozenge(Figure5.34). Thisis theresultof
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Figure5.34: Typical trans\erseprofile of beaminducedby modulation.
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Figure5.35: Trans\erseprofile of beamobtainedn a misalignmentstudy

‘ ‘ gac,n./go,n. ‘ gy,n./go,n. ‘ g.2',TL(d®|\/IeV) ‘
TOUTATIS 1.35 1.23 0.519
PARMTEQM 1.28 1.28 0.501

Table5.17: Increasein normalizedrms trans\erseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the 0 mA casewithout misalignment.

‘ ‘ <£:U:c,n./go,n. ‘ gy,n./go,n. ‘ gz,n(ngMeV) ‘
TOUTATIS 1.37 1.45 0.219
PARMTEQM 1.60 1.60 0.269

Table 5.18: Increasein normalizedrms trans\erseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the 225mA casewith misalignmenby +600um in X andY.
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| | Eon.(m..mm.mrad)| &, (x..mm.mrad)| &, ,.(deg.MeV) |

“Square”criterion 0.259 0.269 0.168
“Electrodes’criterion 0.270 0.282 0.176
Variation -4.07% -4.61% -4 .55%

Table5.19: Variationin normalizedrms emittancesn all versionsof TOUTATIS. Variationis
thatinducedby the “square”

an octupolareffect. Anotherinterestingcaseis thatof error studiesto determine for instance,
thesensitvity of themachineto beammisalignmentOnceagaintheaverageprofile of thebeam
doesnot correspondo acircle (Figure5.35). This mayindicatethattheimageandspacechage
forcesarenotproperlyrepresented thePARMTEQM code althoughthecodeprobablyreflects
mostof the disturbanceeffect. Again, this may be acceptedsa function of the tolerancdimits
to be applied. In addition, Tables5.16,5.17 and5.18 containthe exit emittancesalculatedor
anRFQat high curren with PARMTEQM and TOUTATIS. The difference for the prediction
of longitudinalemittancereached 3%at 225mA ascomparedo 3% at 0 mA, andtheincrease
in trans\erseemittanceis thereforeperfectlycomparabldor the two codes.For the beammis-
alignmentcase SCHEFFpredictsanincreasan trarverseemittanceof 60% whereast is only
40% with TOUTATIS. Thetransmissiongivenby thetwo codesareidentical.

5.4 Lossmanagement

5.4.1 Transverselosses

In PARMTEQM, ary particleoutsidethe squarewice theminimumopeningof asideis consid-
eredto belost. This criterionthereforeappliesto the hypothesiof a particlewith anamplitude
suchthatit is locatedoutsidethe square and cannotreturnwithin it. To verify this hypothesis,
this criterionwasintroducednto TOUTATIS andtwo simulationsweremadeof the sameRFQ,
onewith the “square”criterionandthe otherwith the criterionallowing for the actualgeometry
of the polesreferredto asthe “electrode”criterion. The RFQconsidereds thatin Section5.2..

The resultsof the simulationsare shavn in Tables5.19 and 5.20.. Tables5.21 and5.22
compareheresultsobtainedvith TOUTATIS in the“square”configuratiorandthetwo versions
of PARMTEQM with andwithout the paraxialityhypothesisThis comparisoris alsoof interest
asherewe areconcernednainly with particleswith high-transerseamplitudes.

The resultsshaw that this approximationcan be extremely unsatisactoryif it is wishedto
accuratelypredictactivationof the machine andcertainlyworsethanin the PARMTEQM case.
However, it mustonceagainbeemphasizethatthefiguresgivenhereareonly valid for theRFQ
simulatedin the study For thelPHI RFQ,for which the comparisorwasalsomade thereis no
significantdifference,asthe beamis well confinedwithin a radiussmallerthanthe minimum
gap. However, this approximationcertainlyraisesproblemsfor all RFQsif studiesare madeof
errorswherebeamcontainments substantiallydegraded.

8This RFQis aversionof the RFQ2at CERNupgradedo 5 MeV. This structureis describedn Sectionl15..
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| | Yield | Transmission
“Square”criterion 92.45% 93.81%
“Electrodes”criterion| 96.72% 98.31%
Variation -4.41% -4.57%

Lossvariation +130.20%| +266.27%

Table5.20: Variationin totaltransmissiomndyield for thetwo versionsof TOUTATIS. Variation
is thatinducedby the“square”..

| | Eup.(m..mm.mrad)| &,,,.(r..mm.mrad)| £, ,, (deg.MeV) |

TOUTATIS “square” 0.259 0.269 0.168
PARMTEQM with paraxiality 0.259 0.266 0.169
PARMTEQM without paraxiality 0.263 0.276 0.160

Table5.21: Variationin normalizedrmsemittancefor thetwo versionsof PARMTEQM andthe
“square”versionof TOUTATIS.

| | Yield | Transmission
TOUTATIS “square” 92.45%| 93.81%
PARMTEQM with paraxiality | 87.22% 87.58%
PARMTEQM without paraxiality | 92.48% 93.58%

Table5.22: Variationin total transmissiorandyield for the two versionsof PARMTEQM and
the“square”versionof TOUTATIS.
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Thecomparisorbetweerthetwo versionsof PARMTEQM shawvs how the codeis improved
by abandoninghe paraxialityhypothesis.

5.4.2 Particles with phaseshift

Managemenbf thesepatrticlesis describedn Section3.6.2.. Theseare dealtwith by phase
translationto “return” the particleto the simulationwindow. This translation,althoughlegiti-
mate,cannotproperlyallow for the consequencesf shift on simulation.

Let us considerthe caseof an RFQ without trans\erselossesthat acceleratesnly 90% of
thebunchinjected. Thebeamentrancevelocity would be 0.01x c andthe exit velocity would be
0.1xc, theinitial chageby S\, Q. Theunaccelerategarticleswouldretainavelocity of 0.01xc,
andthetotal chage would thenbe underestimateth the PARMTEQM calculationsasthis code
alwaysgivesQ whereagheexactvalueis 1.9 x Q. Theexplanationis asfollows. Whenthebunch
is acceleratedpur simulationwindow of length 5\ increasesvith g andunaccelerategarticles
from the precedingbunchesenterit. Therearethentwo beamsin the accelerator.one beam
modulatedaccordingto the 3 law in the channelandanunacceleratetbeany.. In the previous
casethechage of this continuousheamis thereforeunderestimatedt the endof the RFQby a
factorof 10, andthatof thetotal beamby a factorof 1.9.

In practice,the impactof this error on the simulationis probablynegligible. Therearea
numberof reasondor this. The trans\ersefocusingforcesare frequentlyincreaseduring the
capturephasetheshiftedparticlesdonotundegothesameadepressiomasthebunchandtherefore
becomeaunstableandmostarelostin thefirst partof the RFQ. At theendof the RFQ,wherethe
errorwould have greaterconsequenceshe beamhasa far lower chage densitythanthe bunch
andmaleslittle contributionto spacechage.

To seekto clarify the problem,the possibility of arbitrarily addingchage during transport
wasaddedto TOUTATIS. This wasarbitrary asthe actualtrans\ersecoordinatesof thesepar
ticles areunknowvn. The codeusesa particle shifting from the bunchasthe marker particleto
estimateheactuallongitudinaldensity In practicalterms,if theparticleis shiftedwith avelocity
10timeslowerthanthesynchronouselocity, nineparticleswith identicaltrans\ersecoordinates,
BqA apartlongitudinally, areinjectedfor calculationof thespacechage. 5, is equalto onetenth
Of Bsynchronous-- TWO RFQ caseswere calculatedwith andwithout this system:the versionof
thelPHI RFQwith its nominalvoltage,andthe sameversionbut with a voltagereducedoy 10%
over the entirestructure.This last caseis particularlyinterestingasa large numberof particles
arethen shifted andtotal transmissiorremainssatistctory Table5.23 givesthe results. The
differencesdo not effectively appearto indicateary major problemswith the nominalvoltage
case.Thereducedvoltagecaseresultsin a differencebetweenongitudinalemittanceof 30%.
It cannot however, be consideredhatthe erroris of thesecondorder

%n fact,the beamis not necessarilynonokinetic.lt is populatedwith particleswith velocitiesthatvary with the
zoneswherethe particleshave beenshifted.
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| Eonlop. | Eynlion. | E.n.(deg.MeV) | Transmissior] Yield |

Nominalvoltage(ss) 1.04 1.04 0.148 99.72% 99.60%
Nominalvoltage(av) 1.04 1.04 0.153 99.66% 99.58%
Reducedroltage(ss) 1.08 1.09 0.182 95.48% 78.75%
Reducedoltage(av) 1.11 1.11 0.238 95.45% 75.29%

Table 5.23: Exit emittancestransmissiorandyield for differentcasedqss= without particles
addedav = with particlesadded).

