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Chapter 1

Intr oduction

The RFQ in high-power accelerators

Thefunctionof anacceleratoris to producea beamof chargedparticleswith anenergy andin-
tensitycorrespondingto the users’requirements.It consistsof a source,accelerationmodules
andparticletransportsections.Up to now, existing equipmentdesignshave beenableto meet
beamcore1 requirementswhetherfor measurementor simulationpurposes.But this is no longer
thecase,particularlyfor installationsproducingintensebeamsof protonsandlight ions(deutons
etc.)2.. It hasbeenfound thata smallproportionof thebeamcanimpingeon the innerwall of
thestructureandcauseactivationof theinstallation[1].. Activationgreatlycomplicatesmainte-
nance.Thesmallproportionof particleswhosespreadis greaterthanthesizeof thebeamcore
is referredto ashalo.

High intensityacceleratorshaveanumberof applications[2]:� Nuclearphysicsandparticlephysics,for which injectorsproviding high-qualitybeamsof
ever-greaterintensityarenecessary(CERN,DESY, Fermilabetc.).� Spallationneutronsourceswith flux increasedby two ordersof magnitudecomparedto
theperformanceof existing reactorsfor biology, physicsetc.� Medicalacceleratorsfor productionof radioisotopes(markersfor medicalimagery).� The irradiation of materialsand injection of neutralparticlesfor heatingof plasmafor
tokamaks(fusionwith magneticcontainment).� Treatmentof nuclearwasteby exposureto high neutronflux producedby spallation,with
or without theproductionof energy.� The productionof energy with a cycle basedon thorium, which is moreabundantthan
uranium.

1thepartextendingfrom thecentreof gravity andthemeanquadraticdimensionsor RMS(RootMeanSquare).
2from afew tensto a few hundredmA with high dutycycles.

11



12 CHAPTER1. INTRODUCTION� Theproductionof tritium.

Thereis agreatneedfor suchfacilities.Sincethefifties, therehavebeennumerousprojects,and
a substantialnumberof facilitieshavebeenbuilt. Somewerein theform of cyclotronsor linear
accelerators(linacs),operatingcontinuouslyor with ahighdutycyclecompatiblewith industrial
scaleinstallationrequirements.Views sometimesdifferedasto whetherto choosea cyclotron
or a linac. Herewe arenot concernedwith therelative advantagesof the two types. Suffice to
saythatlinacsaregenerallybeingchosenfor mostof theon-goingprojects,andit is this typeof
structurethatwewill considerin detail.Thefollowing sectioncoversthestagesby whichenergy
levelsin theGeVrangeandintensitiesof a few tensof mA canbereached.

The characteristicsof high-power linacs

In this section,we considerthedifferentoptionsavailablefor building a linac. We have limited
thescopeto aconventionaldesign,asshown in Figure1.1.

Source

An ElectronCyclotronResonance(ECR)sourceis generallyused.Thisconsistsof achamberin
which plasmais containedby meansof a setof coils. Theplasmais heatedby a radiofrequency
power source(magnetronor klystron). Theelectronsareacceleratedby resonancebetweenthe
magneticfield andtheRF generatorfrequency, hencethename.Thechargedparticlesproduced
by ionization(protons,deutonsetc.) areejectedby a setof high voltageelectrodeswhich es-
tablishtheenergy of theprimarybeam(approximately100keV). Thevoltageof thesystemcan
alsobe pulsedto obtainpre-choppingof the beam. The sourceis followedby a transportline
consistingof two solenoidsfor injectioninto anRFQ.

RFQ

The RFQ (Radio Frequency Quadrupole)linear accelerator, with which a few MeV can be
reached,hasanumberof functions:� bunchingtheparticlesat theselectedfrequency,� accelerating,with minimal loss,thebunchesformedbetween100keV anda few MeV,� provide radialandlongitudinalcontainmentof thebeamwhenspace-chargedominated3..

Theseprocessestake placecontinuouslyalongtheaxisof propagationof theparticlesto ensure
that the systemis asadiabaticaspossible. This arrangementis analyzedin detail in the next
section.

3Spacechargeforcesaredueto thedecontainmentpotentialcreatedby thebeamitself.
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Figure1.1: Typicalhigh-poweracceleratorarrangement.

Drift TubeLinac (DTL)

Thisstructurereceivesthebeamof a few MeV andacceleratesthebunchessuppliedby theRFQ
up to around100 MeV. This acceleratingcavity, also referredto asan Alvarezstructure[3],
picksup thebeamwhenthefield producesdeceleration,by meansof slip tubes.Radialfocusing
is providedby magneticquadrupolesplacedeitherin situ (insidetheslip tubes[4]), or between
thecavities [5]..

Coupled Cavity Linac (CCL)

This stageuseslessRF power thanthe DTL at energieshigherthan100 MeV. Focusingis by
magneticquadrupolesplacedbetweenthe cavities. The useof superconductingcavities is in-
creasing(high acceleratorgradientandefficiency). This laststageenablesanenergy level of 1
to 2 GeV to bereached,which is necessaryfor theeffectiveproductionof spallationneutronsin
a targetplacedat its end.

The main problemsto besolved

Theproblemsfacedwhenbuilding suchlinacsarenumerousandcomplex becausethelevelsof
performancearesometwo ordersof magnitudehigherthanthoseof existing installations.There
arenumerouscritical issues:



14 CHAPTER1. INTRODUCTION� masonrystructuresandalignmentof theinstallations,� associatedpowersupplies,correctorsandquadrupoles,� vacuum,� provision for electricityandcooling,� magneticmeasurementsandradiofrequency field measurements,� computersystemsandelectronics,controlsystem,� designof cavities (fieldsandmechanicalstrength),� radiologicalprotection,resistanceto radiation,nuclearsafety,� RF windowsandcouplers,beam/RFslaving,� machiningof components.

All thesekey issuesarethesubjectof specificationsreflectingthetolerancelimits resultingfrom
thebeamdynamics.Thevalidity of the tolerancelimits derivedfrom simulationis thusa criti-
cal point. It is thereforeextremelyimportantto carryout in-depththeoreticalandexperimental
studiesto gain a betterunderstandingof the dynamicsof the particlesin suchlinacs. More
specifically, in orderto assessthecostandfeasibility of thehigh-energy section(superconduct-
ing cavities representing����� of thetotal cost),it is indispensableto accuratelycharacterisethe
beamleaving thelow-energy stage(injector: source,RFQ,DTL 	�

� MeV) . This is thepurpose
of theIPHI4 andLEDA5 projectsconductedconjointly by theCEA andCNRS6 andby theLos
AlamosNationalLaboratory[5, 6] (Figure1.2) respectively. For theseinjectors,particlelosses
arecritical. Theconsequencesof any suchlossesaremultiple: activationof thecopper7, outgas-
ing in thecavity resultingin flashover, anderosionof theinnersurfaceincreasingtheamountof
flashover, to mentiononly themostimportantones.For thelasttwentyyears,thePARMTEQM8

codehasbeenthe internationalstandardfor simulatingthe dynamicsin RFQ simulators.The
LANL transportcode, initially written by Ken Crandall in 1979, was subsequentlymodified
on a numberof occasionsby KenCrandallhimselfandothercontributors(Lloyd Young). The
changesessentiallyrelatedto imageeffects,spacecharge forcesandallowancefor the actual
configurationof the radiofrequency fields of the beamzone(the useful zone). PARMTEQM
wasbasedon approximationssimplifying treatmentof thedynamics.Thesimplificationswere

4Frenchacronym standingfor High-Energy ProtonInjector
5Low Energy DemonstrationAccelerator
6FrenchAtomic Energy CommissionandNationalCentrefor ScientificResearch
7The activation thresholdfor copperis 2.16 MeV, it is thereforeextremely importantto accuratelyknow the

energiesof thelost particles.
8PhaseAnd RadialMotion in TransverseElectricQuadrupolewith Multipoles.



15

Figure1.2: Artist’sview of theIPHI projectRFQ.

necessaryto limit thecalculationtime on thecomputersavailableat thetime. Sincethen,appli-
cationshave focusedon beamaccelerationwith very shortduty cycles,with the main purpose
of simulatingchangesin thebeamcore.This is no longerthecaseas,in additionto thechange
in the RMS9 parameters,it wasalsonecessaryto gaina betterunderstandingof the character-
isticsof theparticlesmakingup thehalo (locationof lossesandenergy of the lost particles)as
well as thoseof the beamleaving the RFQ to avoid any lossesin the high-energy part. This
thesisanalyzesthe approximationsusedin the PARMTEQM codeandquantifiestheir effect.
Thesecondchapteraccordinglyreviews thebasicsof theconceptsusedfor dynamicsin RFQs.
Thethird chaptercoversthehypothesesandequationsusedin PARMTEQM. Thefourthchapter
describesin detail a new transportcodenamedTOUTATIS, which integratestime asthe inde-
pendentvariableandcalculatesthefieldsby meansof three-dimensionalCartesiangrids. In the
fifth chapter, thiscode,andits derivatives,areusedto testthevalidity of theapproximationsused
in thePARMTEQM code.Thesixthchaptercoversotherwork beingcarriedoutondynamicsin
theRFQs.

9RootMeanSquare.
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Chapter 2

The radiofr equencyquadrupole

Theradiofrequency quadrupole(RFQ)is a relatively recenttypeof linearaccelerator. Although
theoperatingprinciple is basicallysimple,theRFQwasunknown until the latesixties,whenit
was inventedby Kapchinsky [1] andTeplyakov of the Moscow ExperimentalandTheoretical
PhysicsInstitute (ITEP). Major contributions were madeto RFQ designby the Los Alamos
NationalLaboratory(LANL)[2], wherea demonstratornamedPOP(Proof Of Principle)was
built andrun in 1980. Sincethen,RFQhasbecomesopopularthat,within a few years,dozens
werebuilt andcommissionedin numerouslaboratoriesanduniversitiesthroughouttheworld.

Themain featuresof theRFQarethat it formsbunches,focusesandacceleratesa beamof
chargedparticlesby meansof RF fields only. RFQsareparticularlysuitablefor accelerating
low-energy ions(of 1 to 2 MeV pernucleon),andconstitutesthebestmeansof doingso.

Thischaptercoverstheoperatingprincipleof theRFQ,with particularreferenceto beamdy-
namics.Theelectrodynamicsof thestructureis not consideredin detail,andfurtherinformation
canbeobtainedin theabundantliteratureon thesubject.

2.1 Operating principle of an RFQ

Theoperatingprincipleof anRFQis shown in thediagramsbelow. Figure2.1showsanelectrical
quadrupolewith an electrodepolarity that alternateswith time. If a beamof chargedparticles
is injectedalongthe longitudinalaxisof thestructure,andif theparticlesmakingup thebeam
passthroughit for aperiodof timesuchthatthepolarity is reversedanumberof times1, they are
subjectedto analternatingfocusingforcein eachtransverseplane(focusingthendefocusingetc.
in a givenplane).Theoverall effect is containmentof thebeam.This is directly comparableto
thatproducedby a transportline with magneticquadrupolesat regularintervalsandthepolarity
of thesuccessivequadrupolesis opposite(alternatefocusing).

The geometryof the poles,asdescribedabove, preventsthe formationof bunchesandac-
celerationof the beam. For this to be possible,the quadrupolarsymmetryof the electrodesis

1this representsacompromisebetweenthelengthof thequadrupole,thevelocityof theparticlesandthepolarity
pulsation.In otherwords,thequadrupolemusthave a lengthof a few ��� where ��������� ( � is thevelocity of the
particles,� is thespeedof light) and ����������� � ( � is thepolaritypulsation).

19
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Figure2.1: Quadrupolewith alternatingpolarity.

disturbed(Figure2.2). When,thehorizontalpolesareat a distance* from theaxis,thevertical
polesareatadistance+-,.* from theaxis; + is known asthemodulationfactor).Its valuetypi-
cally variesbetween
 and � .. * is theminimumgap.Thedissymmetryis invertedoveradistance
of /10�2 ��� where/10 is therelativistic factorof thesynchronousparticlewith radiofrequency beat,
and 2 is thewavelength.Thepotentialalongtheaxisthenvariesperiodicallyandacomponentof
thelongitudinalfield is created.This is thekey aspectof anRFQ:theperiodof themodulation
is appliedin sucha mannerthat particlesandwavesaresynchronized.The longitudinalforce
alwayshasafocusingeffectandcanproduceacceleration,whereasthetransverseforcesproduce
alternatingfocusing. It is to be notedthat it is not possibleto obtaina focusingforce in three
planesat the sametime. Whenthe particlesmove in time with an electromagneticwave, the
situationis virtually staticandthefollowing equation:34 576 34 8:9-; 8=<;?>A@ ; 8CB;EDF@ ; 8=G;1H 9 � (2.1)

canbeapplied.For thereto bea focusingforce in eachplaneat thesametime, thethreeterms
would have to have thesamesign,andtheequation(2.15)would thereforeonly be true if they
werenull.

An RFQoperatesathighfrequency, typically severaltensto severalhundredsof MHz (352.2
MHz for theRFQat IPHI). Theresultis thatat theenergiesconsidered,thecellshave lengths,/I2 �J� , of theorderof onecentimeter. Therearetwo typesof polegeometry. In one,four rodsof
circularcross-sectionareinsertedinto a cylindrical cavity aroundtheaxisof thestructure[3,4].
Thecross-sectionsof therodsvary with thecharacteristicmodulationof theRFQ(Figure2.3).
With thistypeof geometry, thestructureis referredto asarodtypeRFQ.Alternatively, thecavity
canbe divided into quadrants(Figure2.4), in which casethe structureis referredto asa vane
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Figure2.2: Quadrupolewith alternatingpolarity andmodulatedpoles( * is minimumopening,+A,7* is maximumopening,/I2 is themodulationperiod,and + is themodulationfactor). A
cell correspondsto onemeshof thegeometrywith a lengthof /I2 �J� ..

Figure2.3: Geometryof polesin RFQswith rods.
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Figure2.4: ���=����� modein acylindrical cavity thatis empty, i.e. not charged,andin avane-type
RFQ(cross-sectionat mid-length).

typeRFQ.Theendsof thevanesareprofiledasshown in Figure2.2.. VanetypeRFQsarenot
consideredhere,althoughmostof theissuesraisedapplyequallywell to them.

2.2 Static approximation in the useful zone

To performthespecificfunctionsof anRFQ,aquadrupolesymmetryelectricaltransversemode
is necessary. The ���=����� modeis used. The third index must be null to avoid longitudinal
fluctuationof the transversefocusingforces2.. The spatialdistribution of the electromagnetic
fieldsis shown in Figure2.4.. Themagneticlinesof forcepassthroughtheplaneof thepage.It
is frequentlydesirablefor thedesignerof theelectrodynamicsystemto beableto representthe
cavity by anequivalentcircuit. Figure2.5 shows a simplifiedequivalentcircuit for a vanetype
RFQ.It is to benotedthattheusefulzoneis essentiallycapacitive,with theresultthatthevector
potential, ��   , canbedisregardedfor this region in theMaxwell equations.Theelectricfield:

�� �¢¡ � �� £¥¤ � ¦ ��  ¦?§ (2.2)

canthereforebewrittenasbeingpuredivergenceof ascalarpotential
¤

:�� �¢¡ � �� £¨¤
(2.3)

2In practice,a numberof viewsprevail. Someconsiderthattheamplitudeshouldbevariedwithin a rangeof ©�ª
to «¬ª %, othersconsiderthattheamplitudeshouldremainconstant.Whatever thecase,­�®°¯²±´³ is used.Variationof
its amplitudeis obtainedby adjustmentof geometry.
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Figure2.5: Simplifiedequivalentcircuit for vane-typeRFQ.

Theconsequencesareextremelysignificant.Theelectrodynamicproblemsaretotally distinct
from thoseassociatedwith the beamdynamics3.. Resolutionof the wave equationscan, in a
broadusefulzone,bereplacedby resolutionof theLaplaceequation:¾�¿ÁÀÃÂ

(2.4)

for optimalrepresentationof thefieldsin theregion. Two methodsareavailable:Ä An analyticalsolutionto equation(2.4)canbeoptedfor, andits expressiondeterminesthe
form of thepoles.Ä Criteriaareadoptedfor imposingtheshapeof thepoles,theresultingpotentialis thenrep-
resentedeitherby anappropriateharmonicbaseor by numericresolutionby discretization
of thedomain.

It shouldbenotedthatthereareanumberof possibilities,a factemphasizedby Kapchinsky. We
arebeginningto developtheapproachadoptedby Kapchinsky, which alsoservesasa basisfor
thePARMTEQM code.It consistsin usingtwo cylindrical coordinateLaplaceequationsolution
harmonicbasis. This techniqueis describedin the following section. AppendixA containsa
review of harmonicbreakdown. For furtherdetails,asecondvolumeby Durandonelectrostatics
entitled“Conductors”coversthesubjectin somedetail[5].