5.5 Comparisonwith experimentalresults

In 1993, RFQ2wasintegratedinto the low-enegy line of Linac 2 to improve the performance
of the PS[16].. During the summerof 1992, RFQ2wasinstalledon a testbenchto compare
the measurementsbtainedon the beamwith the resultsof simulationmadeat the time with
the PARMULT codeanda versionof the PARMILA codé®.. PARMULT is anearly versionof
PARMTEQM with only the four main multipoles(quadrupoledodecapoleperiodicmonopole
andperiodicoctupole),andwith no provision for imageeffects. This differenceis minimal in
termsof the differencessubsequentlpbsered. In this section,a descriptionis given of a new
comparatre studywith TOUTATIS anda versionof PARMILA modifiedby NicolasPichof of
the FrenchAtomic Enegy CommissionCEA). Oneof the mainmodificationsto the codeis the
implementatiorof the 3D PICNIC spacechage routineto replaceSCHEFF It is necessaryo
usePARMILA to simulatethediagnostics.

5.5.1 Description of line

Theprotonbeamis generatedy a duoplasmatrosourceandextractedat 90 keV. Thetransport
line consistsof two solenoidsusedfor injecting the beaminto the RFQ (Figure 5.36). The
proton beamthus matchedentersRFQ2 andis raisedfrom 90 keV to 750 keV (Table 5.24).
Transmissiois approximately¥0%,astheentranceurrentis notknown with accurag, probably
beingbetween220 and230 mA of protons. The RFQ is monitoredby the diagnosticline (see
Table5.25).

The principle of eachmeasuremerns describedn detailin [15]. The authorsconsiderthat
thesystematid¢ransferdataerroris arounds%. No indicationsaregivenconcerningongitudinal
error.

5.5.2 Comparison of the resultsof simulation and measurement

Considerations first givento the differencein theresultsfor the RFQ exit givenby PARMULT
and TOUTATIS. Table 5.26 givesthe exit parameterdor eachcode. The differencesare cal-
culatedusing TOUTATIS for reference.The rms sizesare calculatedandare usedasthe main

1%phaseAnd RadialMotion in lonsLinear Accelerator
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Figure5.36: RFQ2testbench.
Parameter | Valueortype |
lon HT
Frequeng 202.56 MHz
Entrancesnegy 90 keV
Exit enegy 750 keV
Exit current 210 mA
Numberof chagesperbunch 6.5-10°
Pulselength 80 us
Repetitionrate 1Hz
Peakfield 35 MV/m (2.4Kp)
Averagegap 7.87 mm
Voltage 178 kV
Numberof cells 126

Table5.24: Main parametersf RFQ2.
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| Position | Element |
z=0cm Endof RFQpoles

z=5.5cm | Entranceof Q10quadrupole
z=11.0cm Exit of Q10quadrupole
z=13.5cm Centerof buncher
z=15.5cm | Entranceof Q20quadrupole
z=21.0cm Exit of Q20quadrupole
z=40.1cm Measuringslips

Table5.25: Longitudinalpositionsof the differentdiagnostidine components.

‘ TOUTATIS ‘ PARMULT ‘ Difference(%) ‘

Ol -2.338 -2.787 -19.20
B (Mm/rad) 0.1819 0.1865 +2.53
Exrmsmorm. (M..mm.mrad) 0.642 0.545 -15.11
Xyms (Mm) 3.03 2.83 -6.60
Qy 2.758 2.771 +0.47
By (m/rad) 0.2509 0.2004 -20.13
Ey,rms,morm. (M..mm.mrad) 0.721 0.727 +0.83
Yims (MmM) 3.77 3.39 -10.08
Q, 0.049 -0.214 -536.73
5, (deg/MeV) 866 1592 +83.83
€ 2. rms.morm. (0€0.MeV) 0.174 0.126 -27.59

Table5.26: RFQ2exit beamparametersalculatedvith TOUTATIS andPARMULT.

criterionfor estimatingthe quality of the simulations asthis is the parametevhich is certainly
theonemostaccuratelymeasured.

It is notevorthythatthedifferenceas 10%for theverticalsize.Onthebasisof the TOUTATIS
exit distribution, a numberof PARMILA simulationswere madefor the threediagnosticline
configurations. Tables5.27,5.28 and 5.29 give the measurementand valuescalculatedwith
PARMULT+PARMILA andTOUTATIS+RARMILA for eachof the configurations.

It hasbeenverifiedthatthetwo differentversionsof PARMILA donotgiveriseto differences
relativeto theresultsobtainedby usingthe RMS parametergivenby PARMULT asinputfor the
versionof PARMILA maintainedby NicolasPichof. The differencegelative to measurements
areof the sameordersof magnitude:22-23%differencefor all parameters]5-17%difference
for sizes. The differencebetweenthe levels of performanceof the two codesthereforeresults
from the RFQ codesor the mannerin which their exit distributionsareused.Theresultsin [15]
wereobtainedusingrms parameterandnotthe PARMULT exit distribution. To checkwhether
this approximationwasthe causeof the differencesthe instanceof transportwasrecalculated
with TOUTATIS andPARMILA but only usingtherms parametergivenby TOUTATIS for the
exit. Table5.30givesa comparisorof the resultswith the distribution andonly the TOUTATIS
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| Meas.| TOUTATIS+P | Difference(%) | PARMULT+P | Diff. (%) |

Ol -5.71 -7.140 25 -7.04 23

B, (m/rad) 1.200 1.620 35 1.6 33
Exrmsmorm. (M..mm.mrad)| 0.720 0.780 8 0.74 3
Xrms (MM) 8.25 9.97 21 9.66 17

Qy -1.300 -1.640 26 -2.3 77

By (m/rad) 1.100 1.160 5 1.2 9
Ey,rmsmorm. (M..mm.mrad) | 0.890 0.810 9 0.900 1
Y,ms (MmM) 8.78 8.60 2 9.22 5

Ad (deg) 48 44 8 40 17

AW (MeV) 0.037 0.040 8 0.060 62
Averagedifference 15 22
Averagedifferencefor size 10 13

Table5.27: Comparisorbetweenthe resultsof simulationand measuremenuith the buncher

on, G(Q10)=47.4T/m andG(Q20)=28.7T/m. P standfor PARMILA.

| Meas.| TOUTATIS+P | Difference(%) | PARMULT+P | Diff. (%) |

Ol -6.8 -5.27 23 -5.0 26

B (m/rad) 1.3 1.03 21 0.9 31
Ezrmsmorm. (M..mm.mrad) | 0.62 0.82 32 0.68 10
Xrms (MmM) 7.97 8.15 2 6.94 13

Qy -1.8 -1.87 4 -2.3 28

By (m/rad) 1.2 1.11 7 1.7 42
Ey,rmsmorm. (M..mm.mrad) | 0.82 0.93 13 0.83 1
Yrms (Mm) 8.80 9.02 2 10.54 20

A (dey) 185 195 5 202 9

AW (MeV) 0.100 0.148 48 0.160 60
Averagedifference 16 24
Averagedifferencefor size 3 14

Table5.28: Comparisorbetweenthe resultsof simulationand measuremenuith the buncher
off, G(Q10)=46.7T/m andG(Q20)=21.9T/m.




5.6. CONCLUSIONOF CHAPTER 123

| Meas.| TOUTATIS+P | Difference(%) | PARMULT+P | Diff. (%) |

Qg -3.8 -2.82 26 2.1 45

B (m/rad) 0.75 0.63 16 0.46 39
Ezrmsmorm. (M..mm.mrad) | 0.70 0.76 9 0.67 4
Xms (MM) 6.43 6.14 5 4.93 23

Qy -2.6 -2.84 9 -3.6 38

By (m/rad) 15 1.45 3 2.1 40
Ey,rmsmorm. (M..mm.mrad) | 0.84 0.79 6 0.81 4
Yims (MmM) 9.96 9.50 5 11.57 16
Averagedifference 10 26
Averagedifferencefor size 5 20

Table 5.29: Comparisonof the resultsof simulationand measurementvith the buncheroff,
G(Q10)=42.6T/m andG(Q20)=19.6T/m.

Distribution | rms
Averagedifference 13% 13%
Averagedifferencefor size 6% 8%

Table5.30: Comparisorbetweenthe resultsof simulationandmeasuremerfor thethreecases
onaveragewith andwithout conserationof TOUTATIS exit distribution (rmsparametersnly).

exit rms parametersThe differencesare oneorder of magnitudelower thanthoseobsenedin
Tables5.27,5.28and5.29.. It canthereforebe concludedhatthe differencein accurag is due
to the differencedetweerthe exit rms parametergivenby thetwo codes.It is to be notedthat
the differencebetweenthe resultsgiven by TOUTATIS andthe resultsof measurementare of
the sameorder of magnitudeas the uncertaintyon the samemeasurementfor the trans\erse
direction. The casewith the buncherstill givesthe greatestifferencesetweenthe resultsof
thecodesandmeasuremenShouldthereasonde soughtbetweermeasuremertr in thecode?
The authorsof the measuremerdppeaito be doubtfulabouttheir resultsin this case[16]. The
guestiorremains.Finally, it shouldbe notedthatthe averagesalculatedarepurely symbolic,as
they arenot statisticallymeaningfuldueto the smallnumberof cases.

5.6 Conclusionof chapter

It hasbeenshown that the approximationamadein PARMTEQM for calculationof external
fields, spacechage, andimageeffects,for determinatiorof lossesandintegrationof the equa-
tionsof movementall have substantiatonsequences termsof dynamics.Theamplitudeof the
errorsdependson the RFQ but it negligible in standardcases.Although someof the approxi-
mationscaneasilybe corrected suchasthe paraxiality hypothesismostareanintegral part of
the code,suchasthe analyticalformulationfor the fields, andthe choiceof z asindependent
parameterCompletecorrectionof thecodewould beanarduousf notimpossibletask.
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If thedefectgesultingfrom theseapproximationsvereto bearrangedn orderof importance,
thetrans\erselosscriterionwould probablybe thefirst, followedby the paraxialityhypothesis.
The defectsresultingfrom the treatmenf spacechage andimageeffectswould be secondary
This is dueto the fact that, for the beam,focusingforcespredominate.This is lesstruein a
horizontalplanewherespacechageerrorresultsin substantiatlifferenceg17]. Thecodecould
thereforebe substantiallimprovedby eliminatingthe paraxialityhypothesisandthe trans\erse
losscriterion(square).

As concernghevalidationsof techniquesisedby the code the methodusedfor determining
theradial matchingsectionfor a wide trans\ersewave numberdepressiomangeand peakfield
estimationis particularlynotevorthy.
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Chapter 6

Additional developments

This chaptercontainsa review of the differentdevelopmentsfor RFQ beamdynamics. De-
scriptionsaregiven of the effectsof radiofrequeng couplinggapson beamdynamics,a quick
methodfor designingan RFQ,andamethodfor designingwo consecutie RFQs.Thislastcase
is studiedwith a view to insertionof a high-speedeamchopperin the low-enegy part of a
high-intensitylinac.

6.1 The effectof coupling gapson dynamics

In relatively long RFQs(e.g. with alengthof around8 meters)the cavity is dividedinto a num-
berof sectiongFigure6.1). This type of structureis commonlyreferredto asa “compensated
structure”.. The main advantageof segmentationis longitudinaldampingof ary disturbances
in theamplitudeof thefield alongthe cavity [1]. The limits of thesesggmentsareindicatedby
platesinsertedinto the structureat regular intervals'.. At the boundarieof the segments,the
four vanesareinterrupted.Theresultinggapis thenadjustedo make the parasiticquadrupolar

1At 2-mintervalsin the LEDA andIPHI of RFQs.

mur magnétique mur magnétique

\ " /

U

gap

Figure6.1: Diagramof RFQsegmentation.
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Figure6.2: Profil of poleswith radiofrequeng couplinggap.

modesof the fundamentamodeequidistan{2] (Figure6.2).

The effect of interruptionof the poleson the beamwasunknown to the RFQ designers.To
minimize the effect, Lloyd Young proposedksituatingthe gapin an RFQ cell at a longitudinal
positiontraversedoy thesynchronougarticleatamomentwhentheamplitudeof thealternating
fieldsis nil [3]. To applythis conceptto a specificcell, the positionof the centerof the gapis
givenby:

(6.1)

wherez = 0 atthebeginningof thecell, L. isthelengthof thecell, andg, is thesynchronous
phaseat the centerof thecell.

Theequipotentiaburfacegesultingfrom suchageometryin theusefulzonecanbecalculated
numerically andthis geometrywasimplementedn the TOUTATIS code. Figures6.3 and6.4
show the potentialdistributionin a plane,with andwithout a couplinggap,respectiely.

Another alternatve for minimizing this effect simply consistsin reducingthe size of the
gapwithout substantiallydegradingthe quality of compensatiomf the structure.To determine
theeffect of the gapsdependingyn the configuration(Young's method gaplargeror smaller),an
intermediateversionof thelPHI projectRFQwassimulated.Table6.1shavsthevariousresults.
The casegmarked with an asteriskindicatethat Young's methodwasapplied. The othercases
correspondo agapcenteredn thecell.

Thesesimulationsclearly showv that coupling gapscannotbe disregardedwhen seekingto
determinethe dynamicsof the beamin the IPHI andLEDA projectRFQs. Combiningthe two
methodsresultsin the effect of the gapson the dynamicsbeingvirtually nil in this case. For
the IPHI projectRFQ, it wasinitially plannedto use3.5 mm gapslocatedin the centerof the
cells, but they were subsequentlypositionedto allow for the synchronouphaseandmade2.2
mmwide.
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Figure6.3: Distribution of potentialin a planewith no couplinggap.
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Figure6.4: Distribution of potentialin a planewith a couplinggap.
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| Gapwidth(mm) | ® | 35 | 22 | 35 | 2.2 |
€z (m.mm.mrad)| 0.264 | 0.325| 0.277 | 0.285 | 0.267
Ol 207 | 1.70 | 1.88 | 1.99 | 2.06
B, (m.rad™?) 0.451| 0.383 | 0.411| 0.433 | 0.445
gy (m.mm.mrad)| 0.259 | 0.325| 0.278 | 0.283 | 0.266
Qy -2.11 | -1.95| -2.09 | -1.94 | -2.03
By (Mm.rad™t) 0.464 | 0.431| 0.467 | 0.428 | 0.451
£, (deg.MeV) 0.156 | 0.182 | 0.162| 0.174| 0.159
Q, -0.175| -0.132| -0.147]| -0.162| -0.181
B.(deg.MeV-1) 668 539 629 577 642
Transmissior{%) | 98.79 | 97.01 | 98.72 | 98.67 | 98.75
Yield (%) 96.89 | 94.95| 96.79 | 96.53 | 96.76

Table6.1: Resultdor differentcouplinggapconfigurationgwidth andposition).

6.2 Designofan RFQ

Theprecedinghaptersvereconcernedavith asingleissue:whatis thebestway of simulatingan
RFQ structurewith known parametersThis begs anotherquestion,of equalimportance:what
parametershouldbe assignedo an RFQ structureto achiese the desiredspacechage regime
beamacceleratiorand bunchingfunctions? A numberof possiblesolutionsareto be foundin

theliterature,combininga numberof implementatiorcriteria[4-8]. This sectioncoversasimple
methodbasedon spacechage upperboundequationd9], makingit possibleto rapidly design
anRFQstructurewith acceptablg@erformance.

6.2.1 Initial approximations

Considerations only givento averageeffectson the beam. Therefore ratherthanallowing for
the alternatingnature(i.e. focusingdefocusing)f the externalcontainmentorces,useis made
of anequvalentcontinuoudocusingchannel. Thesesimplificationsthenreducethe parameters
characterizinghe sizeof the beamfrom threeto two, asfollows:

(X,Y,Z) = (R, 2) (6.2)

whereR is theaverageradiusof thebeamandZ thelongitudinalhalf-sizeof thebunch.In an
RFQ,thebeamis initially continuoughenin bunchesandbeingunableto preciselyreflectthis
transitionin anupperboundequationwe continueto representhe beamasa uniformly chaged
ellipsoid with transersesymmetryof revolution, with the longitudinalhalf-sizevarying along
the structure.Iln the model,it is assumedhatlongitudinalemittanceremainsnil. In reality, it is
initially zerobut increaseslongthe RFQ.However, asshall be seen this approximationgives
goodresults,asspacechage predominate# thelongitudinalplane.
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Thermsupperboundequationdbecome:

{dQ? <rF,> 2 _
& T -5 =

~ 0
m(Bc)?r 73
ﬁl (<;Fz>~ — (6.3)
ds® * ym(Bc)?z

wherem is the massof the particle,y and g arerelatvistic beamfactors,c is the speedof
light in avacuum ands is thelongitudinalpositionof the bunchin thestructure.Theexpression
< uF, > meandhatthetotal forceis linearizedby integratingover the entiredistribution. This
includesthe externalforcesandthe spacechageforces.