3This is only trueto a certaindegree.Thecreationof a structureof this typenecessarilyinvolvesinteractionbe-
tweenthedifferentdisciplines(mechanics,electrodynamics,beamdynamics,vacuum,civil engineering,electronics
etc.).
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2.3 Cylindrical harmonics in an RFQ

Thecylindrical coordinatesystemÅ�Æ�Ç�ÈÉÇ�ÊÌË appearsto bethemostsuitable(quadrupolarsymme-
try) for describingthepotentialin theusefulzoneof anRFQ.Equation(2.4)becomes:ÍÆ ÎÎ Æ Ï Æ ÎÑÐ Å�Æ�Ç�È�Ç ÊÌËÎ Æ Ò�Ó ÍÆ�Ô Î Ô Ð ÅÕÆÖÇ È�Ç�ÊÌËÎ ÈÖÔ Ó Î Ô Ð ÅÕÆÖÇ È�Ç�ÊÌËÎ ÊJÔ ×ÙØ (2.5)

where
Ð Å�Æ�Ç�ÈÉÇ�ÊÌË is the electrostaticscalarpotentialwhich is multiplied by Ú�ÛÝÜÞÅ´ßáà�âäã Ó�å Ë

to allow for the radiofrequency beateffect. Solving this equation,which is detailedbelow, is
a relatively complex matterandthe readercanrefer directly to page25 to find the results. By
seekingthesolutionof thetype:Ð ÅÕÆ�Ç�È�Ç�Ê�Ë ×çæ Å�ÆJËáè�éêÅëÈ�ËáèÖìíÅëÊÌË (2.6)

by substituting(2.6) into (2.5),thefollowing is obtained:ìîÅ�ÊÌËáè�ïîðòñ ó�Å æ ÅÕÆ�ËáèÖéêÅëÈJË�Ë Óôæ Å�ÆJËáèÖéõÅ�È�Ëáè
ï÷öáÅøìîÅ�ÊÌË�Ë ×ÙØ (2.7)

where ïîù
ñ ú is theLaplacianin relationto thecoordinatesû and ü which implies:ýþÿ þ� ïîðòñ ó�Å æ ÅÕÆ�ËáèÖéêÅëÈJË�Ë���� Ô è æ ÅÕÆ�Ëáè�éêÅ�È�Ë × Ø���	��
 ö
�� ö ��� � Ô èÖìîÅëÊÌË × Ø (2.8)

where � is anarbitraryconstant.Thesecondequationin (2.8) canhave the following solu-
tions: ìîÅ�ÊÌË × � è
Ú�Û Ü��°Å���ÊÌË Ó � è�����Ú
��Å�� Ê�ËìîÅ�ÊÌË × ��� è
Ú�ÛÝÜ Å�� ÊÌË Ó � � è����JÚ
Å���ÊÌËìîÅ�ÊÌË × ��� � è�Ê Ó � � � (2.9)

dependingon whether(-), (+) or ( � ×_Ø ) hasbeenselectedin thesecondequationof (2.8).
For thefirst equationof (2.8) to betrue,it is necessarythat:ýþþÿ þþ� Æ Ô ��� à 
 ð��� ð � Ó Æ � à 
 ð��� ð Ó � ��� Ô �ÁÅ��ÉÆ�Ë Ô � è æ Å�ÆJË × Ø���"!#
 ó��� ó � � � Ô è�éêÅ�È�Ë × Ø (2.10)

where � is a constant.Theangularsolutionsareof thesametypeasthe longitudinalsolu-
tions: éêÅëÈJË × � è
Ú�ÛÝÜ$�°Å � ÈJË Ó � è�����Ú
��Å � ÈJËéêÅëÈJË × ��� è
Ú�ÛÝÜ°Å � È�Ë Ó � � è����JÚ�Å � ÈJËéêÅëÈJË × ��� � è
È Ó � � � (2.11)
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dependingon whether(-), (+) or ( � × Ø ) hasbeenselected.For theradialequation,cases
where � and � arenull alsoneedto be considered.If the combination(-) and(-), or (-) and
( � ×ÙØ ) is selected,thesolutionwill be:

æ Å�ÆJË × � è�%�& Å'��Æ�Ë Ó � è�%)(*&�Å���ÆJË Ó + è-,.&�Å���ÆJË Ó / è-,0(*& Å'��ÆJË (2.12)

where%�1$& and ,21$& aremodifiedBesselfunctionsof thefirst andsecondorder ��� , respec-
tively. If thecombination(+) and(-) is adopted,it is sufficient to replace� by 3�è � in (2.12)4,
thecombination(-) or ( � ×çØ ) and(+) in theradialdifferentialequationgives:

æ Å�ÆJË × � è545&�Å��ÉÆ�Ë Ó � è546(*& Å'��ÆJË Ó + è-78&�Å���ÆJË Ó / è-79(*& Å'��ÆJË (2.13)

where 4:1$& and 7;1$& areBesselfunctionsof thefirst andsecondorder �<� , respectively. The
expression(2.13) is also the solution for the combination(+) and(+) when � is replacedby3Þè � .. Thecase( � ×ÙØ ) gives:æ Å�ÆJË × � è
Æ & Ó � è
Æ (*&æ Å�ÆJË × � � è�����Ú�Å � è�=>�5?1ÅÕÆ�Ë�Ë Ó � � è Ú�ÛÝÜÞÅ � è�=@�5?1ÅÕÆ�Ë�Ëæ Å�ÆJË × ��� � è�=@�5?EÅ�ÆJË Ó � � � (2.14)

for (-), (+) and( � × Ø ) respectively. In short,allowing only for Besselfunctionsof imagi-
naryorders,andwith � and � real,a Laplaceequationsolutioncanbewritten with cylindrical
coordinatesusingdevelopmentssuchas(2.15).Ð ÅÕÆ�Ç�È�Ç�Ê�Ë × ACB � �EDB è Ú�ÛÝÜ��ÞÅ�� ÊÌË Ó � DB è��F��Ú ��Å'� ÊÌË � è � + DB è54:G�Å��ÉÆ�Ë Ó / DB è-7�G�Å'��Æ�Ë � è �IH DB è�È Ó J DB �

Ó ACBKA & � � ÔB & è
Ú�ÛÝÜ$�°Å�� Ê�Ë Ó � ÔB & è�����Ú
�°Å�� Ê�Ë � è � + ÔB & è545& Å��ÉÆ�Ë Ó / ÔB & èL4$(*& Å��ÉÆ�Ë �è �MH ÔB & è-7�&�Å��ÉÆ�Ë Ó J ÔB & è-7�(*&�Å��ÉÆ�Ë � è �ON ÔB & è�����Ú Å � È�Ë Ó P ÔB & è
Ú�Û ÜÞÅ � È�Ë �
Ó A B � �RQB è Ú�ÛÝÜ°Å'� ÊÌË Ó � QB è��F��Ú
Å'� ÊÌË � è � + QB èS%FGÖÅ���ÆJË Ó / QB è-,.GÖÅ���ÆJË � è �TH QB è�È Ó J QB �
Ó A B A & � ��UB & è
Ú�ÛÝÜ Å�� Ê�Ë Ó � UB & è�����Ú�Å'� ÊÌË � è � + UB & è�%F&�Å��ÉÆ�Ë Ó / UB & è�%)(*& Å��ÉÆ�Ë �è �MH UB & è-,.&�Å���ÆJË Ó J UB & è-,0(*& Å'��ÆJË � è �IN U B & èS�F��Ú�Å � ÈJË Ó P UB & è Ú�ÛÝÜÞÅ � È�Ë �
Ó A & � �RV& è�Ê Ó � V& � è � + V& è Æ & Ó / V& è
Æ (*& � è �OH V& è
Ú�ÛÝÜ°Å � È�Ë Ó J V& è����JÚ�Å � ÈJË �
Ó � ��W è
Ê Ó � W � è � + W èS=@�5?EÅ�ÆJË Ó / W � è �TH W è�È Ó J W �
Ó A & � �YX& è�Ê Ó � X& � è � + X& èS����Ú
Å � è�=@�5?1ÅÕÆ�Ë�Ë Ó / X& è Ú�ÛÝÜ°Å � èS=>�5?1ÅÕÆ�Ë�Ë �è �MH X& è
Ú�ÛÝÜ��ÞÅ � È�Ë Ó J X& è��F��Ú ��Å � È�Ë �

(2.15)
This setof serieswill be extremelyuseful later on. It will be seenthat Ken Crandallhas

madesubstantialuseof theseseriesandthat many of themareusedfor differentpartsof the

4 Z is thepureimaginerynumberequalto [ \^] ..



26 CHAPTER2. THE RADIOFREQUENCY QUADRUPOLE

Coefficientsthatcancelout ReasonsgivenH DB:_ H QB*_ H W _ H X& _ J X& angularperiodicity� DB _ � DB _ � ÔB & _ � ÔB & _ ��V& _ �RW _ �YX& longitudinalperiodicity/ DB _ H ÔB & _ J ÔB & _ / QB _ H UB & _ J UB & _ / V& _ + W _ + X& _ / X& finite potentialalongaxis( `íÊ )� W _ / W _ J W
null potentialalongaxis( ` Ê ) at mid-cellP UB & _ H V& rotatedquadrupolesymmetry

Table2.1: Sortingof coefficientsfor RFQin expression(2.15)

RFQin PARMTEQM. It is now necessaryto identify thetermswhichpossessthesymmetriesof
theRFQ.Thisstageis summarizedin Table2.1..

Rotatedquadrupolesymmetryrequiresthatm beaneveninteger, %�& Å'��ÆJË and %-(*& Å'��Æ�Ë then
being identical. Assumingthat the structureis periodicaboutz, which is true as long as the
modulationfactorvarieslittle betweencells:�2acb è)� (2.16)

where:

� × d)efhg (2.17)

where b is aninteger. Thedevelopmentliable to give thebestrepresentationof thepotential
of theusefulzoneof anRFQin cylindrical coordinatesis therefore:

Ð Å�Æ�Ç�ÈÉÇ�ÊÌË × i d j�k8lm&on D � G"&Lè
Æ Ô & èS�F��Ú�Å d � È�Ë Ó k8lm&on�G k8lmp n D � p &LèS%F& Å��ÉÆ�Ëáè��F��Ú
Å d � È�Ë èS�F��Ú�Åqb9� ÊÌË�r
(2.18)

where( � Ó b ) is oddfor quadrupolarsymmetry, and
i

is thepotentialdifferencebetween
the two poles. This typeof seriesoffers rapidconvergence,i.e. thefirst termsaresufficient to
obtainahighdegreeof accuracy.

2.4 Time/positionmatching

An RFQ is thereforean acceleratorwhich usesfocusingwith a time-basedperiodicity. This
raisesan importantissue:matchingof the beamfrom a time-independentstructure(a conven-
tional transportline consistingof quadrupolesandmagnetostaticsolenoids)with thatof a time-
dependentstructuresuchasanRFQwhoseacceptancevarieswith theradiofrequency phaseof
thepolepolarity. KenCrandallhasmadea majorcontribution by suggestinggradualreduction
of thepolegap,which hastheeffect of creatinga rampfor theamplitudeof thefocusingforces
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Figure2.6: Longitudinalprofileof thevanesof anRFQin theRadialMatchingSection.

(Figure2.6). If sucha rampis created,over a certaindistanceandin a certainmannerfor ex-
ample,it is possibleto make thebeamparametersat theendof thestructurestime-independent
(Figure2.7). We will explain in furtherdetailwhatwe meanby a certaindistanceanda certain
mannerin thenext chapter.

2.5 Conclusionof chapter

In thischapterwehaveseenhow RFQsoperate,andwhatthestart-of-the-artis for descriptionof
theusefulzoneonthebasisof acylindrical harmonicbreakdown. Theprincipleof time/position
matchinghasalsobeendescribed.Theadvantagesof thePARMTEQM coderemainto becon-
sidered,andthis is thesubjectof thenext chapterwhich containsa detailedreview of themain
approximationsin thecode,particularlyasregardscalculationof thefieldsdueto thestructure,
calculationof thespacechargeforcesandintegrationof thedynamicsequations.
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Figure2.7: Theacceptanceof anRFQwith andwithout a RadialMatchingSectionat different
radiofrequency phases.
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Chapter 3

PARMTEQM transport code

ThePARMTEQM transportcodeconstitutestheinternationally-recognizedstandardfor thetrans-
port of chargedparticlesin RFQs.Beforeinvestigatingthelimits of its validity for thetransport
of intensebeams,which is thesubjectof Chapter5, it is first necessaryto considerin detail the
differenttechniquesusedin thecode.Thisconstitutesthenecessaryintroductionto thefollowing
chapters.

3.1 The algorithm usedfor transport

The calculationis madeon the basisof particledistribution in a 6D spaceÅ|{°Ç {8} Ç ~ Ç�~*} Ç���Ç�� Ë ..
All theparticlesareat thesamepoint ì�� , which correspondsto the longitudinalpositionof the
synchronousparticle.Thephaserelatingto this synchronousparticle:

å × �����;� (3.1)

is usedto estimatethelongitudinaldistributionof thebunchneededfor calculationof theimage1

andspacechargeforces.For eachparticle,theforcesarecalculatedusinganalyticalexpressions
with tabulatedcoefficientsfor theexternalfields. Theseforcesareappliedto theparticlesby a
leap-frogeffect. For thespacechargeforces,thechargedistribution is discretizedin a 2D mesh
with symmetryof revolution whenever thebunchis at mid-cell. Thecross-sectionof thebeam
is thenvirtually circular. This discretizationinto ringsmakesit possibleto calculatetheforces,
astheelectrostaticcontribution of anevenly-chargedring is preciselyknown. Theseforcesare
appliedat eachcalculationincrement. The effects of imagesare estimatedat the beginning
and middle of the cell by analyticalexpressionswith tabulatedcoefficients, the forcesbeing
integratedover a half-cell unlike thespacechargeandexternalforceswhich areintegratedover
onetenthof acell.

Thestrategy usedfor simulationof thetransportof ionsin anRFQusedin PARMTEQM can
be summarizedasfollows: imageandradiofrequency fields basedon harmonicdevelopments

1Theeffectsof imagesaredueto thechargesinducedby thebeamon thesurfaceof theconductor, which gives
riseto a forcethatdisturbsmovement.
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with tabulatedcoefficients,spacechargefieldscalculatedusingagrid (r-z) for a bunchreconsti-
tutedby meansof atransform(za t a z), themovementintegrationparameterbeingz,with acell
discretizedinto 10 elements.Thefollowing sectionsdescribeanumberof thesestagesin detail.

3.2 Calculation of the external fields

In PARMTEQM, representationof theexternalfieldsis basedontheharmonicdevelopmentsde-
scribedin thepreviouschapter. Dependingonthezoneof theRFQconsidered,certainharmonics
areselected.Theneedfor this multipolar representationwasintroducedin 1982by Jean-Louis
LaclareandAnnick Ropert[1]. For a while, PARMTEQM madedo with thetwo-termpotential
describedin AppendixB..

3.2.1 The body of the RFQ

For thebodyof theRFQ,thefirst eighttermsof expression(2.18)aresufficient for representing
quadrupolarsymmetryandlongitudinalperiodicitymodulationof thevanes:

� thenon-periodicquadrupolarterm(
� G D )� thenon-periodicdodecapolarterm(
� G Q )� thefirst periodicmonopolarterm(

� D G )� thefirst periodicoctopolarterm(
� D Ô )� thefirst periodicdodecapolarterm(

� Ô Q )� thefirst periodicquadrupolarterm(
� Ô D )� thesecondperiodicmonopolarterm(
� Q G )� thesecondperiodicoctopolarterm(

� Q Ô )
Theperiodicity is of courselongitudinal. Thenon-periodiccoefficientsarenormalizedrelative
to æ G , theaveragepolegap.

Thedevelopmentusedis thereforeasfollows:Ð Åq�EÇ È�Ç�ÊÌË × � Ô � � G D^���à6��� Ô ����Ú Å d ÈJË Ó � G Q ���à���� W ����Ú Å'��ÈJËÓ � D G�%�GÖÅ����ÉË$����Ú Å�� ÊÌË Ó � D Ô % U Å��6�ÉË$�F��Ú�Åq��È�Ë$���JÚ
Å���ÊÌËÓ � Ô D % Ô Å d �6�ÉË$����Ú Å d ÈJË$����Ú Å d ��ÊÌË Ó � Ô Q % W Å d �6�ÉË$����Ú Å'��ÈJË$����Ú Å d ��ÊÌËÓ � Q Ô % U Å'�5�6�ÉË$����Ú Åq�ÌÈJË$����Ú Å'�:��ÊÌË Ó � Q G %�GÖÅ'�5�6�ÉË$����Ú Å'�:��ÊÌË�� (3.2)
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where
i

is thepotentialdifferencebetweensuccessivevanes.At eachlongitudinalposition,
the transversecross-sectionsof theequipotentialsurfaces,correspondingto theabove formula,
areasymptoticcurvesdueto combinationof termsin �F��Ú�ÅqbäÈ�Ë whereb is aninteger. It is therefore
impossible,in practice,to profilepolesexactly in accordancewith this formula,astheamplitude
of thefield wouldbecomeinfinite. ThePARMTEQM codethereforeusesaharmonicbreakdown
of anumericsolutioncalculatedwith CHARGE3D2 onthebasisof equation(3.2)[2]. CHARGE
3D calculatesthe charge distribution on the surfaceof the polesof an RFQ, the latter being
representedbysemi-circleswith radii andtransversepositionsthatarevariablein thelongitudinal
direction [3]. This variation is determinedby the structuredesigner. AppendixB covers the
differentgeometriesusedfor vane-typeRFQs.Oncethepolegeometryhasbeencalculatedby
CHARGE3D, thenumericalsolutionis projectedon thebasisof harmonicsin a domainwhere
thebasisis orthogonal.In view of thecoordinatesystemselected,this domainis boundedby a
cylinderof radius� .. Weshallreturnlaterto theconsequencesof this limitation. Thecoefficients
arecalculatedindependentlywith thefollowing relationships:� G"& × Í �e i ��Ô &��^�h��� �G ��� �G ¡ Åq�1Ç È�Ç�ÊÌË è��F��Ú
Å d � È�Ë£¢ÉÈ ¢�Ê (3.3)� p G × ¤e i %FG�Åqb9�$�ÉË �^�¥� � �G ��� �G ¡ Åq�1Ç È�Ç�ÊÌË è��F��Ú
Å¦b�� ÊÌË£¢�ÈL¢�Ê (3.4)� p & × Í �e i % Ô &�Å¦b��$�ÉË �^� ��� �G ��� �G ¡ Åq�EÇ�È�Ç�Ê�Ë è��F��Ú�Å d � È�Ëáè��F��Ú
Å¦b�� ÊÌË£¢�ÈL¢�Ê (3.5)

where ¡ Åq�1Ç È�Ç�ÊÌË is thenumericalsolutionof CHARGE3D. Thetablescompilecoefficients
for thedifferentcell configurations.It is thesetablesthatareinterpolatedfromby thePARMTEQM
codeto obtainthecoefficientsfor eachcell of thestructureit simulates.

3.2.2 The entranceradial matching section

A numberof developmentshavebeenproposedfor theradialmatchingsectionof anRFQ[1,4].
TheLANL codesusethefollowing formulation:

Ð Å¦�EÇ�È�Ç�Ê�Ë × i d Qm&on�G � &¨§©% Ô &�Å���ÆJËáè)ªS3�b Å�� ÊÌË Ó � ( 
 Ô & k D � % Ô & Åq�:��ÆJËIè)ªS3�b Å'�:� Ê�Ë	« è�����Ú�Å d � È�Ë (3.6)

wherethe
� & areadjustedto obtainvirtual continuitywith theformulationfor thefirst cell

of theRFQ(curvatureof vanesandpotentialamplitude)[5] and:� × ed ��¬-­ à (3.7)

where ��¬-­ à is the entrancesectionlength. The terms � × Ø allow for the possibility of
startingtheRFQwith amodulation,analternativethatis rarelyused.To obtainthecorrectbeam

2Electrostaticcomputercodewrittenby KenCrandall.
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parametersfor thisformulationandthechannelfollowing theentrancesection,thePARMTEQM
userrelieson theTRACE 3D code.This code,coveringbeamenvelopetransport,usesa

d2®¯d
matrix formalism for the RFQ. It was written by Ken Crandalland is basedon a simplified
formulationof expression(3.6). This simplified formulationnotablydisregardsthe dodecapo-
lar componentandequatesthe quadrupolarcomponentwith a “pure” quadrupolarcomponent
(
� G D × Í

) in development(3.2).