6.2.2 Calculation of forces
6.2.2.1 External forces

To simplify the calculationsof < «F, >, consideratioris only givento the first term of the
developmentrepresentindv, andE,, i.e.:

F.(r) = Ly
{Fz(z) = ;l??VAmSin(kz) (64)

whereq is thechageof theion, k = 27 /5, V is theinter-electrodevoltage, R, is the aver
agepolegap,andA;, is theweightingcoeficient for modulatiorf.. Theseforcesaretheaverage
forcesexertedon the bunchin its frameof referencer, z).. To usethe equationsf movement
(6.3),it is necessaryo calculatethe quantities< uF,, >, i.e.:

on f_ZE foR 1-(2/2)” T'%T-Tdrdz

<1l >em z fi\/1—(z/2)2
2 f—%\fo rdrdz (65)

E2

TN
NS

q

0

and:

Y
2m f—ZE foRm 2:qkV Ao sin(kz)-rdrdz

< ZFz >ewt = Z fz\\/l—(z/?)2
o I_Efo rdrdz (6.6)

3qV A10[3kZ cos(kZ)+(k3 Z%—3) sin(kZ)]
4k32Z3

2Notethatthe modelwassimplified by settingA4,; = 1 for trans\ersefocusing.
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For conveniencethesetwo forcescanbere-writtenasfollows:

{ <TF, >ep = ngl?f(}?)

. (6.7)
< ze Sext = VAIOQ(QO)

where@ = kZ..

6.2.2.2 Spacechargeforces

Two casegequireconsiderationelongateckllipsoid (R < Z) andflattenedellipsoid (R > Z).
Theintermediatecase(sphere)s unnecessargsstrict equalitybetweenk andZ is improbable.
Thefields, for suchuniform chage densitygeometriesare givenin the first volume of Emile
Durandsbook“Les distributions” publishedoy Masson.Theforcesarecalculatedwith integrals
of type(6.6).

For theelongatectllipsoid:

1 N
3aIA 7\ (6.8)
20cmeg(R? — Z2) 72 _ 2

< TrF, >ee=

and:
—~ 7 [ 7 A / 4 9] D2
L F s 3¢IAZ 71 22 <Z+ ZQ_RQ) A zm
by Zee= = S Y 3 - -
0cmeg(R2 — 2232 | ° 8 72
(6.9)
For theflattenedellipsoid:
B2 arctan | YR2=22
I ~
<1 Sp= — Sald z 1_7 (6.10)
20cmeg (22 — R?) R2_ 72
and:
3q1)\2 7 arctan | ¥ R;_Zz]
< 2F, >.= —1 (6.11)

20creg (22 — R?) VR2 — 72

wherel is thebeamcurrentin ampsand is thewavelength.
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6.2.3 Parameter determination

The equationsof movementarenow complete.Whatremainsis to determinetheinitial values
of the parameterandtheir variation. Thefollowing criteriaarethereforeapplied:

e To minimizethetrans\erselossesit isimposedhat R = cte, i.e. d2R = 0.. This constant
is determinedy matchingthe beamto thechannehtthe RFQentrancedefinedby voltage
andgap. This stagecanbe carriedout by minimizing the ervelopeusingthe procedure
describedn the previouschapter

e Thechannelis dividedinto two parts: onewherethe synchronouphases maintainedat
-90* (high acceptancepr beambunching referredto asthe bunciingzone(ZG), andone
wherethe synchronouphasds increasedip to around-30* for acceleratiorof the bunch
formed,whichis referredto astheacceleation zone(ZA).

e Variationof thelongitudinalhalf-sizeZ(s) is imposed It is in accordancevith afunction
rangingfrom 5\ /2 to thevaluedesiredin the bunchingzone,andis madeconstanin the
acceleratiorzonefor aslong aspossible.Thelimit depend®n criteriaspecificto the de-
signer(maximummodulationetc.).

Thesedifferentcriteriasimply reflectthe desiresof mary RFQdesignersBy replacingZ (s) by
theequialentphaseextensiong(s), i.e.:

B(s) = Z(s)== = kZ(s) (6.12)

and usingthe equivalenceZ = 5z for an ellipsoid, the systemdefinedby the expressions
(6.3) becomes:

(%) () = Dl (b 4 )

(6.13)

m(pc 25| S 201 S
(VAw) (s) = Z05 (hsfze — 220)
evenin the bunchingzonewhereg is constantaccordingto s.. For the acceleratiorzone,
asthe bunchis formed, it is chosento consere the constantfocusingforces. This choicehas
two advantagesthefirst is thatthe bunchformedis maintainedthe seconds that modulation
variationis givendirectly oncethe phasdaw is establishedThis is becausehy maintainingthe

longitudinalfocusingforce constanturingaccelerationit canbe written that:

9 (suzen? (l2c))
VAl() S) = VAlO lZG S
(VAw) (s) = (VAw) (Iza) 0 (5222 (00)

(6.14)
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wherel ;¢ is thelengthof the bunchingzone.
Function(s) is completelydeterminedy the phasdaw astheenegy zonepercellis equal
to:

AW (s) = q%(VAlo)(s) cos(®s(s)) (6.15)

where(V Ayg)(s) variessuficiently slowly for it to be possibleto take the value calculated
for the precedingcell asbeingthatof the cell in question[4].. The processs notevorthy: from
(VA1) (Iz¢), thevalueobtainedat theendof thebunchingzoneand®s > —90* impliesagain
for B(s) andhenceagainfor (V Ay) (s) via expressiorn(6.14)etc. Themodulationincreaseson
its own account’throughacceleratiorandvice-versa. To avoid excessve modulationresulting
in anexcessve decreasén a, the minimum gap,the designercanseta ceiling on modulation.
This secondption,however, impliesanincreasen thelongitudinalsizeof the bunch.

The sameprinciple canbe usedfor the synchronouphaseaw, ®5(s).. Phaseacceptance,
AV, of thelinacis givenby the expressior{4]:

sin(AW¥) — AU
dg) = .
tan(®s) 1 — cos(AW) (6.16)
For thebunchto be stable thefollowing conditionsmustbe met:
2¢(s) < AV (6.17)

This conditionlinks acceptancéo velocityif it is wishedto maintainthelongitudinaldimen-
sionof the bunch.Variationof A¥ alongthe structurebecomes:

AY(s) = QWﬂ (6.18)

B(s)
where 3, is the structureentrancevalue. The value of ®5(s) canbe obtaineddirectly by
meansof expression(6.16). It is necessaryo introducea certainmamgin asacceptancés not
symmetricalrelatve to ®5.. To obtainthis mamgin at equivalentaccelerationthe synchronous
phasecanbe modifiedby meansof the expression:

(®g)f = — arccos (((Dj)z> (6.19)

Thevaluesof « of aroundl.1 aretypically acceptableAs « increasesthe mamgin increases
but the RFQwill belongerfor the samefinal enegy.

To completeandfinalizethemethod,t shouldalsobenotedthatif thesynchronouphaseat
the endof the bunchingzone,is not arbitrarily incrementedthe procesof “self-augmentation”
of the synchronouphasemodulationandvelocity doesnot begin. This increments setat the
initiative of the designer It would appearthata linearincreaseof 5* over aroundten cellsis
acceptable.
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6.2.4 Adiabaticity criterion

Themodel,asit hasbeendescribedlearesthedesignefreeto choosdhelengthof thebunching
zone. However, it mustnot betoo short,astherewould be a risk of introducingan excessvely
fastdisturbanceaccompaniedy an irreversibleincreasen the “transwerse” emittanceof the
system,‘transwerse”asthelongitudinalemittancecanonly increasen the zone. A criterionfor
therateof variationof the amplitudeof thetrans\ersefocusingforcesis thereforenecessaryin
thecaseof expansiorof agasin apiston,theprocesss termedadiabatidf thespeedf thepiston
is smallcomparedo the speedf soundin thegas.In otherwords,the externalforcesmustvary
moreslowly thantheforcesof interactionin the system10]. Thedynamicsof the mediumthen
correspondo a successionf statesof equilibriumandentrogy doesnotincreaseln thepresent
casetheforcesof interactionarethe spacechageforces.Thedistanceof relaxationof thebeam
in thespacechageregime,, is:

lo/4
1—mn,

| ~

— 1B (6.20)

wherel, is the length of the betatronwave and 7, is the wave numberdepressiordue to
spacechage[11]. Theconstany canexpressthis distanceasa fraction of the spatialperiodof
focusing.It mustthereforebeascertainethatthevariationin theforceappliedis negligible over
this distance.Ratherthanthe total force, we take the ratio betweenthe spacechage force and
theradialcontainmenforce, x, for simplification:

<rF, >.