3.2.3 Exit section

At theexit from theRFQchannel,vanemodulationproducesanexit potentialoscillatingalong
thelongitudinalaxis.Dependingonthemomentwhentheparticlespassthroughthisregion,they
cangainor loseenergy. To controlthiseffect,andmeetthetime-independent3 beamrequirement,
KenCrandallhasproposed[5] ageometrygeneratingthefollowing potentialalongtheaxis:Ð ÅëÊ Ç�ã�Ë × � � i

¤
° �F��Ú�Å'� ÊÌË Ó Í� �F��Ú�Å'�5� ÊÌË	±IÚ�ÛÝÜ°Å ß ã�Ë (3.8)

where Ê × Ø at thebeginningof thesectionand Ê × � �'� at theendplate, � × eK²5d � �'� , ß is
the radiofrequency pulseand

� i ²Ld
is thepotentialalongtheaxison leaving the last cell. The

longitudinalfield alongtheaxisis:H ö × � � i
¤ � � Ú�Û Ü°Å���ÊÌË Ó Ú�ÛÝÜ°Åq�:� ÊÌË � Ú�Û Ü°Å´ß ã�Ë (3.9)

Given å , the phaseof the radiofrequency whena particle is at Ê ×¢Ø , ß ã canbe replaced
by å Ó � } Ê , where � } × d)eK² fhg

.. Assumingthat thevariationin velocity of theparticlepassing
throughthesectionis negligible, theenergy gainis:ï.�_Å å Ç � �'³�Ë × �.� ´µ´G H ö�¢ÉÊ × � � i

¤
�O¶ D Å � �'��Ë Ú�ÛÝÜ°Å å Ë Ó ¶ Ô Å � �'��Ë$�F��Ú
Å å Ë � (3.10)

where: ¶ D Å � ��³�Ë × � � �G � Ú�ÛÝÜÞÅ�� ÊÌË Ó Ú�ÛÝÜ Å'�:��ÊÌË � è��F��Ú
Å'� } ÊÌË è�¢ÑÅ���ÊÌË (3.11)

and: ¶ Ô Å � ��³�Ë × �·� �G � Ú�ÛÝÜÞÅ�� ÊÌË Ó Ú�ÛÝÜÞÅ'�:� Ê�Ë � è
Ú�ÛÝÜ°Å'� } ÊÌË è-¢ÑÅ���ÊÌË (3.12)

Figure3.1 shows the variationsin energy gain in unit
� i ²Ld

asa function of the width of
section� ��³ in unit

fhg
andthephaseof theparticleatthesectionentrance.It shouldbenotedthat

when � �'³ is smallerthan ¸ fhg ²5d
, thesectionbehavesasa longitudinally focusingaccelerating

cell. However, thesectionis thentooshortto performits time/positionmatchingfunction.When� ��³ is greaterthan ¸¹� fhg ²5d
, theenergy gainbecomesnegligible andthetime/positionmatching

3This is lessimportantat the exit thanat the entrancewherethe beamis continuous.As thebunchis formed,
thereis aslight extensionin phasecomparedto theradiofrequency fields.
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Figure3.1: Variationin energy gain in unit
� i ²Ld

asa functionof thelengthof thesection� ��³
in

f¥g
unitsandthephaseof theparticleat thesectionentrance.

functionbecomeseffectivewhen � �'³ is greaterthan ¸ d fhg 4.. In thiscase,theTwissparameters
of the beambecomeidentical in eachtransverseplane. This is an advantageif a solenoidis
placedaftertheRFQ,andadisadvantageif it is amagneticquadrupole.In addition,thebunchis
nolongerkeptlongitudinal.Thesedifficultiescanberesolvedby insertingaspecialcell between
the exit sectionand the last acceleratingcell. This is referredto as the transitioncell and is
describedin thefollowing section.

3.2.4 Transition cell

To overcomethe difficultiesmentionedin the precedingsectionandto provide a smoothtran-
sition betweenthedissymmetryof the lastacceleratingcell andthequadrupolarsymmetryexit
section,KenCrandallhasproposedintroducinga transitioncell [6] betweentheexit sectionand
the lastacceleratingcell. This cell solvestheproblemof uncertaintyconcerningtheenergy in-
troducedby theexit sectionandenablesgreaterflexibility in adjustingthesizeanddivergenceof
thebeamat theexit. To describethepotentialprovidedby thesefunctions,PARMTEQM uses

4This actiondependson thebunchphasedimension,and º�»$¼ is a goodcompromise.



36 CHAPTER3. PARMTEQM TRANSPORT CODE

thefollowing formulation:

Ð Åq�EÇ È�Ç�ÊÌË × i d¾½�¿ �æ G5À Ô ����Ú Å d ÈJË � � � D G�%�G�Åq,Á�ÉË$����Ú�Åq, ÊÌË Ó � Q G�%�G�Åq�5,Á�ÉË$����Ú Å'�5, Ê�Ë � Â (3.13)

where , × eK²5d � �¦Ã with � �¦Ã beingthe lengthof the transitioncell. Parameters
� D G ,

� Q G
and � �qÃ aredeterminedin sucha mannerasto ensurecontinuitywith theadjacentsections.The
horizontalandverticalprofilesof thevanesarethengivenby:

¿ {æ G À Ô � � D G�%FGÖÅ',Ä{ Ë$���JÚ�Å', ÊÌËo� � Q G�%�G�Åq�5,Ä{ Ë$���JÚ�Å'�5, Ê�Ë × Í
(3.14)

and:

� ¿ ~æ G À Ô � � D G�%�G
Å',Ä{ Ë$���JÚ�Å', ÊÌËo� � Q G�%�GÖÅq�5,Á~?Ë$�F��Ú Å'�5, ÊÌË × � Í
(3.15)

The Å�� Ë signis usedfor thesecondandthird terms.Thehorizontalvanethusbeginsat � ® �
andtheverticaloneat � when Ê × Ø (beginningof cell). As thelongitudinaltermsarenull whenÊ × � �¦Ã , thetwo vanesareeffectively at æ G .. However, wealsorequirethegradientto benull at
theendof thecell. By differentiatingequations(3.14)and(3.15)relative to Ê , andby imposing
thatdrift is null at Ê × � �qÃ , a relationshipcombining

� D G and
� Q G is obtained:� Q G × %�G�Åq, æ G¬Ë� %�G�Åq, æ G¬Ë � D G (3.16)

Figure3.2showsa typicalconfigurationof thepoleprofile. Parameters
� D G and , remainto

bedetermined.This canbedonenumericallyusingequations(3.14)and(3.15)by imposingthe
following boundaryconditions: Ð Å � ® �EÇ Ø Ç Ø Ë × i ²5d

(3.17)

and: Ð Åq�1Ç eK²5d Ç Ø Ë × � i ²5d
(3.18)

as , × eK²5d � �¦Ã : Ð Å æ G
Ç Ø Ç � �qÃ´Ë × i ²5d
(3.19)
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Figure3.2: Longitudinalprofileof thevanesat theendof theRFQ(transitioncell + exit section).

and: Ð Å æ G Ç eÅ²5d Ç � �qÃÕË × � i ²5d
(3.20)

Whentheseconditionsaremet,it canbedemonstratedthat,in thefirst order:, ÔÇÆ � Ô ² � (3.21)

which givestherelationship: � �¦Ã ÆÉÈ � ² � fhgd (3.22)

It is alsopossibleto demonstratethat the radii of longitudinalcurvatureof the formulation
effectively ensurecontinuity with thoseof the neighboringcells [6]. This is why this cell is
referredto asthetransitioncell.

3.2.5 Peakfield assessment

Substantialadvantagescanbe derivedfrom a structurewith high electricalfields, the foremost
of whichbeingthatthelinac is shorterandthecurrentlimits arehigher. It is thereforeimportant,
at the designstage,to determinethe peakfield, beforeany considerationis given to surface
conditionor otherparametersfor the voltagecapacityof the transportline. PARMTEQM can
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be usedto assessthe peakfield. The methodis basedon tableswhich containform factors
asa function of geometricalparameters(modulation,averageradius,lengthof cell, radiusof
transversecurvatureof the polesand the type of longitudinalprofile, seeAppendixB). This
form factor,

J
, givesthepeakfield ÊH by meansof thefollowing formula:ÊH × J iæ G (3.23)

where
i

is the potentialdifferencebetweenadjacentpolesand æ G is the averageradius.
Theseform factorswerecalculatedusingthe CHARGE3D code[3]. This codecalculatesthe
surfacedensityof charge on the RFQ poles. The peakfield cantheneasilybe calculatedasit
is proportionalto this quantity. Thestagesby which CHARGE3D calculatesthechargesurface
densityaredescribedbelow.

Thepotentialat a point �a Æ nearto theconductingsurfaces,betweenwhich thereis a differ-
encein potential,canbedescribedasa functionof thechargedensityË inducedon thesurfaces:Ð Å �a Æ Ë × m-Ì � ¬FÍ Ë Ì Å �a ª Ë è N Å �a Æ _ �a ª Ë
¢�Î Ì (3.24)

where
N Å �a Æ _ �a ª Ë is the potentialproducedat point �a Æ by the charge at point �a ª on the 3 ÃÐÏ

surface Î Ì
and Ë Ì Å �a ª�Ë
¢�Î Ì is the moduleof the charge. The techniqueusedby the programfor

findingthechargedensityË is asfollows. Thearearepresentingthevaneis assignedparameters,
and { , ~ and Ê coordinatesof thepoint consideredon thesurfacearegivenby two independent
variables,û and ü , whereØÒÑ û Ñ Í

and Ø.Ñ ü Ñ Í
:ýþÿ þ� { × Ó Ó �5Ã � Í �Ô�F��Ú
Å e û Ë �~ × �5ÃÖÚ�ÛÝÜÞÅ e û ËÊ × � ü (3.25)

where Ó is the longitudinalprofile of the vaneand �5Ã is the transverseradiusof curvature
whichcandependon Ê (seeAppendixB page159)5.. For eachpointontheplane Å�û°Ç ü�Ë thereis a
correspondingpoint Å|{°Ç�~ÑÇ�ÊÌË on thesurfaceof thepole. Chargedensity Ë canalsobeexpressed
as a function of û and ü and the integral (3.24) can be replacedby an integral for the planeÅ�û°Ç ü�Ë .. Ë is representedby bicubic splineswhosecoefficientsaredeterminedby minimization
of thequantity: Õ × � ¬ � Ð Å �a ª Ë¥� Í � Ô ¢�Î (3.26)

Theresultcanbeusedto calculatethepotentialby multiplying by thepeakvoltage.Thepeak
field directly proportionalto ÊË canalsobecalculated.In Figure3.3, a mapof

J
derived from

thePARMTEQM tablesis plottedfor thedifferentvaluesof � andcell lengthin unitsof æ G ..
Figures3.4to 3.9show mapsmadefor different �5Ã ² æ G ratiosusingthescaleof 1.0to 1.8.These
mapscorrespondto a longitudinalprofile extrapolatedfrom thetwo-termpotential.It shouldbe
notedhow

J
increasesas �5Ã ² æ G increasesandwith longcells.This is dueto thegapbetweenthe

5Thevaneis describedby acirclealone,andno othergeometricalconsiderationsaretakeninto account.
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Figure3.3: Map of
J

asa functionof thelengthof thecell (in unitsof æ G ) and � with a radius
of transversecurvature,�5Ã , of Ø$Ö ¤5× ® æ G with ascaleof 1.2 to 1.6.

vanesandthe transverse-longitudinalcouplinginducedby the Besselfunction of the two-term
potential[7]. Thedropin

J
in certainhighmodulationshortcellsis dueto unrealisticgeometry

[2].

3.3 Integration of the dynamicsequations

The complexity of the electricfield expression(includesBesselfunctions)preventsanalytical
solvingof theequationfor movementin anRFQ.Incrementalintegrationmustthereforebere-
sortedto. Therearemany incrementalintegrationalgorithmsin theliterature.For example,the
Runge-KuttaalgorithmandLie algebraconstitutealgorithmsthatarefrequentlyusedin simula-
tion of acceleratorbeamtransport.In PARMTEQM, aleap-frogapproachis used.Thisalgorithm
is basedon linear discretizationof the trajectories,which arelinear relative to an independent
parameter. In PARMTEQM, this parameteris the longitudinalpositionof the particle,and is
referredto asz code. The longitudinalpositionis chosenasan independentparameterfor his-
torical reasons.It notably facilitatescomparisonwith the diagnosticsof the beammadeat a
givenpositionin the transportline. Therearealsocodesin which time is the independentpa-
rameter, referredto ast codes(LIDOS, TOUTATIS). In the leap-frogtechnique,acceleration,
henceforce,is calculatedatanintermediatepositionbetweenthosefor which thedisplacements
arecalculated.Themovementequationsaredescribedin detailbelow to illustratetheseconcepts.
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Figure3.4: Map of
J

asa functionof thelengthof thecell (in unitsof æ G ) and � with a radius
of transversecurvature,�5Ã , of Ø$Ö � ® æ G ..

Figure3.5: Map of
J

asa functionof thelengthof thecell (in unitsof æ G ) and � with a radius
of transversecurvature,�5Ã , of Ø$ÖÙØ5Ú ® æ G ..
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Figure3.6: Mapof
J

asa functionof thelengthof thecell (in unitsof æ G ) and � for a radiusof
transversecurvature,�5Ã , of Ø6Ö ¤5× ® æ G ..

Figure3.7: Mapof
J

asa functionof thelengthof thecell (in unitsof æ G ) and � for a radiusof
transversecurvature,�5Ã , of

Í Ö Ø�Ø ® æ G ..
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Figure3.8: Mapof
J

asa functionof thelengthof thecell (in unitsof æ G ) and � for a radiusof
transversecurvature,�5Ã , of

Í Ö Í Ú ® æ G ..

Figure3.9: Mapof
J

asa functionof thelengthof thecell (in unitsof æ G ) and � for a radiusof
transversecurvature,�5Ã , of

Í Ö � Ø ® æ G ..
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Accordingto thefundamentalprincipleof dynamics:¢ �a Û¢�ã × ìRÜ �a H (3.27)

where �a Û is the quantityof movementof the particle,
�a H

the residualelectricfield, ì the
chargenumberand Ü theelementarycharge. Allowing for restrictedrelativity, theequationcan
bewrittenasfollows: ¢ÑÅ¦Ý �a f Ë¢�ã × ìRÜ�ÞH G �a H

(3.28)

where
H G is theenergy of massat restand Þ thespeedof light. To discretizetheequation,

considerationcanbegivento infinitesimalvariationin thequantity Ý �a f
, thus:ß Å|Ý �a f Ë × ìRÜ�ÞH G �a H ß ã (3.29)

To usethe longitudinalpositionasanindependentparameter, thefollowing variablechange
canbemade: ß ã × ß Êf ö�Þ (3.30)

where
f ö�Þ is theaveragevelocityof themicro-particleasit travelsover

ß Ê .. It is now possible
to write theexpressionsnecessaryfor incrementalmovementintegration:ýþþþþþþþþþþþÿ þþþþþþþþþþþ�

Å¦Ý f�à Ë Ì k D'á Ô × Å|Ý f�à Ë Ì ( D'á Ô Ó �6âã�ä	å � H à Å ���
a`çæ Ì Ë Ú�ÛÝÜÞÅ å Ì Ë ß ÊÅ¦Ý f�è Ë Ì k D'á Ô × Å|Ý f�è Ë Ì ( D'á Ô Ó ��âã ä å � H è Å ���
a`çæ Ì Ë Ú�ÛÝÜÞÅ å Ì Ë ß ÊÅ|Ý f ö¬Ë Ì k D'á Ô × Å|Ý f ö¬Ë Ì ( D'á Ô Ó �6âã�ä	å � H öÖÅ ��� a`éæ Ì Ë Ú�Û Ü°Å å Ì Ë ß Ê{ Ì k D × { Ì Ó { �Ì k D'á Ô ß Ê~ Ì k D × ~ Ì Ó ~ �Ì k D'á Ô ß Êå Ì k D × å Ì Ó ê-ëqì
íã ä � ÍOî:ï>ð � � ß Ê
(3.31)

where: ýþÿ þ� { �Ì k D'á Ô × 
Tñ�ã�ò � ÍÙî5ï>ð �
Tñ�ã ä � ÍOî:ï>ð �~ �Ì k D'á Ô × 
Tñ�ã�ó � ÍOî:ï>ð �
Tñ�ã�ä � ÍOî:ï>ð � (3.32)

ß�ð�³ is theradiofrequency pulse.The functionalsubscriptsindicatethat thequantityconsidered
is calculatedat an intermediatepositionbetweenthoseat which thequantitieswith integersub-
scriptsare calculated. The principle is illustratedin Figure 3.10.. The crosscorrespondsto
calculationof thepositionwhereasthearrowscorrespondto calculationof vecity.
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Figure3.10:Discretizationof thelongitudinaltrajectoryby the“leap-frog” method.

The accuracy of this algorithmdependsonly on the sizeof incrementô õ , andno otherap-
proximationsare introduced.To simplify processingandreducecalculationtime6, Ken Cran-
dall introducedanadditionalsimplificationinto this algorithm: theparaxialityhypothesis.This
hypothesisprovidesthat as the trajectoriesof the particlesarevirtually parallel to the axis of
referenceof thestructure,thetotal ö quantitycanbeequatedto ö8÷ andvice-versa:

ö·øúù öÅûüþý öÅûÿþý öÅû÷�� ø ö8÷ ����� ö8÷�� ö ü
	�� ö ÿ (3.33)

It is thereforenecessaryto replaceö8÷ and 
¦ö8÷���������� û by ö and 
¦ö���������� û respectively in equa-
tions(4.4)7 .
To evaluatethesequantities,theenergy gainis first calculated:� ������� û ø � ������� û ý�� 	! #" ÷$
�%&%(')+* � �  ô õ (3.34)

The transversecontribution to the total kinetic energy is thereforedisregarded.Using this
new value,a , over ô õ is calculated:, � ø.- ý � �/����� û ý � ������� û0 "!1 (3.35)

6It shouldberememberedthatthecodewaswritten in 1977,whencomputerswerefar lesspowerful!
7In fact,it is not 2$3 which is usedin PARMTEQM but 452$3 .. As 4 is closeto 6 , this is not a majorproblembut

neverthelessasourceof error.
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hence: 7 f ö�8 Ì k D'á�9;: <===> ? � ?� ?A@CB ÍOî5ï>ð�Då � � 9 (3.36)

and: f Ì :FE ? � ?Ý Ì 9 (3.37)

Thevaluescalculatedcanbeusedin equations(4.4). Theprocessis thereforerepeateduntil
thedesiredlongitudinalpositionis reached.Thesizeof increment

ß$G
is onetenthof the length

of thecell.

3.4 Imageeffects

To estimatethe effects of imagecharges, the programusesthe resultsof calculationderived
from simulationwith CHARGE3D. This codecanbeusedto calculatethesurfacedistribution
of chargeson a conductor[3], the imagecharge is calculatedby a beamrepresentedeitherby
a point charge (bunch)or by a highly chargedwire (continuousbeam)that is equivalent. The
numericalsolutionis projectedon abaseof cylindrical harmonics:H 7 ��IKJLI G 8 : ,NM j Um&¥n�G � 9 & ¿ �O G À 9 & ���QP 7 d � JQ8 @ 9mp n�G Um&¥n�G � p$R 9 & % 9 &TSVUXWVYZ\[^]`_&a P 7 U$b J58 _&a P!ScUXW GZ�[d]�e

(3.38)
where f is anormalizationconstantdefinedby:f : �5g\hZ (3.39)

for thewire and: f : �Qgih [Okj (3.40)

for thepoint charge. As thebeampassesfrom thecontinuousstateto themodulatedstatein
termsof densityalongtheRFQ,it is representedasbeingsuperimposedon a cylindrical beam
anda sphere,bothbeingevenly charged. Theproportionof this superimpositionis determined
by the two constantsl)� and l � which weight f .. Thesetwo quantitiesmustcomply with the
following relationship: l)� @ l � : ? (3.41)

To determinethem, it is necessaryto obtain a secondrelationship. The rms length of a
cylindrical beamof length

Z\[
is equivalent to

Z\[ ² U�m � .. The rms length, nG , of the bunch is
intermediatebetweenthatof asphereandacylinder, andis givenby:
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nG 9 : lXo
prq 9os @ l$t;p O 9t (3.42)

where q o : Z\[�u U is thehalf-lengthof thecylindrical beam,and
O t : m nv nw is thermsradius

of thesphere.By combiningexpressions(3.41)and(3.42),thefollowing is obtained:l$t : x Dyz|{ nG 9x Dyz}{ O 9t (3.43)

Oncethetwo constantshavebeencalculated,thetabulatedforcesdueto thecylinderandthe
spherecanbe weightedandappliedto the particles8.. The amplitudeof theseforcesis small.
To give anideaof proportion,for a beamwith a radiusequalto half theaveragegap,

O~j
, these

forcesrepresent3% of the spacecharge [8]. Whenthebeamis off theaxis,harmonicsof odd
ordersappear. Themethodneverthelessremainsidentical.

3.5 Spacechargeforces

3.5.1 Calculation of fields

(SCHEFFsub-program)

The spacecharge forcesareappliedto the particlesat eachcalculationincrement. These
forcesarecalculatedby interpolationin a 2D grid (r-z). This grid is calculatedwhenever the
synchronousparticle is at mid-cell, at which momentthe beamis virtually round. The charge
distributionreconstitutedfor this instantis discretizedin thegrid. Weightsareattributedfor each
ring. Onceeachstageis completed,thefieldsarecalculatedby summingthecontributionof each
ring of themeshthatproducesanexactly-known field. This lastcalculationis basedon tablesto
reducecalculationtime [8,9].

The advantageof this methodis that it is not necessaryto know the potentialat the grid
boundary, unlike in relaxationmethods.This however becomesa disadvantageif theaim is to
make allowancefor imageeffects.This methodcannotmake allowancefor interactionbetween
polegeometry(imposedpotential)andchargedistribution. Theuseof ameshwith symmetryof
revolutionsimplifiesprocessingandreducescalculationtime.

3.5.2 Reconstitutionof a bunch at mid-cell

This is the most difficult transformmadeby the code. To calculatethe spacecharge forces
cleanly, it is necessaryto know thepositionsof all theparticlesat a givenmoment.In a z code,
it is theabsolutephaseof theparticleis known atagivenplacein thelinac. Thesetwo situations
arevery different,particularlywhenthe beamhasa large phaseextension(low energy part of

8As thepolesareoutsidethebeam,thefieldsdueto theline andthepointaretruly equivalentto thefieldsof the
cylinderandsphererespectively (Gausstheorem).
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theRFQ).To beableto starttheprocessdescribedabove for calculationof thefields, thecode
usesa seriesof transformmatriceswhich only cover thequadrupolarterm. Thesematricescan
transportparticlesbetweenphasesat a 5* increment(z� t transform).Thereversematricesare
alsodeterminedfor returningto theinitial situationoncethefield calculationhasbeencompleted
in thegrid [8] (t � z transform).

3.6 Lossmanagement

3.6.1 Transverselosses

Thenaturalcriterionfor estimatingwhethera particleis lost or not is simply contactof thepar-
ticle with the poles. Allowancethereforeneedsto be madefor the geometryof the polesat
eachincrementon the trajectoryof eachparticle. To reducethe calculationtime andremove
theparticlesfrom thetermoutsidethecylinder usedastheintegrationdomainfor theharmonic
developments,thePARMTEQM codeappliesacompletelydifferentcriterion.For eachcalcula-
tion increment,thecodedetermineswhetherthetransversecoordinatesof theparticlearewithin
a squarewhosesize is twice the minimum gapfor the cell in question. Any particlesoutside
thesquareareconsideredto belost. This criterionreflectsthehypothesisthata particlewith an
amplitudesuchthatit is outsidethesquarecannotreturninsidethesquare.

3.6.2 Phaseoffsetparticles

At eachcalculationincrement,all theparticlesthereforehavethesameazimuthaldimensionand
it is theirphase� thatprovidesfor thelongitudinaldistributionof thebunch.Bunchingefficiency
is not ? g5g�� , andin thesimulation,anumberof macro-particlesarenotaccelerated.Theirphase
offsetscontinuallyincrease,until thewindow of width UXW centeredon thesynchronousphaseis
not largeenoughto containall theparticles.As thereis no practicalway of increasingthesize
of thewindow9, thetrick usedin PARMTEQM is to translatethephaseof theoffsetparticlesby� UXW :

��� @�� if theparticleis late��� { � if it is early(this canoccurat thestartof simulation,thedigital noiseassociatedwith
thespacechargeforcescanejecttheparticlesfrom thewindow).

Thisphasetranslationis basedon theradiofrequency beatperiod.

9Allowancewould thenhave to madefor neighboringbunches.
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3.7 Conclusionof chapter

This chaptershows thevarioussimplifiedhypothesesusedin thePARMTEQM code. In terms
of present-dayrequirementsfor high-currentRFQ projects,thesesimplificationscanraisethe
following questions:whaterrorscanthey causeand,if thereareany errors,whatis their relative
importancefor transmission,distribution of thebeamat theexit, andthe locationof losses?To
answerthesequestions,it is necessaryto have experimentalor theoreticalreferencematerial,or
to remove theapproximationfrom thePARMTEQM code,dependingon thecase.

The following chapterdescribesthe processof creationof a new transportcodewhich re-
ducesthe numberof working hypothesesandwill be usedasa referencefor a numberof the
comparativestudiesin Chapter5.
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Chapter 4

The TOUTATIS transport code

A high-powerlinearacceleratorcanonly operateif activationof thestructureremainsacceptable.
For thelow-energy stage,theRFQstructureis thepartmostsensitiveto particleloss,whichmust
bepredictedwith thegreatestpossibleaccuracy. TheTOUTATIS codewaswritten to meetthis
requirement,andreducesto a minimumthehypothesesandapproximationsfor thetransportof
intensebeamsin RFQs.Thischapterdescribesthenumericalmethodsusedto finalizethecode.

4.1 Algorithm for simulating transport in an RFQ

Thestrategy usedin theTOUTATIS codefor simulatingtransportis shown schematicallyin Fig-
ure4.1.. Theprocessbeginswith distribution of macro-particlesin 6D space(i.e. 3 for position
and3 for velocity). Thecentroidof thepositionsis calculatedto determinethelongitudinalpo-
sition of thebunchin theRFQ.All thegridsusedin thenumericalcalculationsarecenteredon
this azimuthalzone.Oncethepositionis determined,a mesherdiscretizesthegeometryof the
RFQpolesin thevicinity of thedistribution. This chargedistribution is discretizedin thesame
grid to allow for spacecharge and imageeffects. The discretizationof the chargesis carried
out by linear interpolationto neighboringnodes1.. During this stage,the vanesarepolarized
with allowancefor radiofrequency scalarpotentialamplitudeandtime. Oncethis grid prepara-
tion stageis completed,a processfor solving thePoissonequationis begun. Oncethis process
is completed,the forcesderived from the numericalsolutionareappliedto the particlesusing
a leap-frogapproach.The processthenentersa loop until the desiredlongitudinalposition is
reached.

This sectionoutlinesthe transportalgorithm usedin TOUTATIS. The following sections
cover thedifferentstagesin greaterdetail.

1This typeof discretizationis referredto ascloudin cell.

51
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Figure4.1: Algorithm usedin TOUTATIS.
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4.2 Movementequation integration

TOUTATIS is basedon incrementalintegrationof movement,the integrationbeingsomewhat
morecomplex thanthatof PARMTEQM. Anotherdifferenceis that the independentparameter
is time,andit is thereforereferredto asat code.Thechoiceof timeastheindependentparameter
in TOUTATIS is astraightforwardone.It is evenunavoidableif theaimis to accuratelycalculate
theself-consistentforcesof thebeamin a simplemanner(i.e. spacechargeandimageeffects).
It is to benotedthattheRussianLIDOS codeis alsotime-based,but usesa leap-frogapproach.

Beamemittanceis directly proportionalto the Jacobianof the transform. To ensurethat
the integration systemdoesnot result in spuriousvariation of emittance,the Jacobianof the
transformmustbeequalto 1. In detail,accordingto thebasicprinciplesof dynamics:� {� ��5�C���k� {� � (4.1)

where {� � is thequantityof movementof theparticleand
{� �

theresidualelectricfield,while �
is thechargestateand � is theelementarycharge.Allowing for restrictedrelativity, theequation
canbewrittenasfollows: � ��� {� Z ��5� � �k�#�� j {� � (4.2)

with
� j

, the energy of massat rest and � the speedof light. To discretizethis equation,
infinitesimalvariationin quantity � {� Z is considered,giving:� ��� {� Z � � �k�#�� j {� � � � (4.3)

It is now possibleto write theexpressionsnecessaryfor integrationof incrementalmovement
[1]: ������������� ������������

v������ � v������ Z�� � � � � � �F L¡ o£¢¤¦¥/§L¨ � � � {©{ �ª¬« � �®­�¯ ¢°wX����� � wX�±�²��³�´ � � � � � �  L¡ o ¢¤¦¥�§±¨ � ´�� {©{ �ªµ« � � ­£¯ ¢°¶������ � ¶������£³�· � � � � � �  ±¡ o ¢¤¦¥¸§L¨ � ·X� {©{ �ªµ« � � ­£¯ ¢°���¹³ � � ����� � ���¹³ � � �±� ­�¯°  ±¡ o§±¨»º � � � {�{ �ªµ« � � � � � � {�{ �ª¬« ����� ��¼���¹³�´ � ����� � ���¹³�´ � �±� ­�¯°  L¡ o§L¨ º � ´�� {�{ �ªµ« � � � � ´�� {�{ �ªµ« ����� � ¼����³�· � ����� � ���¹³�· � �±� ­£¯°  ±¡ o§±¨»º � ´Q� {�{ �ªµ« � � � � ´Q� {�{ �ªµ« ����� ��¼
(4.4)

in which factor �½� aloneis necessaryto isolatethevelocities,obtainedwith theexpression:�½� �F¾ ¿ �²À¸���¹³ � � ��Á ° �²À����¹³�´ � ��Á ° ��À/���¹³�· � ��Á ° (4.5)

Thissysteminvolvesstoringthefieldsexperiencedby theparticleat incrementÂ soasto beable
to calculatethevelocitiesat incrementÂ � ¿ .. Increment

� �
is typically equalto onetwentiethof
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theradiofrequency period.Let uscheckthattheJacobianof thetransformis effectively equalto
1: Ã �ÅÄÄÄÄÄ

Æ©Ç ¥ÉÈ�ÊÆKÇ ¥ ÆKÇ ¥ÉÈ5ÊÆ©Ë ¥ÆKË ¥ÌÈ5ÊÆKÇ ¥ ÆKË ¥ÉÈ�ÊÆ©Ë ¥ ÄÄÄÄÄ (4.6)

where Í � vcÎ(w�ÎK¶ and Ï � �¹³ � Î(�¹³�´XÎ(�¹³�· .. As the forcedependsonly on position(electric
field), thefollowing is obtained:ÆKÇ ¥ÉÈ�ÊÆ©Ç ¥ � ¿ �  L¡ o£¢¤¦¥/§L¨ ­�¯ ¢° Æ §LÐÒÑ {�{ �ª¬« ¥/ÓÆKÇ ¥ÆKÇ ¥ÉÈ�ÊÆKË ¥ � o ­�¯¤¦¥ÆKË ¥ÌÈ5ÊÆ©Ç ¥ � ­�¯°  ±¡¤¦¥�§±¨ÕÔ Æ § Ð Ñ {©{ �ª¬« ¥¸ÓÆKÇ ¥ � Æ § Ð Ñ {©{ �ªµ« ¥ÌÈ5Ê�ÓÆ©Ç ¥ Ö ¿ � ­�¯ ¢°  ±¡ o¤¦¥¸§L¨ Æ § Ð Ñ {�{ �ªµ« ¥¸ÓÆKÇ ¥ ×cØÆKË ¥ÌÈ5ÊÆKË ¥ � ¿ � ­£¯ ¢°  ±¡ o¤¦¥¸§±¨ Æ §LÐÒÑ {©{ �ª¬« ¥ÉÈ�Ê�ÓÆKÇ ¥ (4.7)

By substitutioninto (5.23),thecalculationof

Ã
gives:Ã � Ö ¿ �  ±¡ o£¢¤¦¥¸§±¨ ­£¯ ¢° Æ §±ÐÒÑ {&{ �ªµ« ¥/ÓÆKÇ ¥ × p Ö ¿ � ­�¯ ¢°  ±¡ o¤¦¥¸§±¨ Æ §LÐÒÑ {�{ �ª¬« ¥ÌÈ5Ê�ÓÆKÇ ¥ ×{ o ­£¯ ¢°  ±¡¤ ¢¥ §±¨ Ô Æ §±ÐÒÑ {&{ �ªµ« ¥/ÓÆKÇ ¥ � Æ §LÐÒÑ {�{ �ª¬« ¥ÌÈ5Ê�ÓÆKÇ ¥ Ö ¿ � ­�¯ ¢°  ±¡ o¤¦¥/§L¨ Æ §LÐ�Ñ {�{ �ª¬« ¥/ÓÆKÇ ¥ ×VØ

� ¿
(4.8)

Therefore,this algorithmdoesindeedconserve emittancein the phasespaceat eachincre-
mentof lineartransport.

4.3 Calculation of electrical potential

Controlof particlelossesnecessitatesaccuratedeterminationof theelectricalfields.Asdiscussed
in Chapter2, thePoissonequationneedsto beconsidered:ÙÛÚ � {�ÝÜ � �ßÞ � {�ÝÜ � (4.9)

where
Ú �à{� Ü � is theelectricalpotentialand Þ �á{� Ü � is thechargedensityperunit volume[1]..

Thespecialshapeof thepolesandthemultipleconfigurationsof Þ � {��Ü � preventtheuseof analyt-
ical solutionsof equation(4.9) (discontinuitiesof poles[2, 3], beamenvelopecorrespondingto
modulation[4], etc.).Numericalsolutionof equation(4.9) remainstheonly realisticalternative
andpresent-dayprogressin computersystemsnow makesit a possibility for RFQs. In the fol-
lowing sections,themethodsusedfor solving thePoissonequationin theTOUTATIS codeare
reviewed.
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4.3.1 The finite differ encesmethod

To situatetheproblem,let usassumethattheusefulzoneis coveredwith anetof cubicmeshesof
side â andthattheelectricalpotentialis known ata few pointsin thenet(i.e. theelectrodes).As
thepotentialsoughtcorrespondsto equation(4.9),we canseethat thevalue

Ú � of thepotential
at node Â is equalto a linear combinationof the valuesof the neighboringnodes. Value

Ú ÑÌã&Ó
obtainedat a point in thediscreteproblemfor a certainvalueof â , differs from theexactvalue
of
Ú

of theknown problem,but theerror:ä ã � Ú { Ú ÑÌã&Ó (4.10)

tendsto zero when âå� æ [5].. It is thereforepossibleto get as closeto the exact valueas
is desired. The finite differencesmethodis the easiestto implementandthe mostgeneral. It
providesa resultin every case.Thesectioncontainsa detaileddescriptionof themainissuesin
implementingthemethod.

4.3.1.1 Developments

In thevicinity of a coordinatepoint ��vèç#ÎéwQç&ÎK¶Òç � , a regular functionandits derivativescanbede-
velopedasaTaylorseriesof thefollowing type:

Ú ��vcÎéw�Îé¶ � � Ú ç��ëêì$í êì¸î êì�ïñð í î\ï ��v { vèç � í �£w { wQç � î �£¶ { ¶Òç � ï (4.11)

where
Ú ç � Ú ��vèç#Î(wQçÒÎK¶Òç � .. If the developmentis limited to ò termsandif it is true for ò

pointscloseto ��vèç#ÎéwQç�ÎK¶Òç � , the resultis a systemof ò linearequationsfor determiningthe
ð í î\ï

coefficientsasa function of � Ú � { Ú ç ��ó¸ó¸ó � Ú�ô { Ú ç � .. The
ð í îiï

arepartial derivativesof
Ú

in��vèç#Î(wQçÒÎK¶Òç � 2.. If this function correspondsto a partial derivative equation,this equationcanbe
transformedinto arelationshiplinking

Ú ç and
Ú � , Ú ° , ...

Úõô
.. Here,thepartialderivativeequation

is thePoissonequation.