6.21
< TF’I' >ext ( )

x(s) o
For 60* phaseadvanceand100 mA, the distancenecessaryor establishingequilibriumis of a
few meshesMore generally to meetthis criterion, assuminghat the variationis infinitesimal
overaspatialperiod,y mustcomplywith thefollowing condition:

Alx) <e (6.22)
by writing:
A= uﬁ/\la—x (6.23)
X 0s

wheree is of theorderof afew 10~2.. After anumberof tests,it would appeathatthis orderof
magnitudefor ¢ constitutesa goodcompromiselmposinga lower valueimprovesthe quality of
the channebut makesthe bunchingzonelonget
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6.2.5 Transition to realbeam
6.2.5.1 Transverseequivalence

As the RFQ channels not a continuoudocusingchannebut focusesanddefocuseslternately
in aplane,it is necessaryo establishequivalencedor transposinghe modelto reality. For the
two channelsto be equialent, phaseadvanceof the particlesmustbe identical over one FD

channeperiod. TheFD channeforcesaremodulatedy sin(wt), i.€. sin(ks + @) wherey is the
phaseof the particleatthe momentwhenit enterghechannel.ln acontinuoudocusingchannel,
thetrajectoryof particlesin a uniform beamcanbe modeledwith therelationship:

2
Ru(s) = Rsin (%%) (6.24)
wherel is the length of the betatronwave and R the maximumamplitudeof oscillation of
theparticle. If / is large comparedo 8, whichis all themoretrue asspacechageis large, the
averageof F,r for oneperiodis:

F. = ﬂ%‘ (SBAF\T'RC(S)dS
(6.25)

~ F-R(8)\/2)

whereF, is theforcegradient.For the periodicfocusingchannelthetrajectoryof aparticle,
with the samephaseadvanceasthatcorrespondingo (6.24),is:

R,(s) = Rsin (2%5) - [1 4 ésin (ks)] (6.26)

wherethetrajectoryis modulatedoy a smallamplituded.. This modulationhasthe sameperiod
as the focusingforcesand correspondgo modulationof the beamervelope. Calculationof
R,(s) - F, thenbecomesomavhatmorecomplicated:

F = 3 JE Fysin(ks + @) - Ry(s)ds
(6.27)
~ F,-R.(B)\/2)3

With theresultthat,for the channeldo be equialent,the amplitudeof the periodicfocusing
forcesmustcomplywith the expression:

A_QA

F,=<F, (6.28)

The 2/4 factortypically amountsto around20. This valuehasto be calculatedduring FD
channelmatching.For equivalencesn termsof size,thetechniqueconsistsof making X equal
to R..
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| Parameter | Valueor type |
lon HT
Frequeng 352.2 MHz
Entranceenegy 95 keV
Current 100 mA
Averagegap 4.13 mm
Voltage 100 kV
Numberof cellsfor matching 6
Total emittancenormalizedon X (4D WaterBag) 1.57..mm.rad
Total emittancenormalizedon X (Uniform) equialent 1.07r..mm.rad
Total emittancenormalizedto theradial (Uniform) equivalent | 2.07..mm.rad
Wave numberdepression 0.67
7 4.5

Table6.2: Initial parametersf RFQ.

6.2.5.2 Longitudinal equivalence

The amplitudeof the longitudinalfocusingforcesis modulatedby the radiofrequeng beatand
the geometryof the vanes. Thesetwo amplitudemodulationsgive a variationof the following

type:

F,  sin (ks)sin (wt) = sin? (ks) (6.29)

With theresultthat,on average the forceis twice assmallasthatobtainedn Section6.2.2,
the averageof sin?(x) over oneperiodbeingequalto 1/2.. It is thereforenecessaryo multiply
expression(6.13)by 2 to obtainthelongitudinalforceto beapplied.

6.2.6 lllustration of the methodfor a specificcase

To illustratethe method,initial parametersypical of anRFQfor high currentwith the parame-
tersindicatedin Table6.2 areconsidered.The searchfor parametersnatchingthe entry of the
structuregivesa valueof 1.5mm for R and20for 2/4..

Theanalyticalfunctionchoserto imposegroupingis:

P(s) = 180~ 50 x |1 - cos (és)] (6.30)

which makesit possibleto imposea phasereductionof 180* to 80* for the half-size. The
resultingradial (V/ R3)(s) andlongitudinal(V Ay,) (s) functionsarecalculatedwith expressions
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| Eonlop. | Eynléon. | E.n(deg.MeV) | Yield | Transmission
[ 107 | 108 | 0145 |99.98%| 99.98% |

Table 6.3: Enlagementof normalizedrms trans\erseemittance Jongitudinalemittance yield
andtotal transmission.
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Figure6.5: Variationin A alongthebunchingzone.

(6.13). To minimize the peakfield, R, is constanbver aninitial sectionof the RFQthendimin-
ishes(seeChapter3). The voltagevariesin sucha mannerasto comply with (V/R2)(s) via
Ry(s).. For theacceleratiorzone,modulationis limited to 1.7 andthe synchronougphases in-
creasedy -33*. Theconstanty, requiredfor calculationof thephasdaw, is takento beequalto
1.1. Otherchoicescouldhave beenmadefor thesevalues.It is a matterof finding acompromise
in termsof otherconstraintssuchasthe lengthof the RFQ, the peakfield, or sensitvity to ra-
diofrequeng powerreduction.Thesetof parameterselectedjivesanRFQlengthof 6.35m and
a peakfield greatethan42 MV/m (i.e. 2.3timestheKilpatrick field). A numberof parameters
of thestructurearedescribedn Figures6.5t0 6.9.. Table6.3summarizeshe performancef the
RFQobtained Figure6.10shavsthevariationin the beamenvelope.Differentexit distributions
aredescribedn Figures6.11and6.12..Oneinterestingaspecbf themethodis thatthestructure
obtainechasno high-enegy losseqFigure6.13).
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18

1.6

Modulation
[
S

1.2

Figure6.6: Variationin the modulationalongthe RFQ. The first variationis derived from the
bunchingzonemodel,the secondrom the acceleratiorzonemodelwith a ceiling of 1.7.
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Figure6.7: Variationin synchronoughasealongthe RFQ.
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Figure6.8: Variationin voltagealongthe RFQ.Augmentatioronly occursin the bunchingzone.
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Figure6.9: Variationin Ry anda alongthe RFQ.
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Figure 6.10: Variationin beamhorizontalenvelope. This ervelope shaws the importanceof
limiting the longitudinalfocusingforce while keepingthe trans\erseforce constantin the ac-
celerationzone.High-enegy lossesareminimizedby the gradualreductionin transfersizethat
results.
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Figure6.11: 6.12 Frontandsideview of bunchat RFQ exit. The geometryis effectively that
of anellipsoid, which shows thatthe particlesaremainly subjectedo linearforces,makingthe
modelusedcoherent.
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Figure6.12: Bunchdistribution in trans\erseXX’ andlongitudinalZZ’ phasedomainsat RFQ
exit.
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Figure6.13: Variationin the two trans\erseemittancesandpower depositionin wattsalongthe
RFQ. No particleswith enegies higherthan2 MeV arelost, correspondingo the activation
thresholdof copper
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Figure6.14: Diagramof ESSprojectlinac with its low-enegy section(2 RFQs+ chopper).

6.3 Designoftwo RFQs

Foranumberof highpoweracceleratoprojects EuropearspallationSource SpallationNeutron
SourceandEuropearPolyvalentMachin€), it is necessaryo chopthe beamto enableinjection
into astorageing. This operations carriedout by achopperatanenegy of around2 MeV. The
low-enegy partobtainedis thensimilar to an RFQ of the IPHI type divided into two to enable
insertionof the chopper(Figure6.14).

To designsuchaline from thepointof view of thedynamicsn theRFQ,apossiblenethodis
to only finally optimizea singlestructure choosea cut-off point, placeatransitioncell followed
by anexit sectionattheendof thefirst RFQandanentrancesectionfollowedby atransitioncell
makingit possibleto ensurecontinuitywith theentrancanodulationof thesecondne.Matching
beamparameterfor thesecondRFQcanbeobtainedoy inversetransporby injecting,someavhat
upstreamthematchingbunchtakenduringsimulationof thelargeinitialized RFQ (Figure6.15).

To allow adegreeof flexibility in implementatiorof transporin thechoppetine, it is helpful
to vary thelengthof the exit sectionsf thefirst RFQandthe entrancesectionof thesecondne
(Figure6.16). Figures6.17to 6.21 showv the Twiss parametersior eachplane,asa function of
thesdengthsfor thefirst of thetwo RFQscurrentlybeingdesignedat Saclayfor the ESSproject.
Figure6.19clearly shavs thatvariationsin emittancearenegligible andthatinversetransporis
thereforevalid.

3Thesewould have anumberof applicationsspallationneutronsproductionof radioactve ions, wastetreatment
etc.
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Figure6.15: Diagramillustratingthe methodof designingwo RFQs.
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Figure6.16: Diagramshowing thedistancegredsegments)o bevariedto obtaina setof match-
ing beamparametersffering flexibility in implementatiorof thechoppetine.
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Figure6.17: Variationin matchedx for eachtrans\erseplane.
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Figure6.18: Variationin matcheds for eachtrans\erseplane.
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Figure6.21: Variationin matcheds for thelongitudinalplane.

6.4 Conclusionof chapter

This chaptershavs how to estimatethe impactof radiofrequeng couplinggapson particledy-
namics.To make their effect nggligible, it is necessaryo reducethe width of the gapsasmuch
aspossibleandto positionthemin the cell with allowancefor the synchronoughase.