2Note: If f(x) canbedevelopedasaTaylor series,this functioncorrespondsto:ö�÷¸øQù¹úüûìý©þ�ÿ�� ý ø ý
where: � ý ú ö�� ý�� ÷��&ù�
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4.3.1.2 Secondorder approximation

Whenseries(4.11)is limited to thesecondorder,
Ú ��vcÎéw¹ÎK¶ � canbewrittenasfollows:Ú ��vcÎéw¹ÎK¶ � � Ú ç\�²��v { vèç � Æ��Æ � ÄÄÄ ç ���£w { w$ç � Æ��Æ ´ ÄÄÄ ç �²�£¶ { ¶Òç � Æ��Æ · ÄÄÄ ç� �° ��v { vèç � ° Æ ¢ �Æ � ¢ ÄÄÄ ç � �° �£w { w$ç � ° Æ ¢ �Æ ´ ¢ ÄÄÄ ç � �° ��¶ { ¶Òç � ° Æ ¢ �Æ · ¢ ÄÄÄ ç� ��v { vèç � ��w { w$ç � Æ ¢ �Æ � Æ ´ ÄÄÄ ç ����v { vèç � �£¶ { ¶Òç � Æ ¢ �Æ � Æ · ÄÄÄ ç �²�£¶ { ¶Òç � �£w { wQç � Æ ¢ �Æ ´ Æ · ÄÄÄ ç(4.12)

By writing that(4.12)issatisfiedat � pointscloseto ��vèç#Îéw$çÒÎK¶Òç � , asystemof � linearequations
is obtained.Thiscanbeusedto determinethederivatives:
 ° Ú
 v ° ÄÄÄÄÄ ç��


 ° Ú
 w ° ÄÄÄÄÄ ç��

 ° Ú
 ¶ ° ÄÄÄÄÄ ç (4.13)

at point ��vèç#Îéw$çÒÎK¶Òç � .. It is thennecessaryto determinetheseformulasfor the caseswhere
the referencepoint is “distant from” or “close to” the surfaceof the conductor. This surface
constitutesa boundaryof theDirichlet type(normalfield). Wewill discussthetwo-dimensional
caseonly to avoid unnecessarilycomplicatingtheexpressions.Thefinite differencesequations
for thethree-dimensionalcaseareobtainedin thesamemanner.

4.3.1.3 Application to normal branchesfor internal nodes

Normalbranchescorrespondto caseswheretheneighboringpointsareat equaldistancesfrom
thereferencepoint (Figure4.2). By writing (4.12)at points1, 2, 3 and4, thefollowing relation-
shipsareobtained: ���� ��� â ° Æ ¢ �Æ � ¢ ÄÄÄ ç � Ú � � Ú z {�� Ú çâ ° Æ ¢ �Æ ´ ¢ ÄÄÄ ç � Ú ° � Ú�� {�� Ú ç (4.14)

If
Ú

complieswith equation(4.9), thesecondorderapproximation,nesting(4.9)and(4.14),
gives: � Ú ç � Ú �V� Ú ° � Ú z � Ú�� { â ° Þ ç (4.15)

which is effectively the relationshipsought. Þ ç is the sourceterm at point æ .. This value
resultsfrom discretizationof the chargesin thegrid. This relationshipis appliedto eachnode
of thenetby successive iterations.During eachiteration,asthenew valuesarecalculated,they
areusedfor calculatingthefollowing nodes,in accordancewith theGauss-Seidelmethod3.. The
following sectionrelatesto nodesat adistancelessthan â from thesurfaceof theconductor.

3Unlike the Jacobimethod,wherethe recalculatedvaluesarereusedat the next iteration. The convergenceis
thenlessrapidandtwice asmuchmemoryhasto besetaside.
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Figure4.2: Geometricalconfigurationwith normalbranches.

4.3.1.4 Application to unequalbrancheswith internal modes

Whenthe nodein questionis at a distancelessthan â from the surfaceof the conductor, it is
necessaryto allow for theactualdistancebetweenit andthenodein orderto avoid “steps”in the
geometricalrepresentationof the conductor4.. Consideringexpression(4.12),at points1, 2, 3
and4 of Figure4.3,thefollowing is obtained:���� ����� ã Ê � ã��° � Æ ¢ �Æ � ¢ ÄÄÄ ç � �ã Ê � Ú � { Ú ç � � �ã � � Ú z { Ú ç �� ã ¢ � ã��° � Æ ¢ �Æ ´ ¢ ÄÄÄ ç � �ã ¢ � Ú ° { Ú ç � � �ã � � Ú�� { Ú ç � (4.16)

By substitutingtheseexpressionsinto (4.9),thePoissonequationis obtained,in thefollowing
form: � ¿â � â z � ¿â ° â ��� Ú ç � ¿� â �c� â z � � Ú �â � � Ú zâ z"! � ¿� â ° � â � �#� Ú °â ° � Ú��â � ! { ¿� Þ ç (4.17)

This is theunequalbranchequationsought.Theexpressionis extremelypracticalwhenthe
dimensionsof the grid differ with direction. In the presentcase,the longitudinal and trans-
versedimensions,whicharefunctionsof ³%$ andtheaveragegaprespectively, caneffectively be
very different( ³ is the relativistic velocity of the synchronousparticleand $ the lengthof the
radiofrequency wave). Thispoint is coveredin detail in Section4.3.2.1..

4Theanalystis thenforcedto considerablyincreasenodedensityto properlyrepresenttheconductor.
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Figure4.3: Diagramillustratingtheunequalbranchcase.

4.3.1.5 Grid boundary conditions

4.3.1.5.1 Transverseplane
Whenthe nodesat the edgeof the net areat a distancegreaterthan â from any conductor

asmeasuredfrom the centerof the grid towardsthe edge,we imposethat theflux throughthe
boundaryis null (Neumanncondition).Flux

{� �
is givenby thefollowing relationship:{� � � { {� & Ú (4.18)

A Neumannconditionon a horizontalsurfacethereforesignifiesthat
� ´ � æ .. This approxima-

tion is acceptableaslong asthetrueflux existing at theboundarydoesnot affect thesolutionin
the usefulzone. In practice,this Neumannconditionis appliedby imposingthat

Ú ° � Ú ç in
(4.14)with � , ahypotheticalpoint,at adistanceof â outsidethemesh(Figure4.4).

4.3.1.5.2 Longitudinal plane
Two casesarise:� thegrid is in a partof theRFQstructurethatcanbeequatedto a channelmesh,thefront

andrearsidesof themesharethusidentical(toroidalmeshof squarecross-section).This
conditionmakesit possibleto includetheeffectof adjacentbunches.� thegrid is eitherat theendof thestructure,or in azonewherethereis adiscontinuityin the
poles(i.e. radiofrequency couplinggap),andaNeumannconditionis imposedon thetwo
surfaces.It hasalsobeenverifiedthatthedisturbancecausedby theNeumannconditionis
negligible relative to thatcausedby thegapitself.
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Ú ° � Ú ç in (4.14).

The fundamentalprinciplesof the finite differencesmethodhaving beenestablished,it is now
necessaryto createthegrid thatwill beusedasabasisfor therelationshipsdescribedabove.

4.3.2 Strategy for automatic creationof grids with conductor

4.3.2.1 Sizingof grid

4.3.2.1.1 Transversesize
In theprevioussection,thechoiceof thetransversesizeof themeshresultsfrom a compro-

misebetweenkeepingthenumberof nodesto a minimum(memoryuseandcalculationspeed)
andthe quality of the solutionin the usefulzone. The compromiseis setat twice the average
radius( ' ç ), thehalf-sizeof thegrid in TOUTATIS.

4.3.2.1.2 Longitudinal size
Thelengthof thegrid is setat ³%$ .. Thischoiceappearsto bethemostappropriatein view of

thequasi-periodicityof thebeamandthestructure.However, this choicecanresultin problems
whenthebunchis well formed.Very few nodeswill thenremainfor representingmacro-particle
distribution (Figure6.11). Onesolutionis to increasethenumberof nodes[6].. However, this
methodresultsin greatlyincreasedcalculationtime andresultsin a finer meshin areaswhere
this is unnecessary. It will beseenthat it is advantageousto increasethedensityof themeshon
thebunch.
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Figure4.5: Bunchof particlesatendof RFQ

4.3.2.2 Discretization of vanegeometry

4.3.2.2.1 Assigningparametersto conductor surface
The conductorsurfaceis analyticallydescribedby an equationof the (*),+�-/.0-21436587 type.

Thelongitudinalprofileof theendof thevaneis takento besinusoidal,sothattheaverageradius
of thecell is givenby: 9;: )<1 :>=@?%ABC3D5FE =HGI J (4.19)

where1 : is thepositionof thestartof theRFQcell. For acell, thelongitudinalprofile is obtained
by applyingthefollowing expression:KL M 9�N )<143O5 9�: )P143RQ E =TSVU
WS>X"WZY\[�]_^a`cbdfe )<1hgi1 : 3kjcl9;m )<1�3n5 9�: )P143 Q E g SDU
WSpo"W Yq[r]_^ `cbdqe )<1hgi1 : 3kj l (4.20)

where

9�N )<1�3 and

9sm )P143 are the profiles for the horizontaland vertical polesrespectively.
Function

9�: )P143 is a linear interpolationbetweenthe valuesof the averageradii of successive
cells. Theseaverageradii have valueswhich arevery similar but interpolationis necessaryto
allow variationof theparameteralongthestructurewhile maintainingcontinuity of theprofile
of thepole.

The transversesectionof eachpole in theusefulzoneis mostly circular (Figure4.6). This
makesthemmucheasierto machine.The circular part is thenextendedby a flat sectionat an
angleto vertical,thebreakout angle.This anglecanvary asa functionof coolingor any other
mechanicalconsideration(it is typically 10*).
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Figure4.6: Photographof RFQtransversesection.

Theratiobetweentheaverageradius' ç andthepoleradiusof curvatureÞ is generallymain-
tainedconstantalongthestructure.This ratio is closeto æ óut4v andvarieswith RFQs.Thevalue
resultsfrom acompromiseto minimizenon-linearityandpeakfield amplitude:Þ' ç � æ ówt4v (4.21)

This relationshipdeterminesthevariationin Þ asa functionof ¶ via ' çX�£¶ � ..
4.3.2.2.2 Finding conductor/grid intersections

The principle consistsin scanningaxesof reference(Ox), (Oy) and(Oz) anddetermining
the nodeclosestto the surfacebut outsidethe conductor. Let us considerFigure4.7 for scan-
ning along (Ox) and(Oz). The point soughtis point æ .. Its indices � Â Îyx5Î ò � are given by the
relationships: ������ ����� Â � � ¨ �0z{ãx � � �k| Ñ � ¨~} · ¨�Ó �0z{ã �ò � · ¨ �>�2�¢ã�� (4.22)

where
� À Á is the integerpartoperator, â is thetransversepitch of themesh,â · is the longi-

tudinalpitch of themesh,
z�

is themaximumtransverseextentof themesh,and � is a function
derivedfrom theconductorsurfaceequationgiving y asa functionof x andz. To applythefor-
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Figure4.7: Caseof finding nodesin thevicinity of conductors.

mulasdrawn up for unequalbranches,it is necessaryto determinetheexactdistance�"� (Figure
4.7)betweenthemetalandthenode,usingtherelationship:�"�����p�����f�2�f���R���������� � (4.23)

Whenscanningin direction(Oy) or (Oz), thesamemethodcanbeapplied,takingcareto usethe
correctfunctionsderivedfrom �*�,���/�0�2�4� ..
4.3.2.3 Labeling of nodes

Four quantitiesareassignedto eachnodeof thegrid: electricalpotential � , chargedensityper
unit volume � , residue �� andidentifier   .. � and � areconventionalphysicalquantitiesat the
point representedby the node. Quantity �� correspondsto the error remainingafter successive
iterationsduringresolutionof (4.9). Theresidueafter the ith iterationat node ¡ is givenby the
relationship: ¢�4�£�¤�4� �¦¥4�§� � �¨� � ��© � ��ª � ��«� © (4.24)

in accordancewith (4.15).Thisquantityis requiredfor applicationof multigrid methodsand
for evaluationof convergence.Thispoint is coveredin detailbelow.

Identifier   is usedto indicatethe type of node.   is equalto
�¨¬

if the nodeis insidethe
conductor, potentialbeingimposed.  is equalto ¡ for anodewith normalbranches.Finally   is
apositiveintegerfor anodewith unequalbranches(4.17).Thevalueof   thennumbersthenode
for accessto thetablescompilingthevaluesof type �"� in accordancewith Section4.3.2.2.2..
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Thenodelabelingstageconsistsof threephases.First of all, all nodeshave labelsinitialized
at ­ .. During theconductor/gridintersectionsearchphase,considerationis givento thelabelsof
thenodeswith unequalbranches.Finally, thenodesinsidetheconductorarelabeled ®#¯ .. Once
labelingof thenodesis completed,iterationaspertheproceduresdescribedin Section4.3.1can
commence.

4.3.3 Multigrid methods

Applicationof theGauss-Seidelmethod,asdescribedin the initial sections,canprovide a pre-
cisedescriptionof the electricalpotentialin the usefulzoneof the RFQ.However, calculation
time rapidly becomesprohibitive. For instance,a numberof daysof calculationmay be nec-
essaryto describethestructureof anRFQ5.. In anerrorstudyinvolving variationof numerous
parameters(beamat entrance,misalignmentetc.), the useof a codebasedon this methodob-
viously requiresaccelerationof convergenceby all possiblemeans.The needfor accelerating
convergenceis not specificto beamtransportcodes,it haslong beena basicrequirementof all
numericalcalculationsby relaxation.

Frankel andYounghavecontributedwith amathematicalstudyof theproblemfor thesimple
caseof a grid without anencapsulatedconductor[5].. They proposemultiplying thecorrection
madeto ° by eachiteration at a constant± , referredto as the numericalaccelerator.. This
methodmakesit possibleto reducethenumberof iterationsby afactorof ²�­ or more,depending
on thenumberof nodesinvolved.Factor ± is calculatedanalyticallyasa functionof thedimen-
sions ³µ´i¶·´C¸·´º¹»¹�¹ of the grid in eachdirection[5].. Whena specialconductorgeometry
is encapsulatedin thegrid, ± canno longerbecalculatedanalytically. Empiricaldetermination
remainspossiblebut canbedifficult andtime-consumingin termsof calculationtime whendif-
ferentgeometriesneedto beconsidered.In suchcases,thebestmethoduntil theseventieswas
Chebyshev acceleration[6].. This methodsusestheresidualof thesuccessive iterationsto cal-
culateasuitableaccelerator[7], makingit possibleto achieveperformancecomparableto thatof
theFrankel-Youngmethod.

Since the seventies,multigrid methods,introducedby Brandt, have becomeunavoidable
for convergenceacceleration[7].. They areusedby numerouslaboratoriesandorganizations
[8, 9, 10].. However, thereis not onemultigrid methodbut many, andit is up to theanalystto
adaptthebasicconceptsof thesemethodsto theproblemin hand.

4.3.3.1 Basicconcepts

Therearetwo key conceptsin multigrid methods.Thefirst is seekingto evaluateerror in ° by
successive iterationsratherthancorrecting° by small increments.Thesearchfor error is made
by relaxation.Thesecondconceptis achieving relaxationnot in ameshof thesametypebut in a
coarserof mesh(largerelements).Error evaluationis far quicker, if not virtually instantaneous.
To go into details,let usconsiderthatit is requiredto solve theequation:

5For a N ¼ meshwhereN= ½q¾ , with a 600-cellstructurecalculatedusinganHP-J282workstation.
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where
¿

is a linearoperatorand Á representsthesources.By discretizing(4.25)in auniform
grid with a pitchof Ã , theproblemis reducedto asetof equationsof thefollowing type:¿6Ä ° Ä ÀÅÁ Ä (4.26)

During the first iteration,using the Gauss-Seidelmethod6, an approximationof ° Ä is ob-
tained.Notethe Æ° Ä .. Theerrorthenequatesto:Ç Ä ÀÈ° Ä ®ÉÆ° Ä (4.27)

Theresidual,or deficit relative to thesources,is:Ê\Ä À ¿6Ä Æ° Ä ®iÁ Ä (4.28)

As
¿ËÄ

is linear, theerrorsatisfiestheequation:¿ËÄ Ç Ä ÀT® Ê�Ä (4.29)

Theproblemthereforeconsistsin finding
Ç Ä

(i.e. theerror) in orderto correct Æ° Ä andthus
obtain ° Ä .. Using

¿6Ä
would not resultin any calculationtime beinggained.It is preferableto

useacoarsergrid with apitchof Ì8À�ÍrÃ .. Equation(4.29)thenbecomes:¿ËÎ Ç Î À@® ÊqÎ (4.30)

As
¿ËÎ

containslessnodesthan
¿ËÄ

( Ï times lessin the three-dimensionalcase),(4.30) is
quicker to solve. For determining

Ç Î
, it is necessaryto obtain

ÊqÎ
via a new operatorreferredto

asa restrictor: ÊqÎ ÀÅÐ Ê\Ä (4.31)

This operatoris alsoreferredto asaninjectionoperator. It makesit possibleto switchfrom
a fine grid to a coarsegrid. Once

Ç Î
is calculated,it is alsonecessaryto have an additional

operatormakingit possibleto obtain
Ç Ä

: Ç Ä ÀÉÑ Ç Î (4.32)

This operatoris alsoreferredto asan extender.. It usesinterpolationsin thecoarsegrid to
calculatethecorrespondingvaluesin thefine grid. Therestrictorandextenderoperatorsenable
communicationbetweenthetwo levels.They havenoseparateexistence,andmustbegenerated
for theproblemin hand.

6it is, in fact,preferableto carryoutat leastthree.
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Figure4.8: A V-shapedcycle .

Finally, all thatnow remainsis to correct ° Ä :Æ°�ÒÔÓ"ÕÄ À·Æ° ÒÄ×Ö Ç Ä (4.33)

Theproceduremustberepeatedto obtainthedesireddegreeof convergence.Theapproach
canbecombinedat a numberof levels. Eachgrid, of increasingcoarseness,is usedto estimate
the error of the next one. The combinationsor cyclesaremultiple. The analysthasto testa
numberof typesof cyclesto obtainanoptimizedalgorithm.

Anothertrick for acceleratingconvergenceconsistsin storingthe solutionsobtainedfor an
RF period. Thesecanthereforebeusedasa preliminarysolutionfor calculatingthe following
period.Thenumberof cyclesnecessaryis thusreducedby a factorof approximatelyØ .. Details
aregivenof someof thecommonestcycles,suchasthatusedin theTOUTATIS code.

4.3.3.2 Main cycles

4.3.3.2.1 V-shapedcycle
Figure4.8showstheprincipleof theV-shapedcycle. ThestagesmarkedGSarewherethree

Gauss-Seideltype iterationsaremade.R representsa restrictionandP anextension.V-shaped
cyclescanbecarriedout in successionto obtainthedesiredreductionin theresidualin thefinest
grid.

4.3.3.2.2 W-shapedcycle
Theprincipleof this typeof cycle is shown in Figure4.9.. In somecases,it canbeusedto

obtainthesolutionwith a minimumnumberof iterationson thefinestgrid, whenit becomesa
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Figure4.9: A W-shapedcycle.

usefulalternative to theconventionalV-shapedcycle.