A quick andsimplemethodof designingan RFQis described.This mainly stemsfrom the
desireto keepthedimension®f thebunchobtainedn thebunchingzoneasconstanaspossible.
Thebunchingzoneis designedn the basisof beamervelopeequationsn a channelequialent
to the RFQ.

A simple mannerof apprehendinghe designof two RFQsfor projectssuchasESS,SNS
andthe EuropeanPolyvalentMachineis describedn detail. Indicationsare given concerning
flexibility in the developmentof a choppeline to be placedbetweenhetwo RFQs.
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Chapter 7

General conclusion

Thebasicprinciplesof anRFQhave beernreviewed,andconsideratiomasbeengivento thestate-
of-the-artconcerningdescriptionof the usefulzoneon the basisof subdvision into cylindrical
harmonics.The principlesof time/positionmatchinghave alsobeendescribed.

The hypotheseadoptedfor simplificationin the PARMTEQM codehave beencoveredin
detail. In termsof present-dayequirementgor high-currentRFQs,thesesimplificationsraisea
numberof issues:do they causeary errorand,if so,whatis their relative importancen terms
of transmissiongexit beamdistribution and the location of losses? To find answersto these
problemsa new transportcodehasbeenwritten to minimize the simplificationhypothesesnd
sene as a referencefor a numberof comparatre studies. This codeis basedon solving of
the Poissonequationin three-dimensionajrids. It usestime asthe independenparametefor
integrationof movementwith allowancefor the geometryof the poles,spacechage forcesand
imageeffects.

Thesestudiesshow that the approximationanadein PARMTEQM for the calculationof
external fields, spacechage and imageeffects, for the treatmentof lossesand integration of
the equationsof movementall have consequence®r dynamics. The amplitudeof the errors
dependn the RFQ, with the resultthat mary of the approximationsnay be acceptablen a
numberof casesAlthoughsomeapproximationganeasilybe correctedsuchasthe paraxiality
hypothesismostareintegral partsof the code,suchasthe analyticalformulationof the fields,
andthe choiceof z asthe independenparameter Point-by-pointcorrectionof the codewould
bearduousf notimpossible.

If theerrorsresultingfrom theseapproximationsvereto beclassifiedn orderof importance,
the trans\erselosscriterionwould probablycomefirst, followed by the paraxiality hypothesis.
The errorsresultingfrom spacechage treatmentand image effectsremainsecondaryin most
cases. This is becausdocusingforcespredominate.This is lesstrue in the horizontalplane
wherespacechage considerationsangive riseto substantiakrror. This modecould, however,
besubstantiallymprovedby eliminatingthe paraxialityhypothesisndits criterionfor trans\erse
losseqsquarawice the minimumgapof aside).

As concernsvalidation of the code,the methodusedfor determiningthe radial matching
sectionfor awide rangeof wave numberdepressionn thetrans\ersedirectionandestimationof
the peakfield is notavorthy.
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The last chaptercovers estimationof the impact of the radiofrequeng coupling gapson
particle dynamics. To minimize their effect, it is necessaryo make themassmall aspossible
andto positionthemin the cell with allowancefor thesynchronouphase.

A simpleandrapidmethodof designinganRFQis given. Themodelis basednconseration
of thebunchdimension®btainedattheendof thebunchingzone.Thebunchingzoneis designed
usingthe spacechageregime beamenvelopeequationsn achannekequialentto the RFQ.

A simpleway of apprehendinghedesignof two RFQsfor projectssuchaseSS,SNSandthe
EuropearPolyvalentMachineis describedn detail. Thisis accompanietby indicationsoffering
adegreeof flexibility for integrationof the choppeline to be placedbetweerthetwo RFQs.

Futurework couldincludeimprovementof the TOUTATIS code,with Taylor developments
of upto thefourth orderin thefinite differencesnethod.It mightthenbe possibleto achiere the
sameprecisionwith a smallernumberof nodes.The methoddevelopedfor designof theRFQis
relatively recentanda numberof improvementsarenecessarysuchascontrolof the peakfield.



Appendix A

Generalinformation on harmonicst

A.1 The Dirichlet problem

Electricalpotentialresultsfrom the presencef chagesin spacelf we considerspacen general,
includingtheinfinite, thereis no function complyingwith the Laplaceequation.In sucha case,
the Poissorequationapplies:

AT = p (A.1)

wherep is afunctionof spaceaepresentinghe chage densityperunit volume(i.e. the spatial
distribution of thesources)But if limited portionsof spaceareconsideredsolutionsto equation
(2.4) canbefound,andthisis a problemthatcontinuouslyrecurs.Sourcesareassumedo reside
somevhereoutsidethe domainin question.It is thenrequiredto find a solutionin a domains?,
usinggivenvaluesfor theboundaryl” of thedomain:

AW¥ = 0in Q and¥ givenI’
This is the Dirichlet problem. If the domainis a volumelimited by a closedsurface (three-
dimensionalcase,for the two-dimensionalkaseit would be a closedcurwe), it is aninternal
problem. If thedomainis outsidethe closedsurface(closedcurve for the 2D case)andextends
to infinity, it is anexternal problem. Thefirst casewhichis the mostfrequent,is consideredn
this appendix.

A.2 The Sturm-Liouville problem

If the Laplaceequationis describedn a systemof coordinatequ, v, w) andif solutionswith
separatedariablesarerequired,.e.:

U (u,v,w) =E(u) - O(v) - &(w) (A.2)

1Thisappendixdescribesnumberof methoddor representationf thescalarpotentialon thebasisof harmonics
asdescribedn [1].
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By substitutingexpression(A.2) into equation(2.4), threedistinctdifferentialequationsare
obtainedof thefollowing type:

% [f(w) d(fh(uw)] +[g(w)+v-h(w)]P(w) =0 a<w<b (A.3)

wherev is anarbitraryconstantanda andb, arethe boundarieof the domainin direction
w.. The Sturm-Liouville problemconsistsof finding solutionsto (A.3) which, at boundaries:
andb, satisfythehomogenous$inearconditions:

{ A-®(a) + A -0,P(a) =0

B-®(b)+ B - 0,®(b) =0 (A.4)

whereA, A', B, B arearbitraryconstantsandd,,®(w) is the derivative of ®(w) relatve to
w.. Whentheinterval [a, b] is bounded the conditionscanonly be satisfiedif constants has
well-determinedvaluesy,, referredto ascharacteristiovalues[1]. For eachvaluev,, thereis
a correspondindunction ®,(w), referredto asthe characteristidunction (i.e. harmonics).A
generakolutionto the Laplaceequationcanbe written asfollows:

U(u,v,w) =D Ay - Zi(1) - O (v) - By (w) (A.5)
I m
It is now requiredto determinecoeficients A;,,; thisis the subjectof the following section.

To concludethe lasttwo sectionsjt is importantto notethatthe characteristidunctions®;,(w)
arevalid for representin@ potential,solvingthe Laplaceequationwithin aboundeddomain.

A.3 Methodsfor determining seriescoefficients

A.3.1 Projection onto an orthonormal basein the domain

For afunction F'(u) to berepresentetly a developmenbf thefollowing type:

with: ,
/ &F (), (w)dw = 0y (A7)

whered;y, is the Kronecler symboF, the function mustbe of a squarethatcanbe integrated
into theinterval a < u < b.. The coeficientsarethengivenby projection(i.e. scalarproduct):

b
Ay = / o* (u) - F(u) - du (A.8)

2This expressioris termedthe closurerelationship.
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Undertheseconditions the averagequadraticerror:

b
N /
a

2
F(u) - % Ay - @ (u)| du (A.9)
k=1

is minimized[1].

A.3.2 Methodswith non-orthonormal base

Althoughit is, in principle, always possibleto orthogonalizea set of functions,it canbe an

arduoustask for complicateddomainsor even simple ones. The methodis more a gamefor

mathematiciansHereit is shovn that,undertheseconditions the coeficientsarenot calculated
independentlyf eachother asclosurerelationshipsannotbeused.However, othermethodsare
availablefor finding themandsolving the systemof linear equations.Herewe briefly consider
three:the Galerkinemethod the directmethodandthe leastsquaremethod(fit).

A.3.2.1 Galerkine method

Let us assumethat it is still desiredto represenfunction F'(u) in a domain2 with a finite
developmenif orderNV:

k=0

but that, this time, the baseis not orthogonalin €2.. Coeficients A, are thereforecalcu-
latedseparatelylt is necessaryo find the relationshipsbetweenthe coeficients. We therefore
considemew coeficients B; andC}; suchthat:

{ By = §o &7 (M) - F(M) - dI

Cri = $c Q7 (M) - &(M) - di

(A.11)

where)M is apointon closedcurve C' boundingdomain(3.. Equation(A.10), multiplied by
7 andintegrated becomes:

n=N
> Ay Cy = Bn, (A.12)
k=0
This is therelationshipsought. All thatremainsis to solve (N + 1) equationgo determine
the(N + 1) coeficientsA;.. Thismethodhastheadwantageof avoiding orthogonalizinghebase
usedin thedomainconsideredbut necessitatesalculatingalarge numberof integralswhich, for
domainswith complicatedoounds,is particularlyarduousjf notimpractical. If we arewilling

3Curve for thetwo-dimensionatase three-dimensionaurface.
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to solve a systemof linear equationsthereis a more simple and effective method: the direct
method.

A.3.2.2 Directmethod

Thesolutionapproacheds still in the following form:

k=0

If (N + 1) valuesof F(u) areknown at points M;, a systemof (N + 1) equationscanbe
written to determinethe (N + 1) coeficients A;:

F(M;) =3 Ay - O (M) (A.14)

k=0

(N + 1) pointsfor M; mustbe judiciously selectedto improve the quality of the method.
This methodis by far the mosteffective andthe simplestfor determiningthe seriescoeficients.
However, it hasthe disadantagethat, for eachcoeficient required,a value mustbe previously
known. It is possibleto avoid this problemby usingtheleastsquaremethod.

A.3.2.3 Leastsquare method

Thisis themostpopularmethod.It is usedin a substantiahumberof numericalprogramg?2]. It
consistf minimizing the quantity:

jo N 2
e=) |F(M)— ) A Op(M) (A.15)
=1 k=0
which canbe consideredasthe sumof the leastsquaregrovided by the representatiomf
F(u) by the baseon points M;.. It is thereforenecessaryo know P valuesof F(u), but P
canbe smallerthan V.. It is in this that the advantageof the methodresides:the numberof
known pointsis independenbf the numberof coeficients sought. The methodis, however,
moreeffectiveif thenumberof pointsis high. To make the quantitys aminimum, it is necessary
to find coeficients A, complyingwith the (N + 1) equationf following type:

2

F(My) =3 Ap- @ (M;)| =0 (A.16)

k=0

oe 0 P
A, 04, &
Thefinal solutionobtainedcannotbe usedto accuratelydeterminethe valuesused,contrary

to the directmethod,but makesit possibleto obtaina solutionif only few pointsin the domain
areknown.
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Appendix B

RFQ vanegeometry

To simplify the analysis,the usualpracticeis to only considerthe first two harmonicsof each
seriesof theequation(2.18). The expressiorfor electricalpotentialis thenreducedo:

U(p,0,z2) = % {X <R£>2 cos(20) + A - Iy(kp) cos(kz)} (B.1)
0
with:
m? — 1
- m?2Iy(ka) + Iy(mka) (B2)
and:

X =1— Aly(ka) (B.3)

to meetthefollowing boundaryconditions:

v
¥(a,0,0) = ¥(ma,0, L.) = )

and:
T T %
U(ma, =,0) = U(a, =, L,) = ——
(ma, 3,0) = ¥(e, 3, L) = —

This simplified potentialcanbe usedto determinea numberof quantitiescharacteristiof the

dynamicsn anRFQ,whichis extremelyusefulfor designingthe structure(calculationof phase
adwancestc.). As this simplifiedpotentialhasthesamedisadwantagessthatwith eighttermsas
concernsmachiningof the poles,it is at leastpossibleto seekto equalizetheradii of longitudi-

nal andtrans\ersecurvatureof the pole andthe equipotentiaburfacecorrespondingo equation
(B.1). For the horizontalpole, the variationin the normalizedtrans\erseradiusof curvature
pt/ Ry is givenby thefollowing expression:
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2a
pr o (R T 5)
— =75 | 50 B.4
R~ Ro (% Y (B.4)
wherea = x (abscissaf endof pole)and:
B = AkRy cos(kz) I, (ko) (B.5)

The trajectoryfollowed by « canbe obtainedby dichotomyby varying z.. The minimum
valueof theradiusof longitudinalcunatureis reachedvhenz = ma, andits amplitudeamounts
to:

pi(ma,0, L) 2;2)“ — AkRyI,(mka)
Ry -~ AR2R2Iy(mka)

This is effectively the minimumthatis suitablefor machining.Theradiusof the cuttermust

be smallerthan p;.. Thesevalueswere takulatedfor differentcharacteristicof cells by Ken

Crandall[1]..This hastwo implicationsfor shortcells (typically for L./ R, betweer)).75 and2):

(B.6)

e thepeakfield is considerablyncreased,

e machiningis difficult.

To overcometheseproblems,Crandallsuggestsnakingthe radiusof trans\ersecurvaturecon-
stant, the optimum value being around0.75 x Ry.. Anotheradwantageis that the intervane
capacityis thenvirtually constantlongthegap|2].. Crandallalsoproposeso applymodulation
of the sinusoidakype, ratherthanthatderivedfrom equation(B.1) while maintainingthe radius
of trans\ersecurvatureconstant.Theradiusof longitudinalcurvature,in z = ma, is then:

pi(ma,0, L) __ m+1 (B.7)
Ro (m — 1)]€2R(2)
Cutterdimensioncanthereforebe increasedor shortcells. In conclusionconsiderations
to be givento two typesof longitudinal profiles: a sinusoidalprofile anda profile extrapolated
from the simplified potentialwith two terms,the trans\ersesectionbeingcircularwith constant
radiusof curvaturefor vanetype RFQs.
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Appendix C

Procedure for obtaining A and B

(A = averageervelope,B = modulationof averageervelope)
It is desiredto minimize the expression(5.13)with respecto A, hence:
a N
=0

0A ¢

2

X~ [A+BC(z)]} =0

with:

2mz;
C(z;) = cos L+ o,
(2i) (ﬁ/\rf @ f)

By derivation,expressionC.1) canbere-writtenas:

NoXi = YN A+ BO(%)
= NA+BYN, C(z)
Similarly, for B:
9 N (X [a+BC@)) =0
giving:
N N N
Y X,C(z) =AY C(z) + BY. C(z)’
=0 i=0 =0

It is thereforenecessaryo solve thefollowing systemwith two unknavns:

(sreee seeai ) (5)=( et )
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finally:

(4)=L( Ehoer —Shoe) ( Lo X, ) e
B)TA\ -2, C) N Yo XiC(=) |

with:



Appendix D

Analytical modelfor chamfer 1

D.1 Intr oduction

Considerablgorogresshasbeenmadein computertechnologyover the last ten years,and it
is now possibleto study complex electromagnetiphenomenavith codesbasedon the finite
elementmethod,suchasthe TOSCA program[1].. This hasmadeit possibleto designmagnets
for acceleratorsith extreme precision,with the result that error of around10=° relative to
the ideal field canbe anticipated. In someprojects,suchlevels of performanceare becoming
necessaryor certainprojects.For the SOLEIL project,the tolerancdimits for the magnetsare
of afew 10~* [2].. Magnetscannow bedesignedo achiere suchprecisionmakingit possibleto
avoid the phaseof shimming resultingfrom the multipolarcomponentshatarealwaysdetected
duringthe measuringstage.

Control of the multipolar contentis alsoproperlymasterediuring 2D calculations.But the
three-dimensionastagehasbeenfound to be far moredifficult. To preventthe pole finishing
at anglesto the direction of the beam,the designercutsthe endbit by bit. Several attempts
have beenmadeto obtaina consistentmodel for chamferdesign. Langenbeckand Francsak
have obtainedgoodresultsthereby[3].. But the geometryobtainedwasdifficult and costly to
machine. Their model also inducedtrans\erse-longitudinatoupling which is detrimentalto
particledynamics. In mostcasesthe designersmake do with a 45° chamferor with multiple
facetsasa refinement{4, 5].. In this article, it is proposedo build electromagnetwith a pole
endprofile thatconsiderablyeduceghe amplitudeof themultipolarcomponentsThis profile is
basedon a specificsolutionto the Laplaceequation.The geometryindicatedby the modelalso
hasthe advantageof beingeasilymachinable.

1This appendixs thetranslationof anarticle publishedn IEEE Transaction©n Magneticsn March2000. This
task,which is outsidethe scopeof the thesis,wasinspiredby a study madeof the radial matchingsectionof the
RFQ.1 would like to thankOlivier DelferriEreand Denisde Menezedor makingthe differentsimulations which
requiredanenormousamountof work.

2This stageconsistf assemblinghe piecesof magnetiomaterial which is generallyof smallsize,atthe poles
of themagnetto correctthe multipolarcontent.
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1/2L¢

FigureD.1: Longitudinalprofile of centeratendof magnet.