4.3.3.2.3 Total cycle(Full Algorithm Multigrid)
Anotherwayof minimizing thenumberof transitionsto finergrids7, is thetotal cyclewhich,

in many cases,is themosteffectivewayof usingthebasicconceptsgivenin Section4.3.3.1..Up
to now, an intermediatesolutionon thefinestgrid wasusedasthestartingpoint, andtheerror
wasestimatedon grids of increasingcoarsenessin succession.In the full algorithmmultigrid
system,thetermsof sourcesÁ areknown atall levels.Either Á hasbeendiscretizedoneachgrid,
or Á Ä hasbeenrestrictedin sequence.Theprocessthenbeginsat the lowestlevel (Figures4.10
and4.11).Thenthesolutionis extendedto theupperlevel. Thelatteris calculatedby aV-shaped
cycle,andsoonuntil thefinal level is reached.

4.3.3.2.4 The cycleusedin TOUTATIS
The cycle is a combinationof the precedingones. It usesthe principle of the total cycle

without having to know the sourcesat all the levels. This makescalculationtime Ír­ to ²�­ %
shorterthanwith V- andW-shapedcycles,with thecode.It is shown in Figure4.12..

4.3.3.2.5 Restriction and extensionoperators
Theseoperators,whichareusedfor communicationbetweenlevels,areextremelyimportant.

The effectivenessof the multigrid processdependsdirectly on their quality. In the caseof a

7requiringlongercalculationtime.
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Figure4.13:Configurationwith ÃÚÙ�ÛºÃ ..
grid without encapsulatedconductors,the potential is continuousinside the domainwith the
resultthatthemostcommonlyusedextenderis straightforwardlinearinterpolationwith constant
coefficients. In otherwords,thevaluesat thecommonpointsof thetwo gridsareretained.For
the intermediatepointsof the fine grid, the valuesareaveragescalculatedusingnearbypoints
that have alreadybeeninitialized. For restriction,the valuesat the commonpointsof the two
gridsareretained.This is referredto asdirectinjection..

Whenthe discontinuitiesin potentialmake the useof unequalbranchesnecessary, the ex-
tenderinterpolationcoefficientsmustbedifferent,dependingon thenodein question.In TOU-
TATIS, thecorrectionvaluesareweightedwith allowancefor the actualdistancesbetweenthe
nodewith unequalbranchesandthediscontinuity. Thecloserthenodeto theconductingsurface,
thesmallertheerror.

In Figure4.13,node2 is on the conductorin a transverseplanecommonto thecoarseand
fine grids. It is desiredto calculateerror

ÇfÜ
on node0, knowing errors

Ç ÕyÝ Þ~Ý ß at nodes1, 3 and4,
theerrorat node2 beingnil (imposedpotential).Thevaluesfor 1 and3 areobtainedby direct
injectionof thecoarsegrid. Thevaluefor node4 is obtainedby calculatingtheaverageof the
errorsobtainedby direct injectionof thenodesneighboring4 andat a distanceof à Í�Ã , suchas
nodes1 and3. Theerroronnode0 is obtainedwith thefollowing expression:ÇfÜ À8áÍãâ áÍ6ä Ç Õ Ö Ç Þ�å Ö ÃÚÙÃÚÙ Ö Ã Ç ßçæ (4.34)

If node3 is alsoon theconductorat a distanceÃ Þ Û@Ã from node0, expression(4.34)then
becomes:



70 CHAPTER4. THE TOUTATIS TRANSPORT CODE

11

11

0000
00 00

00

00
00

00

00

00
00

00

00

00

00
00

00

00

00

00

00
00

00 00
00

00

Figure4.14:Representationof directinjectionfor restrictionasa matrix. Thecentralnodeis an
elementof thecoarsegrid. All thenodesareelementsof thefinegrid.

ÇfÜ À áÍèâ Ã ÞÃ Þ Ö Ã Ç Õ Ö ÃÚÙÃ
Ù Ö Ã Ç ßçæ (4.35)

All thenodesontheplanecanthusbecalculated.Theintermediateplanesof thefinegrid are
finally obtainedby simply interpolatingbetweentwo planesconstitutedby themethoddescribed
above.

It is this algorithmthat TOUTATIS usesfor the cycle shown in Section4.3.3.2.4..Section
4.3.5describesin detaila refinementusingasecondgrid giving abetterdescriptionof thecharge
distribution. Thesecondgrid, which hasno encapsulatedconductor, is calculatedby meansof
a V-shapedcycle (Section4.3.3.2.1).For this cycle, theextenderusesthesameprinciples.The
relationshipsof the(4.34)and(4.35)typesaresimplifiedasthereis nodiscontinuityof potential
in thegrid. For therestrictor, thereis amoreeffectiveoperatorthanthedirectinjectiondescribed
in the literature[7].. To representit, matrix formalismis used. Having threedimensions,the
matrix is ²é´ê²é´ë² .. To understandthebasicidea,thedirectinjectionusedin thecycle (Section
4.3.3.2.4)is schematicallyshown in Figure4.14.. The restrictorusedin the V-shapedcycle is
shown in Figure4.15..

When appliedin the vicinity of the commonnode, this matrix gives the samedegreeof
convergencewith a smallernumberof cycles. It is to be notedthat,unlike the cycle restrictor
(Section4.3.3.2.4),this oneinvolvesthe neighboringnodesof the fine grid. Cycle restriction
(Section4.3.3.2.4)couldprobablybeimprovedby creatingmatricesof morecomplex functions
of valuesÃ Ò ÛìÃ .. This remainsto bedone.
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Figure4.15:Representationof V-shapedcycle restrictorin matrix form.

4.3.4 Convergence

Theprecedingsectionsindicateon numerousoccasionsthat the relaxationprocessmustbe re-
peateduntil adequatereductionof theresidualis obtained.This implieslayingdown oneor more
criteriafor estimatingthequalityof thesolutionobtainedaftereachcycle. It is alsonecessaryto
testconvergenceof theprocessduringrelaxationto ensurethatthenumericalsystemis robust.

4.3.4.1 Estimation of convergence

In multigrid cycles, the geometryof the RFQ must be discretizedon all the grids, from the
finest to the coarsest. The quality of the extensionand/or restrictionoperatorscan result in
unsatisfactorytransferof databetweenthe levels. This becomesparticularlycritical whenthe
geometryof thestructurebecomescomplex (endwith plateandcouplinggap).The“low” levels
of the multigrid cyclescanbe too coarseor poorly initialized to obtaina goodestimateof the
error of the upperlevel. It is thereforerequiredto withdraw the level from the cycle to avoid
compromisingthe quality of calculation,even if this meansreducingthe effectivenessof the
method. It is then necessaryto definea quantity which can be usedas an “anti-divergence
alarm”.. In theTOUTATIS code,thenormof theresidualis usedfor this purpose:í ÀÅî Ê Ù (4.36)

which is thesumof thesquareof theresidualof eachnodein thenet. This quantityshould
diminish if theprocessconverges. Otherwise,the coarsestgrid is withdrawn from the cycle at
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theexpenseof finally relaxingonly thefinestmesh.

4.3.4.2 Quality criterion

Whenthenormof theresidual,
í

, diminishes,it is necessaryto introduceanothercriterionused
for determiningwhetherthe“solution” hasbeenfound.Theword“solution” is in quotesbecause
thetruesolutionis only reachedwhen Ãëï ­ , which, of course,cannotbeachievedin practice
(i.e.

í À@­ ). In somecomputercodesusinga multigrid cycle, theauthorsseta maximumvalue
for
í

.. This is basedon the assumptionthat it includesa safetymargin for a relatively wide
rangeof cases8.. This margin canthereforebepenalizingin termsof calculationtime. Another
moredynamiccriterion is applicationof the Laplacianoperatorafter eachcycle andstopping
the calculationwhenthe numberof particlesfoundcorrespondsto that imposedfor eachnode
within tolerancelimits. Giventhattheinitial distributionof chargeis itself affectedby errordue
to firing ( ³Èð à ³ ), thetolerancelimit to beappliedis easyto determine.It is simplyamatterof
allowing thesameerrorat eachnode.Thecalculationis stoppedat cycle j when,for eachnode,
i: ³ Ò ®ìñ ³ Òóò ³õôÒ ò ³ Ò Ö ñ ³ Ò (4.37)

In nodeswherethenumberof macro-particlesis small,theapproximationremainsacceptable
(oneparticlemoreor oneparticlelessfor nodeswith none,for instance).

4.3.5 Adaptivemeshing

Whenthebunchesof particleshave a small longitudinalextensionrelative to ö%÷ , resolutionof
thegrid, for describingdistribution,becomespoor(seeSection4.3.2.1.2).This degradationcan
alsooccurtransversallywhenthecross-sectionof thebeamis small comparedto the radiusof
theaveragegroove in thepoles(i.e. ø Ü ). A goodsolutionis to useanothergrid encapsulatedin
themaingrid. Thissecondgrid hasdimensionsthatarefunctionsof thedimensionsof thebunch
in thethreedirections9.. Figure4.16illustratestherespectivegrid geometries.

Themethodconsistsof a numberof stages.Themaingrid is first calculatedindependently
of the secondmeshing.Oncethe convergencecriterion hasbeenmet, the adaptive meshingis
initializedby interpolationin themaingrid. As for themaingrid, initializationmakesit possible
to achieveconvergencemorerapidly. As thechargeswereinitially discretizedat thenodesof the
net, the relaxationprocessis begunusingV-shapedcycles. This type is moreeffective in such
a structurewithout a conductor, with the potentialimposedat the transversesurfaces.For the
longitudinalsurfaces,theboundaryconditionsareidenticalto thoseof themaingrid aslong as²ù¹wú;´éûpücýpþ ÿ � ­���´���� , where��� is thelengthof thecell. Thequantity ûpücýpþ is determinedwith
theexpression:

8Numberof macro-particlesfor example.
9ThesearetheRMSdimensions,which areusedto providefreedomfrom any statisticalfluctuations.Thelimits

aresetat 3.5Z �
	�� and4 X �
	�� for thehalf sizesof themeshin eachdirection(for thetransversedirection,it is the
largerof thevalues,X �
	�� andY �
	�� , which is selected).
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Figure4.16:Sectionalview showing adaptivegrid encapsulatedin maingrid.

ûpücý>þ�À � ä ¶�� ¶ � å Ù�� ä ¶��}¶ � å Ù (4.38)

where ¶ � is the centroidof the beamand � the averageof quantity � over the distribution.
Whenthisconditionis no longermet,aDirichlet conditionis imposedonthesurfaces(potential
given by large grid). This valueof ²ù¹wú is a compromisebetweenthe desirenot to reducethe
resolutionof thenetoverthedistributionandnot to substantiallyinfluencethefinal solutionwith
theDirichlet condition.Anotherpossiblemethodwould havebeennestingof thetwo gridsdur-
ing theprocessof calculationof themainone,with thelattercommunicatingtheir intermediate
solutionbetweeneachcycle. This communicationwould make this methodslower andwould
probablyconvergetowardsthesamesolution,aslongasthevalueof ²ù¹wú wasnot not toogreatly
diminished.

4.3.6 Testwith cylindrical Gaussiandistrib ution

Theusualprocedurewhenwriting aprogramsolvingthePoissonequationis to testit with a ref-
erencedistribution,andwehavedonesousingacylindrical Gaussiandistribution,corresponding
to theexpression: Á ä�� å ÀÈ¸������ ä � � ÙÍ�� Ù å (4.39)

with: ¸TÀ ���Í! �� Ù#" Ü ö%$ (4.40)
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Figure4.17: Dif ferentradialelectricalfield profilesfor differentadaptive grid densitiesrelative
to thetheoreticalprofile.

whereI is thecurrent(100mA), , theGaussianstandarddeviation( -�.0/21�3 mm), 4 thespeedof
light, 5 therelativistic factor( -6.7-6893;:2:�/ for /�< keV protons),and =!> thepermittivity of vacuum.?A@�B2C is homogenousat a chargedensityper unit volumedividedby =!> .. Thefield producedby
this chargedistribution is asfollows:

DFEHGJILK ,NM 8 IPORQ�S @ I EUTMWV T�CB (4.41)

Figures4.17and4.18show theradialelectricalfield profile givenby theory(in black)andthe
profilesobtainedfor thedifferentadaptive grid finesses( X;< meansthat thereare X�<ZY[X;<ZY�X;<
nodesin thefinestgrid). Thedifferencebetweenthemaximumtheoreticalvalueandthatgiven
in the 121 and X;< casesis lessthan -6.]\ %.

4.4 Lossmanagement

4.4.1 Transverselosses

Thecriterion is simple. A particleis declaredto be lost whenits trajectorybringsinto contact
with thepoles. Allowancemustthereforebe madefor pole geometryat eachincrementof the
trajectoryof eachparticle. To avoid unnecessarilycomplicatedprocessing,andthusoptimize
calculationtime, for a givenparticle,allowanceis only madefor polegeometryif theparticleis
outsidethesquare:�^ of aside.
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Figure4.18:Focusonmaximumvalues.

4.4.2 Phaseoffsetparticles

When the velocity of the particle is sufficiently different from the synchronousvelocity, the
window of width fhg centeredonthecentroidisnolongerlargeenoughto containall theparticles.
Whenanoffsetparticleis early, its transportis suspendedfor oneRF period,thetime takenfor
thebunchto becometheprecedingbunch. It canthenbedeterminedwhatbecameof a particle
whenit enteredthe following bunch. This caseis relatively rare. The caseof particledelayis
morecommon.Theprocessingis basicallysimilar. TOUTATIS storesthefields for oneperiod
for initialization of thenumericalcalculations,andthereforetransportof a lateparticleinto the
next bunchhasbeenimplemented.

4.5 Conclusionof chapter

TheTOUTATIS transportcodewaswrittenwith aview to obtainingbetteraccuracy while mini-
mizingapproximationsin simulationof thedynamicsof anintensebeamin anRFQ.Thischapter
describesthenumericalmethodsusedto finalizethecomputercode.Thebasicprinciples(finite
differencesandmultigrid grid) aredescribed.A suitablestrategy for discretizationof theRFQ
electrodegeometryis discussed.A numberof refinementssuchasadaptermeshingandstorage
of intermediatesolutionsareusedto improvetheperformanceof thecode.

UnlikePARMTEQM, thiscodedoesnotassumeparaxiality, but calculatestheself-consistent
forcesof the beamfor eachtime increment,and the potentialdue to geometryis calculated
numericallywith allowancefor theexactshapeof thepoles.
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Chapter 5

Validity and comparisonof methods

Chapter3 coveredthemainhypothesesandapproximationsusedin PARMTEQM for simulating
transportin anRFQ.In this chapter, anattemptis madeto quantify theerrorsinducedby these
approximationsandto determinetheir relative importance.This is achievedby eithermodifica-
tions to thePARMTEQM codeitself or simulationusingtheTOUTATIS codeandtheTOSCA
electrostaticcalculationmodulus[1].

5.1 Calculation of external fields

Chapter3 describesthedifferentapproachesusedfor eachpartof theRFQin PARMTEQM. The
following sectionsareconcernedwith theability of theseapproachesto describethepotential.

5.1.1 RFQ body

The PARMTEQM codeis basedon the eight-termmultipolar approachdetailedin Section2.3
[2,3]. AppendixA describesthevariousmethodsusedto calculatetheseriescoefficients.In this
section,considerationis givento meansof determiningtheboundsof validity of this approach
in theusefulzoneby meansof two methods:projectionandfitting to thegeometryof thepoles.

5.1.1.1 Calculation of a referencewith the Vector FieldsTOSCA module

To usetheprojectionmethod,a referencepotentialis required.Theelectrostaticpotentialof a
testcell wasthereforecalculatedwith theTOSCAcode1.. Figure5.1 representsthedistribution
of potentialobtainedfor acell with thecharacteristicsindicatedin Table5.1..

This simulationis alsousedasa referencefor estimatingthe quality of the multipolar ap-
proachobtainedwith thedifferentmethods.Thesectionon thepeakfieldscoversthetechniques
usedto make thesimulationin greaterdepth.

1Notethatfor PARMTEQM, thecalculationsweremadewith CHARGE3D [3]..
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Parameters Valueor type

Radiusof curvatureof pole l2m
nporq 0.89
Length s�tunporq 11

Modulationfactor v 2
Longitudinalprofile sinusoidal

Minimum gap, w 2/(1+m)

Table5.1: Characteristicsof testcell.

Figure5.1: Distributionof electrostaticpotentialin thetestcell ascalculatedwith TOSCA.



5.1. CALCULATION OF EXTERNAL FIELDS 81x q#y x qWz x y{q x y{| x |#y x |Wz x zWq x zW|
0.9267 0.00112 0.6006 307.6125 -0.8337 -30753.6794 -0.0109 -7.0949

Table5.2: Coefficientsobtainedby projection.

5.1.1.2 Projection

To usethis method,it is necessaryto limit thedomainof integrationto thesurfaceof a cylinder
of radius w andlength s�t .. In view of thequadrupolarsymmetry, it is possibleto take only one
quarterof thesurface.Theformulaeusedfor thecalculationarethefollowing:x q~}�� ����%� w |~} s�th��� �q �����q ��� w����������������2� �
� v��2�u�����;� (5.1)

x�  qH� ¡�%�£¢ q �{¤�¥ w��¦s�t ��� �q � � �q ��� w����������������2� ��¤�¥ ���u�;�p�;� (5.2)

x�  }�� ����%�£¢ |~} ��¤�¥ w��¦s�t ��� �q � � �q �§� w¨�������2�������2� �
� v��2�©�����2� ��¤�¥ ���u�;�p�;� (5.3)

where � is thenumericalreference.Theresultsobtainedfor eachcoefficientaresummarized
in Table5.2.. To assessthe relative weightsof eachcomponent,the valuesaregiven in Table
5.3 multiplied by their associatedradial functionsin orq , theaverageradius(Besselfunctionorª   ). Convergencewould appearto be rapid, with high order termsmaking little contribution,
particularlyneartheaxis.

Figure5.2showstherelativedifferencebetweenthepotentialcalculatedwith TOSCAandthe
seriesobtainedby projection.Thescaleis logarithmicin orderto beableto show theentireuseful
zone.Thetwo linesat100%correspondto thenumericalnoiseonthe“zero” equipotentials.The
black circle describesthe cylinder usedfor integration. It is clearly apparentfrom thesemaps
that thehigh-qualitysolutioninsidethecylinder cannotbeextrapolatedbeyond it (<1% inside,
more than 10% outside). In addition, if it is requiredto obtainan accuracy greaterthan 1%
throughouttheusefulzone,it mustbeacceptedthattheprojectionapproachis inadequate,which
was confirmedby Ken Crandallhimself during a visit to Saclay. The approachis, however,
completelysatisfactoryaslongastheparticlesremaininsidethecylinder.