D.2 Analytical modeland simulation tools

D.2.1 Analytical solutionsfor the Laplace equation

Theusualmannerof describingthe magneticchanneffor the transportof chagedparticlesis to
usethefollowing 2D seriesfor scalarpotential:

V(r,0) =>_ 7" [ay cos(nf) + b, sin(nd)] (D.1)
themagnetidield is thensimply obtainedby applyingthe divergenceoperator:

B=-v(V) (D.2)

In practice,magnetsare not of infinite length, which makesit necessaryo introduceaz-
imuthal components.To obtaina full representatiomnf the field and ensurepropercontinuity
betweerthe centralregion (1) andtheendof themagnet(ll) (FigureD.1), we proposego usethe
following serieg6, 7]:

V(r,0,2) = (az +b) >_r" [a, cos(nb) + by sin(nb)] (D.3)

It is alsopostulatedhatthediscontinuityinducedby B, is negligible. By writing thepreced-
ing equationfor asinglemultipole of ordern andusingiron length L ; andmagnetidengthL,,,
we obtainaformulawhich describeghe longitudinalprofile for the chamfer:

A 1/n
r(z) :d<%Lf—z> (D.4)

whered is the minimum distancebetweenthe axis andthe pole,and A is the distanceover
which the chamferoperates.The formulais all the more effective whenthe multipolar content
of thecentralregionis poor. It is shovn below thatthis approximatiorgivesgoodresults.
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FigureD.2: Typical dipole profile.

D.2.2 Simulation tools
D.2.2.1 Meshgeneration

Thedifferentmodelsweremadeusingthe TOSCAcodewhichuseghefinite elemenimethod.A
numberof implementation®f the codehave beendevelopedat CEA Saclay makingit possible
for usto rapidly obtaingeometriesvith chamfermanagemengFigureD.2).

Oncemeshedthe modelswerefed to the solver. The calculationsnverecarriedoutona HP-
J282workstationwith 512 Mb of RAM. The CPUtime necessaryor makingthe 15 non-linear
iterations(saturation)wasapproximatelyl5 hourswith around450,000nodesto ensurea high
level of precision.

D.2.2.2 Processingof resultsand harmonic analysis

The multipolar tolerancegjiven for transportwere calculatedby integratingthe magneticfield
alongz. Wethereforeusedthesamecriterionin our simulations.Thecomponentsvereprojected
ontobase(D.1) to remaincoherenwith the orbit calculations.The projectionwasmadeon the
lateral surfaceof a cylinder with a radiusequalto half the gapfor the dipole andthe groove
radiusfor the quadrupoleTheintegralwasmadefrom -oco to +oo (actuallyfrom -L to +L, with
L sufficiently great).

We beganthe procedurewith the following 2D magneticscalarpotential:

V(r,0) = i a,r" sin(nh) (D.5)
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By projectingthe centralregion potentialcalculatedwith TOSCA, we obtainedcomponent
o

27
Q= L Vr(r,0) sin(nd)do (D.6)

7r™ Jo
We definedtheintegratedharmoniccomponent4,, as:
1
" 2rLrm

whereV; wasthe solutioncalculatedwith TOSCA. From equation(D.2), we obtainedthe
harmoniccoeficient for theradialcomponenbf field B,.:

+L 27
/ / Vr(r, 0, z) sin(n@)dfdz (D.7)
-L Jo

1 27 .
an = /0 (B,(r,0))rsin(nd)dd (D.8)
andhencetheintegratedterm:
1 +L 27
A;L = W /_L 0 (Br (T, 9, Z))T Sln(ne)dedz (Dg)

Still in agreementvith the orbit calculationsywe normalizedall thetermsby magnetidength
L,,:

ijL (?W(Br(ra 0,z))rsin(pf)didz
027r (B, (r,8,0))rsin(ph)df B

wherep wasthe orderof the harmonic(p =1 for thedipole,p = 2 for the quadrupoleetc.).

Automaticproceduresverewrittenin OPERA-3Dfor calculatingtheintegralsof areaA!, for
n=1ton=20[8].. Thefollowing sectionglescribecomparisorbetweerthe multipolarcontentof
adipole anda quadrupolewith differentprofilescharacterizedy depthA (seeSectionD.2.1).
In theory chamferheighth (FigureD.1), is infinite in accordanceavith formula (D.4) but, for
obvious feasibility reasonswe choseto make hy<h , taking careto make the vertical plane
tangentiato theendof thechamfer All thesimulationsverealsocomparedvith theno-chamfer
case(i.e. squareedge).Eachprofile wasdescribedy tenfacets.

L (D.10)

D.3 Application to dipole

D.3.1 Description of magnet

The dipole testedhada right “C” trans\erseprofile correspondindo the SOLEIL ring design,
with a few simplificationsto facilitate construction. The lengthwas 1 meterand the air gap
37 mm with a nominalfield of 1.56 T (Figure D.3). The lateral chamferswere deletedfor
simplification.
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FigureD.3: Completegeometryof dipolewith conductors.

D.3.2 Profile

>Fromtheequation(D.4), we derivedthefollowing expressiorfor thedipole profile in region i
whereg washalf thegap:

A
=9
%Lf—z

r(z) (D.11)

DepthA wasa functionof theintegral of the magneticfield requiredby the dynamicsof the
beamBy,, L,,, (Where By, wasthe valueof the fields, assumedo be constant).By applying
whatwasimposedj.e. L;=L,,, thefunctioncanbewritten asfollows:

Bayng
A=Ls[1-—"" D.12
! ( N I) (D.12)

In our study we soughtto increaseA to ensurefreedomfrom the “right corner” case. In
certaincaseswe also madeallowancefor the reductionin the integral of the field dueto the
removal of material. This resultedn amp-turncompensationlf therewere(NI); amp-turngor
adepthof A, theamp-turngNI), compensatingor adepthof A, were:

Ly— A
== = D.1
(ND2 = 7 —5 (N D (D.13)
Following the proceduredescribedn SectionD.2.2.2,we calculatedhe amplitudedor each
harmoniccomponentelative to the main component.Figure D.4 shows theseamplitudesfor

differentvaluesof A.. It wasapparenthatthe multipolarcontentcouldbeconsiderablyeduced.
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amplitudesof harmonicswvith compensation.

By compensatindor the amp-turnswe causedextremelyhigh saturationin thetrans\ersecor-
nersof the poles,which substantiallyincreasedhe sextupole(A3). It waspossible py meanof
atrans\ersechamfey to overcomethis problem. However, the problemimplied anoptimum A
asafunctionof thelevel of saturation.

FigureD.5 shows therelative amplitudesof the harmonicsn the casewheretheintegral of
thefield is not compensatetbr by differentvaluesof A.. It wasverified,for thetwo casesthat
theresultsremaineddenticalfor areasonablsetof valuesof A;..

D.4 Application to quadrupole

D.4.1 Description of magnet

The quadrupoleusedin this studywasanotherSOLEIL projectmagneton which a chamferat
45* hadpreviously beenmade. The quadrupolehada lengthof 0.4 m anda gapof 57 mm. Its
specificatiorincludeda nominalmagnetiogradientof 15.2T.m~! (FigureD.6).

D.4.2 Profile

Equation(D.4) onceagaingave thegroove radiuschangeasa functionof z:

") =, %LfA_ . (D.14)

wherer, wasthe groove radiusat the centerof region|.
Thepolesurfaceequatiorwasthen:
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FigureD.7: Chamfergeometryfor the quadrupole.

Ty — % [r(2)]* =0 (D.15)

It is notewvorthy that the trans\ersesectionshad differenthyperbolagor eachlongitudinal
position(FigureD.7). Similarly, depthA wasgivenby thefollowing expression:

Gd r
A=L;|(1-2%ng D.16
f( 2u0NI> (D.16)

whereG,,, wasthegradientgivenin the specification.

To operateat a constantintegral, it was also necessaryo compensatéor variationin the
valueof the gradientintegratedover the lengthwith amp-turns.As for the dipole, the optimum
dependedn saturation.Figure D.8 shaws the differentrelative amplitudesof the undesirable
componentsn the uncompensatedase. Also for this case,it was checled that the resultsre-
mainedidenticalfor a reasonableetof valuesof hy.. This provesthatonly thefirst facetsare
critical whenthepoleis atits closesto theaxis,ascouldbe expected.

D.5 Conclusion

A coherentnalyticalmodel,withouttransfer/longitudinatoupling,wasdevelopedto createthe
chamfer Theformulationusedwasvery similar to thatadaptedor beamtransportcalculation.
Good performancewas obtainedwith a view to minimizing the amplitudeof the undesirable
multipolar components. The methodwas developedfor the dipole and quadrupolecasesbut
could probablybe adaptedo any multipole. It alsodemonstratethattheidealinclinationwas
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FigureD.8: Relatve amplitudesof harmonicsvithout compensatioffior thequadrupole.

not necessarily5®, but dependean a numberof parametersuchasthe depthof the chamfer
theair gap,the lengthof the magnetandthe main harmonic.By varyingthe chamferdepthA,
the magneticlength could be adjusted. The limitations of the methodwere dueto saturation,
althoughit waspossiblejn mary casesto overcomethe problemwith trans\ersechamfers.

We hopethatmagnetdesignersill find this helpsthemto make chamferseasilyandaccu-
rately.
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