5.1.1.3 Geometrical fit

The quadrupletsof valuesof the ��« i ��¬ i ��� i � � i � type necessaryfor usingthis methodaretaken
on thesurfacedefinedby thevanegeometry. Values � i thenappear. Calculationis madewith
theMathematicaapplication.Theresultsobtainedfor eachcoefficient aresummarizedin Table
5.4.. Table5.5 givesthesevaluesmultiplied by their associatedradial functionsin oLq .. It is
to be notedthat the octupolarcomponentwas multiplied by 10. This hasa direct effect on
beamdistribution: the transverseprofile increasinglytendsto becomelozenge-shaped.This
particularprofileinducesuncertaintyasto thePARMTEQM spacechargecalculations(SCHEFF
sub-program)which assumesthatthebeamhassymmetryof revolution.
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Coefficient ­ functionin orq Valuex q#y¦o |q 0.9267x qWzRo¯®q 0.0012x y{q ¢ q �
¥ orq�� 0.6129x y{| ¢�° �
¥ orq�� 0.0054x |#y ¢ ® �
�2¥ orq�� -0.0349x |Wz ¢ ® �
�2¥ orq�� -0.0235x zWq ¢ q �{±�¥ orq�� -0.0130x zW| ¢�° �{±�¥ orq�� -0.0103

Table5.3: Coefficientsobtainedby weightedprojectionby their associatedradial functionsinorq ..

Figure5.2: Relativedifferencebetweennumericalpotentialandtheseriesobtainedby projection
with a logarithmicscale.

x q#y x qWz x y{q x y{| x |#y x |Wz x zWq x zW|
0.9587 0.0211 0.6064 3489.5500 -0.5960 3493.3200 -0.0093 -4.1060

Table5.4: Coefficientsobtainedby geometricalfit.
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Coefficient ­ functionin orq Valuex q#y¦o |q 0.9587x qWzRo¯®q 0.0211x y{q ¢ q �
¥ orq�� 0.6188x y{| ¢�° �
¥ orq�� 0.0613x |#y ¢ ® �
�2¥ orq�� -0.0249x |Wz ¢ ® �
�2¥ orq�� 0.0027x zWq ¢ q �{±�¥ orq�� -0.0111x zW| ¢�° �{±�¥ orq�� -0.0059

Table5.5: Coefficientsobtainedby weightedfit by theirassociatedradialfunctionsin orq ..
Parameter Valueor type

distribution 4D WaterBag²´³~µ } µ ¶Uµ¸·  9¹ ³ } µ atentrance 0.4 � ..mm.mrad
entrancecurrent 225mA

particles protons
kineticenergy at entrance 90keV

kineticenergy at exit 5 MeV
frequency 202.56MHz

constantvoltage 178kV
constantoLq 8.203mm

constantl2m
npoLq 0.85
maximum v 2.05

Table5.6: Main parametersof simulatedRFQ.

Figure5.4shows therelative differencesbetweenthepotentialcalculatedwith TOSCAand
theseriesobtainedby geometricalfit. Theaccuracy is of a few percentin theusefulzone.How-
ever, it exceeds1% in thecentralzone. As expected,themultipolespredominateat a distance
from theaxis.

5.1.1.4 Consequencesfor particle dynamics

It is notpossibleto draw valid conclusions,for theentireRFQ,concerningtheconsequencesfor
particledynamicswhenusingany oneof thesemethods.It is, however, interestingto notethe
differencesfor a givenRFQ andto review the trends. The RFQ usedis a modifiedversionof
RFQ2at CERN.Themodificationresidesin elongationof thestructure,thefinal energy being
increasedto 5 MeV from theinitial 750keV. Table5.6summarizesthemainparametersof this
RFQ.Transportwascalculatedwith TOUTATIS in every case.The externalpotentialis either
calculatedor theresultof development.

Tables5.7 and5.8, which give the rms emittancesnormalizedfor eachplaneandthe RFQ
exit transmissionfor eachmethod,shows thatthefit doesnotallow reasonableestimationof the
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Figure5.3: Mapof theerrorobtainedby fit in thetransverseplaneat thecenterof thecell (linear
scale).

Figure5.4: Relativedifferencebetweennumericalpotentialandtheseriesobtainedby fit (loga-
rithmic scale).
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º²´¼�·   µ ( � ..mm.mrad)

º²!½�·   µ (deg.MeV)

Truefield 0.584 0.597 0.202
Projection 0.598 0.612 0.206

Fit 0.518 0.540 0.196

Table5.7: rmsemittancesnormalizedfor eachplaneat theRFQexit with differentmethods.

Yield Transmission Yield Variation Total lossvariation

Truefield 96.2% 97.9% 0.% 0.%
Projection 95.4% 97.3% - 0.9% + 31.7%

Fit 90.9% 95.0% - 5.5% + 139.4%

Table5.8: Yield andtransmissionwith eachmethod.Thefirst caseis thereferencefor variation
calculation.Theyield is transmissionwith allowancefor acceleratedparticlesonly.

fields in thestructure.Theaverageerror is around10%in thetransverseplane.Theprojection
methodis generallyin goodagreement.However, it shouldbenotedthat thereis a variationof
morethan30%in thepredictedlosseswith this method.

5.1.1.5 Conclusion

Projectionis the methodwhich givesthe greatestaccuracy in the zoneoccupiedby the beam
core.Thedevelopmentobtainedcannotaccuratelydescribethepotentialappliedto theparticles
making up the halo. The suitability of the methoddependson the tolerancelimits set. It is
to be notedthat thereis no guaranteethat the differenceswould be the samewith a different
RFQ. Although geometricalfit givesbetterresultsin the halo zone,the quality of the results
is inadequatein termsof the minimumtolerancelimits for linearaccelerators(maximumerror
<1%).

It is impossibleto fully simulatetheusefulzoneof anRFQbecausecylindrical coordinates
areused.Thefour polesarenotasymptoticfor obtaininghigh-voltageresistanceof thestructure
[2,4], their transverseradiusof curvatureis maintainedconstantalongthecell whereasthedis-
tancebetweentheaxisandthepolecanvary by a factorof 2. Thecylindrical harmonicsdo not
possesstheseproperties.The introductionof higherordermultipolesgivesrise to the appear-
anceof other ¾ � n � equipotentialsleadingto geometriessuchthatthepolescannotbemachined
(Figure5.5).

To avoid theseimperfectionsby analyticalmeans,while retainingthegeometricalproperties
imposedatthepoles,it is necessaryto haveasystemof coordinateswith harmonicdevelopments
giving longitudinalperiodicitywhile retainingthetransversecurvatureof theequipotentialsur-
faces.This meansthat thereis no transverse-longitudinalcouplingin theharmonics.However,
when it is requiredto isolatethe periodicharmonicsin onedirectionduring resolutionof the
Laplaceequation,suchcouplingarisesin almosteverycase.Evenif it is acceptedthatsuchhar-
monicsexist, the introductionof discontinuityinto thestructure(radiofrequency couplinggaps
etc.),meansthatonly onenumericalsimulationwill besatisfactory. Theuseof suchnumerical
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Figure5.5: ¾ � n � equipotentialsurfacesobtainedby geometricalfit.

simulationis now possibleasa resultof improvedcomputerperformance.

5.1.2 Radial matching sectionat entrance

Chapter2 showed that it wasnecessaryto introducea radial matchingsectionat the RFQ en-
trance. In Chapter3, the formulationusedin PARMTEQM for describingthis portion of the
RFQ was explained. Considerationis now given to quantifying the performancethat can be
expectedfrom theformulationandtestingof otheroptions.

5.1.2.1 Sectionoptimization method

Let us briefly considerthe methodusedfor optimizing the matchingsection. The RFQ de-
signermustfirst determinetheTwissparameters2 neededto optimizematchingfor theFocusing-
Defocusing(FD) channelwhichmakesupthefirst partof theRFQ.TheFD channelis accurately
describedby thefollowing formula:

¿ � l¨�����#À¦�Á� �
�
Â x q#yÄÃ lorq2Å | ���2� �
� �2��Æ x qWzÇÃ lorq2Å ® ���2� � � �2�
ÈÄ�#ÉËÊ �ÍÌ ³UÎ À�ÆÐÏ ³UÎ � (5.4)

2Theseparametersare Ñ , Ò , Ó .. They satisfytherelationships:ÔÖÕØ× Ò�Ù , ÔÛÚ�Õ × ÓpÙ , Ò;ÓLÜ§Ñ�Ý�Õ[Þ .. Ô is the
transversesizeof thebeam,ÔÛÚ its divergenceand Ù its geometricalemittance.
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where orq is the gap, � is the differencein potentialbetweenthe vanes,and
x q#y and

x qWz
arethequadrupolaranddodecapolarcoefficientsrespectively. Thesecoefficientsonly dependonl2m
nporq wherel2m is thetransverseradiusof curvatureof thepole.

OncetheFD channelis determined,suitableTwissparametersfor thechannelareestablished
usinga minimizationprocess.The designerthenassumesthat transportin this sectionof the
RFQis reversible.This is equivalentto statingthatvariationsin emittancearesufficiently small
to be disregarded. The beammatchedto the FD channelis then transportedfrom the endof
the entrancesectionto the beginning. This stageis repeatedfor the different radiofrequency
phasesat theentranceto theFD channel.Thecharacteristicsof thebeam,obtainedat theRFQ
entrancefor the differentphases,mustbe extremelycloseto be consideredtime-independent.
Twiss parametersßáàãâ and ßåäæâ arethentaken asinput referencesfor calculationof the
linac acceptance.3..

Thefollowing questionsthenarise:whatvanegeometryshouldbeimposed,andwhatlength,
to obtainthebestpossiblematching?Thesequestionsimply thata quality criterionis available.
Hereweuseyield factor ç j , which is themaximumvalueof thede-matchingfactor ç%è j ¶ � �6�RÏ ³WÎ � ,
dependingon longitudinalposition � andphaseÏ ³UÎ in thechannel.This functionis givenby the
following formula:

çhè j ¶ � �6��Ï ³UÎ �Á�êéë è j ¶ � �6��Ï ³UÎ �éëíì è ì � �6��Ï ³UÎ �rî � (5.5)

where éëíì è ì is the envelopeof the matchedbeamcalculatedduring the first stageof opti-
mizationand éë è j ¶ is thebeamenvelopederivedfrom completetransportbeginningat theRFQ
entrancewith thebeamcharacteristicsobtainedby averagingtheinversetransport.Valuesof ç j
of afew percentindicategoodentrancesectionperformance,andany valuebelow around��ï % is
probablyacceptable.Figuresbelow �´ð involve refinement.Figure5.6summarizesthedifferent
stagesof optimizationof theentrancesection.

5.1.2.2 Main formulations

A numberof formulationshave beenproposedfor determiningthe potentialof the entrance
section[5,6,7]. It is to be notedthat [7] (F2) is the referencefor PARMTEQM. In this study,
considerationis givento thefollowing series:

3 ñ�ò meansthatanaveragehasbeencalculatedrelative to theradiofrequency phases.
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Figure5.6: Diagramshowing thedifferentstagesof entrancesectionoptimization.
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ç ��ó ¿ � l¨���������ô� õ | ½
�pöË÷Wøhù }�úAy

· z¯û x q~}ýürþÿ�� � |~} � �2� �
� v��p���ç � ó ¿ � l¨���������ô� õ | ù }�úAy
· z x }�� ¢ |~} �
¥ l��6�#ÉËÊ �
¥ ����Æ ±��
	 |~}��Ay�
 ¢ |~} �
±�¥ l��6�¦ÉËÊ �
±�¥ �2���N� �2� �
� v��p�ç ± ó ¿ � l¨���������ô� õ | ù }�úAy
· z ù

  ú q · � û x q~} ü þÿ � � |   �6} � �2� � v��2���   � �����ç�� ó ¿ � l¨���������ô� õ | x y ¢ | �
¥ l��6���2� �
� �2�6�#É Ê �
¥ ���ç�� ó ¿ � l¨���������ô� õ | ½
� öË÷Wø û

x q#y�ü þÿ � � | � �p� �
� �p���
(5.6)

where: �   � �2�Ä� � î � �   ����   ¤��Ë�{¤ Æ � � � � |
  �Ûq � ���� � |   (5.7)

with:

�Ûq � ���Á������� Ã î à! �ü ½ � �pöË÷~ø�pöË÷~ø
� |~}#" Å î ����� Ã î à! �ü ½ � �pöË÷~ø�pöË÷~ø

� |~}#" Å� î ����� � î � |~} " à! �� (5.8)

and:

¥ � �
� s ¶ ì ³ (5.9)

where s ¶ ì ³ is the length of the radial matchingsection. All theseseriesare part of the
Laplaceequationsolutions(2.4), as per Chapter2. Formulations ç � , ç ± , ç�� correspondto
References[7], [6] and[5] respectively. For eachdevelopment,thedifferentsetsof coefficients
aredeterminedto ensureoptimalcontinuitywith formula(5.4),exceptfor formulation ç$� which
assumesthat theFD channelis describedby a purequadrupole(i.e.

x q#yL� � ) [5]. For ç ± , à! ,v% and s ¶ ì ³ canbeadjusted.
Beforebeginningthecomparativestudies,it is first necessaryto considertheadvantagesand

disadvantagesof eachformulation:

& ç � gives the bestcontinuity with the transversecomponentsof the field derived from
equation(5.4). Continuityin thelongitudinaldirectionis unsatisfactory, sincecomponent� ½ ¿ � l¨��������� is not canceledout.& ç � givessatisfactorycontinuitywith thetransversecomponentsof thefield, it alsomakes
it possibleto cancelout thelongitudinalcomponentin thevicinity of theFD channel.& ç ± is very similar to ç � but offersgreaterparameterflexibility . Oneof theadvantagesis
thatthegapbetweentheendplateof theRFQandthevanecanbemonitored[6].
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Parameter Valueor type

distribution uniform² m ¹ m µ¸·  9¹ ³ } µ 1 � ..mm.mrad
current 100mA

particles protons
kineticenergy 95 keV

frequency 352MHz
voltage 101.4kVorq 4.11mml2m
nporq 0.89x q#y 0.9826x qWz 0.0197

Table5.9: Main parametersof simulation.& ç$� allows smoothconnectionlongitudinallybut is extremelysimplistic asregardstrans-
versecontinuity.& ç'� hastheadvantageof enablingquantificationof therelative importanceof thedodecap-
olar componentrelative to thequadrupolarcomponent(i.e. relative to ç � ).

The differentyield factors ç j , that canbe achieved with thesedifferent formulations,asa
functionof length s ¶ ì ³ , arereviewedin thefollowing section.

5.1.2.3 Calculation of ç j with envelopecode

In thisstudy, themethoddescribedin theprevioussectionis usedandtransportis calculatedwith
an envelopecodewritten usingthe functionality of the Mathematica3.0 application(adaptive
Runge-Kutta).Theparametersfor thebeamandtheFD channelaregivenin Table5.9..

Transportis givenby theFrankJ.Sachererenvelopeequations[8]. Thesystemto besolved
is asfollows: () * � |½ éë Æ °,+ ».-0/�12 } 	43 t5
 �768 î |:968 � 6; î=< �68�> � ï� |½ 6? Æ °,+ ¼@-0A.12 } 	B3 t5
 �@6; î |:968 � 6; îC< �6;D> � ï (5.10)

with: E
� F ¢� � ² q�v �HG äJI�� z (5.11)

where ¢ is the current, F and v arethe charge andmassof the particlerespectively, G andä aretherelativistic factorsof thebeam,² q is thepermitivity of vacuum,and I is thespeedof
light in a vacuum.

E
is referredto asthegeneralizedperveanceof thebeam.During transport,



5.1. CALCULATION OF EXTERNAL FIELDS 91² is kept constant. The expressionß « ç » â meansthat the externalsourceis linearizedby
integratingover the entiredistribution. In order to simplify numericalintegrationof equation
(5.10),theBesselseriesin theforceexpressionsaretruncatedafterthesixth order. Incremental
numericalintegrationof (5.10)makesit possibleto recover the point pairs � � i � éë i � describing
variationin thebeamenvelopealongtheaxisof propagation.Beginningwith reasonableinitial
conditions,but differentfrom thematchedconditions,this envelopeconsistsof differentmodes
of oscillation,including the principal modesought. To determinethe properinitial conditions
for the differentradiofrequency phases,it is necessaryto minimize the differencebetweenthe
envelopeandtheexpression: x ÆLKP���2� � � � �ä�M ³UÎ ÆÐÏ ³WÎ � (5.12)

where
x

is theaverageenvelopeof thebeam,and K is theamplitudeof modulationof the
envelopedue to the focusingforcesof spatialperiod ä#M ³UÎ .. It is thereforeassumedthat this
monofrequency functionoffersthebestrepresentationof theenvelopesought,with theenvelope
beatfrequency naturallybeingthatof thefocusingforces.Values

x
and K arethereforesought

for which thequantity: N
i
O éë i î Â x ÆPKP� �2�RQ � � � iä#M ³WÎ Æ�Ï ³UÎTS È!U | (5.13)

is a minimum. Theprocedureusedis describedin detail in AppendixC.. For eachinstance
of transportover a distanceof a numberof periodsä#M ³UÎ , new valuesof

x
and K arecalculated

andtakenasinitial valuesfor thefollowing transportsequence,i.e.:(VVVVVV) VVVVVV* � éë q���W@�Ay � � x �5W�Æ � K§��WA� �2� ü |�X ½ �3ZY ø�[ ÆÐÏ ³UÎ �� � ½ éë qR��W@�Ayô� î � K���W |�X3TY ø5[ �¦ÉËÊ ü |�X ½ �3ZY ø5[ ÆÐÏ ³UÎ �� 6? qR�5W\�Ay � � x �5W î � K���WA���2� ü |�X ½ �3TY ø5[ ÆÐÏ ³UÎ �� � ½ 6? qR�5W\�Ay � � K§��W |�X3ZY ø5[ �#É Ê ü |�X ½ �3TY ø5[ Æ�Ï ³UÎ � (5.14)

wherethequantitieswith thesubscripted] werecalculatedfor the ] m_^ instanceof transport
to obtaintheinitial conditionsof the(] Æ � ) m_^ instanceof transport.Convergenceof theprocess
is rapid. In lessthan five instancesof transport,the valuesof

x
and K only vary by a few

tenthsof a percentandaresuchthat thequantity ç j is of a few tenthsof a percentif we usethe
expression(5.12)for éëíì è ì � ���RÏ ³UÎ � and � éë i ��` for éë è j ¶ � ���RÏ ³UÎ � .. Figure5.7showsthevariationin
theenvelopeafterthreeinstancesof transport.

Oncethe beamparametersareobtainedfor the FD channel,it is possibleto continuewith
theprocessdescribedin Section5.1.2.1..We obtaindifferentvaluesof ç j asa function of the
lengthof theentrancesectionfor eachformulation(Figure5.8).Theresultscall for thefollowing
comments:
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Figure5.7: éë i for thefirst threeinstancesof transportwith minimizationrelative to
x

and K ..

& Figure5.9 shows that theformulationdoesnot allow for thedodecapolarcomponentand
thefact that thequadrupolarcomponentis not “pure” (i.e.

x q#ygf� � ), reducestheyield of
thesection.& Figure5.10shows that it is not sufficient only to allow for

x q#yhf� � , but thedodecapolar
componentmustbeincludedin thedevelopmentused.& In Figure5.11,it appearsthata linearrampof thefocusingforcesgivesa loweryield than
a rampof thesinusoidaltype(F1comparedto F2andF3).& Six cells for the lengthappearsto be a goodcompromise.Taking a longersectionfor
optimal developments(F2 an F3) reducesç j but increasesthe sizeof the beamandthe
convergencenecessaryat theentranceof thestructure(Figure5.13). This meansthat the
beamfocusingsolenoidmustbeplacednearto theRFQto obtainthesenew parameters.
It thenbecomesmoredifficult to insertdiagnosticsfor characterizingthebeamat theRFQ
entrance.& Thebestperformancewasobtainedwith formulationsF2 andF3.

5.1.2.4 Calculation of ç j with a multiparticle code

In theprevioussection,it wasassumedthatemittancewasconstantfor eachinstanceof transport.
This meansthat the variationsin emittance,due to spacecharge and mismatching,could be
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Figure5.8: Yield factor, ç j , for lengthsof � to �0p cellswith thedifferentformulations(1 cell�ä#MAn � ).
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Figure5.9: Resultsfor formulationsF2andF4.
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Figure5.10:Resultsfor formulationsF1andF5.

0.0 2.0 4.0 6.0 8.0 10.0i 12.0j 14.0k 16.0l 18.0m 20.0i
Number of cells

10
−3

10
−2

10
−1

10
0

10
1

M
is

m
at

ch
 fa

ct
oro

F1
F2
F3

Figure5.11:Resultsfor formulationsF1,F2andF3.
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Figure5.14:Resultsfor formulationF2 in envelopeandmultiparticlecases.

disregarded. To checkthis hypothesis4, we repeatedthe procedureusinga multiparticlecode
that we developedto allow for emittancevariations. The dynamicsequationswere integrated
usinga leap-frogprocess.Thespacecharge forceswerecalculatedby relaxationwith Frankel-
Youngacceleration.The distribution usedis of the 4D Water-Bag type [8] with the samerms
dimensionsasthatdescribedin Table5.9.. Thenormalizedemittancethusincreasesfrom � to�{z � � ..mm.mrad.As shown in Figures5.14,5.15and5.16,thechangesin ç j in themultiparticle
andenvelopecasesarebroadlycomparableaslong asa yield of | ��ï�ð is acceptable.It would
appearthat ç j deviationsof lessthan ��ï % canbeattributedto fluctuationsin emittance.Indeed,
if the original valueof emittancechangesby � ð andtransportis simulatedwith the envelope
code,we obtaina mismatchof a few percentascomparedto a few per thousandinitially. We
thereforeconsiderthatif it is desiredto obtainmismatchof lessthan1ð , it is notpossibleto use
theproceduredescribedin Section5.1.2.1with anenvelopecode.However, in view of current
diagnosticperformanceandoverallcontrolof beammatchingin anRFQ,it wouldappearthatthe
valuesof a few percentarequiteacceptable.It is alsoto benotedthat,with themultiparticular
code,matchingdoesnot improveaftersix cells(Figures5.14and5.15),which substantiatesthe
choicementionedin theprevioussection.

4This hypothesisis alsousedin theLANL codes,particularlyTRACE 3D which givesmatchedparametersfor
theRFQentrance.
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Figure5.15:Resultsfor formulationF3 in envelopeandmultiparticlecases.
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5.1.2.5 Limits of method

The main hypothesisof the methodis that the variationsin emittanceobserved in the multi-
particle casecan be disregardedand that envelopecodetransportwith constantemittanceis
acceptable.However, it maybethat,whenspacechargeforcesarevery large,thismaynolonger
betrueandthattransportcanbecomeirreversible5.. Thelongerthesection,themorecritical the
emittanceenlargementto reachequilibrium. To estimatepossibledegradationof thequality of
the resultsof the method,it is possibleto repeatthe procedurewith wave numberdepressions
rangingfrom ï�z ± to �{z , with sectionsof � , � � and � ¡ cellsusingthePARMTEQM formulation
(F2). The depressionsarecalculatedat beamcorelevel usingthe following formula for phase
advance~ : ~ � � 3ZYq �;�ä Î � ��� (5.15)

where ä Î is theTwissparameterassociatedwith theamplitudeof the transverseoscillationsof
a coreparticle. The depressionthereforecorrespondsto the ratio ~ n�~¨q where ~¨q is the value
whencurrentis nil. For eachinstanceof transport,wehavecalculatedthedifference� between
mismatchfactor � ç j � ì:� µ obtainedin the FD channelonly andthat, � ç j � ì�� µ , obtainedin the FD
channelaftergoingthroughtheentrancesectionandback.Thisquantity � thusmakesit possible
to quantifythecontributionof thesectionin termsof thereversibility criterion:� � � ç j � ì�� µ î � ç j � ì:� µ (5.16)

In view of the tolerancelimits asdeterminedin the previous section,it would appearthat
variationsin � canbe disregarded.Figure5.17shows that they remainbelow � ð , even with
depressionsthat arerelatively low6 andvaluesof ç j of a few percent. The methodbasedon
reversibletransportthereforeremainsvalid.

5.1.2.6 Conclusionconcerning entrancesection

This study of the entrancesectionshows that the methodbasedon transportreversibility for
obtainingbeam-matchedparametersatthebeginningof thestructureis valid for arelatively large
wave numberdepressionrange(0.3 to 1). Theoptimumlengthfor this sectionis six cells,i.e. 3ä#M , in view of thedegreeof matchingachievedandtheresultingflexibility for thetransportline
upstreamof theRFQ.Theformulationusedin PARMTEQM givesthebestperformancein both
theenvelopeandmultiparticlecases.This substantiatesthechoicemadeby theIPHI andLEDA
projectteams:F2 formulationover six cells. However, theTwissparametersgivenby TRACE
3D for PARMTEQM input would be of betterquality if the codeallowed for the dodecapolar
component.

It is to benotedthat,asa resultof insertionof a transitioncell, theexit sectiondescribedin
Chapter3 behavesin exactly thesamemannerastheentrancesection.Thelengthcantherefore

5In previoussections,wavenumberdepressionwas0.67.
6for a depressionof 0.3,emittancevariedby 10%.
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Figure 5.17: � for depressionsrangingfrom 0.3 to 0.95 for PARMTEQM formulation with
lengthof 6, 12 and18cells.

beadjustedto obtainoptimumtime independenceof thebeamat theRFQexit.

5.1.3 Transition cell (“trancell”)

Section3.2.4shows theadvantagesofferedby theuseof a transitioncell: “smooth” elimination
of modulationenablinga shortexit sectionideal for magneticquadrupolarinsertionafter the
RFQwithoutcreatingenergy uncertaintyat theexit, andbetterphasestabilityof bunches.Since
PARMTEQM usesananalyticaldevelopmentto describethecell, thelengthof the“trancell” is
imposedoncecontinuitywith theneighboringcellshasbeenestablished:

s�m���� ± n�� � ä#M��� ï�z ¡ �2� � ä#M� (5.17)

This resultsin asynchronousphasechangewhich canbecalculated:��� ¶ � � � ± n�� î � �©� � ¡ ï � î � � z � � ���Z� z (5.18)

It is helpful to know whetherthissuddensynchronousphasechangeresultsin degradationof
theopticalqualitiesof thebeam,particularlylongitudinally. As TOUTATIS doesnot have any
cell lengthconstraintsto ensurecontinuitywith theneighboringcells,thevariationin emittance
was calculatedfor eachplanewith lengthsrangingfrom ( ä#M n � î ä�M n�� ) to ( ä#MAn � ÆJä�M n�� )
(Figures5.18 and5.19). It is clearly apparentthat the ideal solution is to maintain ä#M n � for
cell length. However, thedifferencecomparedto PARMTEQM remainsnegligible in the three
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Figure5.18:Variationin transverseemittancenormalizedin � ..mm.mradasafunctionof trancell
length.

Parameter Value�{������� 1.  1., 1.2,1.4,2., 2.4,3.¡ �7��� 0.75,2, 4, 8, 11,15,20

Table5.10:Cell parameterscalculatedwith TOSCA.

planes( ¢¤£{¥ ). The variationin the longitudinalTwiss parametersis alsonegligible (Figures
5.22and5.23). It is possibleto adjustthetransverseTwissparameters(Figures5.20and5.21).
It is, however, preferableto setthelengthat ¦�§ � £ , evenif this meansadjustingthelengthof the
exit section.

5.1.4 Peakfield

To take thevalidity of the form factorF tablesusedby PARMTEQM, a comparative studycan
bemadebetweenthevaluesgivenby CHARGE3D [4] andTOSCA.Thiscanberevealingasthe
finite elementcalculationmethodof TOSCA is differentfrom the approachusedin CHARGE
3D. Calculationsweremadefor differenttestcellswith theparametersetshown in Table5.10..

The caseswhere
¡ ����� = 0.75 and   = 2, 2.4, 3. arenot covered,as they correspondto

cells that aredifficult to make andpointlessin termsof dynamics.The longitudinalprofile is
extrapolatedfrom the two-term potential. Before consideringresultsof an analysisof these
situations,adescriptionis givenin thefollowing sectionof thetechniquesusedto obtainreliable
results.
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Figure5.23:Variationin longitudinal Ô ¹ values,in deg/MeV, asa functionof trancelllength.

5.1.4.1 Optimization of the meshusedby TOSCA

5.1.4.1.1 Sub-division of cell
The userof the codehasto make a meshrepresentationof the device for finite element

methodelectromagneticsimulation.To beableto usehexahedralelements,for highestaccuracy,
discretizationmustbe basedon the hexaedralmacroelementsthemselves. Theseelementsare
usedasa basisfor obtainingthefinal mesh,with eachmacroelementdiscretizedaselementary
bricks. In the RFQ case,unsatisfactorycell division canresult in deformationof the elements
andgive rise to point effectscausingspuriousintensificationof thefield. Oneway of avoiding
this typeof numericalartificeis to imposeaflat surfaceoppositethehigh-riskzones.It is for this
reasonthat the sub-division in Figure5.24wasselected.This method,which is appliedin the
TOSCAcode,givesexcellentresultswhich were,in addition,validatedby measurementduring
plasmascreenpoint simulation[9]. Figure5.25shows a systemof sub-division resultingin the
spuriousintensificationof theelectricalfield shown in Figure5.26..

5.1.4.1.2 Elementdensity
To improve calculationaccuracy, convergenceto a solution is obtainedby densifyingthe

numberof elementarybricksin themesh[10]. This is accompaniedby anincreasein calculation
time,andacompromisegiving thedesiredaccuracy mustbefound.This is setatafew tenthsper
thousandin this study. To adaptthemeshto theshapeof thepoles,transverseandlongitudinal
discretizationof thecell aredecoupled.Thepole is discretizedto an increasingextentwithout
changingthenumberof horizontalelements.Thecell simulatedis unmodulated.Convergence
on Õ is obtainedwith someforty elementsoneachpole(Figure5.27).Hereafterin thestudy, 80
elementsareusedperpolein thetransversedirection.
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Figure5.26:Locationof peakfield obtainedwith thesub-divisionshown in Figure5.25.

Figure5.27:Convergenceof Ö asafunctionof thenumberof elementsperpolein acell without
modulation. The referencefor the relative differenceis a value Ö obtainedwith 120 elements
perpole.
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Figure5.28:Longitudinalconvergencewith × =3 and ØÚÙÜÛ�Ý =2.

m\l 0.75 2 4 8 11 15 20

1 1.70 1.70 1.70 0.54 1.63 1.84 2.34
1.2 0.33 1.27 2.20 1.47 1.15 1.12 1.5
1.4 -0.20 1.85 2.53 1.53 0.96 0.67 1.01
2 1.53 3.26 1.30 -0.08 -0.37 0.00

2.4 1.79 2.73 1.10 -0.52 -0.95 -0.48
3 2.28 4.06 0.83 -0.93 -1.42 -1.14

Table5.11:RelativedifferenceÞ�Öºß�àâá7ãÄähåæÖ#ã
ç#ä�è�éÄêìë:íïî\Ù�Ö!ß�àìá�ãÄä asa%.

For longitudinaldiscretization,thereferencecell is thatexperiencingthegreatestmodulation
overtheshortestdistance(i.e. aradiusof high longitudinalcurvature),with × =3 and Þ5ØðÙ�Û�Ý�î =2.
By increasingthenumberof z elements,convergenceis finally reachedwith aroundfifteensub-
divisions(Figure5.28).Thereferencefor therelativedifferenceis thevalue Ö obtainedwith 25
longitudinalsub-divisions.

5.1.4.2 ComparisonbetweenCHARGE 3D and TOSCA

Comparedto TOSCA, the relative distances,usedfor reference,areshown in Table5.11 and
plotted in Figure 5.29.. The maximumdifferencereaches4% when × is greaterthan 2 andÞ�ØÚÙÜÛñÝ�î =4. However, little useis madeof this combinationof parametersin RFQsof theLEDA
or IPHI types. In a moregeneralcontext, doubtcanpersistasto thevaluesasa functionof the
tolerancelimit set. A curiousphenomenonis to be noted: neitherTOSCA nor CHARGE 3D
systematicallygivesthesamevaluesfor cellswithoutmodulationof differentlengths.
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Figure5.29:RelativedifferenceÞ�ÖºßÄàìá7ãÄähåæÖ#ã
ç#äÄè�éÄêìë:íïî\ÙÜÖºß�àâá7ãÄä asa%.

5.1.4.3 Comparisonbetweensinusoidalprofile and “tw o-term” profile

Oneof the motivesbehindselectionof oneof the two profilesis their effect on thepeakfield.
Therelativedifferencesis givenby TOSCAfor form factor Ö betweenthetwo profilesareshown
in Table5.12andplottedin Figure5.30.. The “two-term” profile is usedfor reference,so that
whenthedifferenceis positive,the“two-term”profile givesa lowerpeakvalue,andvice-versa.

In Figure5.30,two zonesareapparent:ò For shortcells, thepeakfield is lower for a givenprofile, dependingon thetwo-termpo-
tential. This is explainedby the greaterlongitudinalcurvaturewith the sine. However,
conventionalRFQsdo nothavesuchcells.ò For longcells,asinusoidgivesbetterresults.Thephenomenonis dueto thesmallerinter-
electrodegapat thebeginningof thecell with “two terms”(Figure5.31). In this case,the
thehigherlongitudinalratio ØÚÙÜÛ�Ý , thelessmarkedthelongitudinalform factor.

5.1.4.4 Peakfield study conclusion

The form factorsusedin PARMTEQM are in excellent agreementwith thosecalculatedby
TOSCA.A few notabledifferencesobservedcorrespondto cell geometriesthatarerarelyused.
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m\l 0.75 2 4 8 11 15 20

1 0.00 -0.75 -1.01 0.00 -1.11 -1.11 -1.11
1.2 6.45 0.69 -0.43 -0.60 -0.61 -0.59 -0.59
1.4 20.71 1.80 -1.07 -1.22 -1.25 -1.19 -1.16
2 4.57 -2.46 -3.58 -3.70 -3.99 -4.18

2.4 4.15 -3.38 -5.31 -5.43 -5.75 -6.18
3 3.35 -4.50 -7.19 -7.56 -8.03 -8.41

Table5.12:RelativedifferenceÞ�Ö�óHôöõZ÷øóJåæÖ#ù�Ã_ú�û�ü�ó\î\ÙÜÖJù�Ã_ú�û�ü�ó asa%.

Figure5.30:Relativedifferenceý Õ�þHÿ����øþ��æÕ�� ¹	��

� þ ��� Õ�� ¹	��

� þ asa%.
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Figure5.31:Peakfield distribution in acell with a “two-term”profilewith ØÚÙÜÛ�Ý =11.

Thetypeof longitudinalprofilechosenhaslittle effecton thepeakfield. For RFQswith high Â��
(LEDA andIPHI), a sinusoidalprofile appearsto be preferable[11]. This is in additionto the
otheradvantagesof this typeof profile: a largeracceleratingcomponent[2], a symmetricalcell
with a longitudinalcapacityidenticalto thatcalculatedfor the transverseplaneat mid-cell and
easyconstruction[12].

5.2 Integration of the dynamicsequations

5.2.1 Paraxiality hypothesis

Theincrementalmovementintegrationmethodusedin PARMTEQM is basedon thefollowing
equations: ������������� ������������

Þ��âÂ��7î�ô	������ù�� Þ �âÂ��7î:ô"!#����ù%$ & ú')( ê+*-, ��Þ å.å/.021 ô5î43/5"6ºÞ�7JôHî98;:Þ��âÂ�<0î�ô	������ù � Þ �âÂ�<Tî�ô"!#����ù%$ & ú' ( ê * , <{Þ å.å/.021 ôHî43/5"6ºÞ�7JôHî98;:Þ �âÂ#=�î:ô	������ù � Þ �âÂ#=�î:ô"!#����ù%$ & ú')( ê+* , =7Þ å�å�.0>1 ôHî43�5?6!Þ@7!ôHî/8A:B ô	��� � B ô4$ B#C 8A:D ô	��� � D ôE$ DFC 8A:7Jô	��� � 7!ôE$ GIHKJL ')(NM	OQPSR?TKU
V 8;: (5.19)
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Parameter Valueor type

distribution 4D WaterBagW û
X üYX óNX[Z õ]\�û�ü^X atentrance 0.25 _ ..mm.mrad
entrancecurrent 100mA

particles protons
kineticenergy at entrance 95keV

kineticenergy at exit 1 MeV
frequency 352.2MHz

constantvoltage 67 kV
constantÛñÝ 2.844mm

constant̀{Ã�ÙÜÛñÝ 0.85
maximum × 1.46

Table5.13:Main parametersof simulatedRFQ.

where: ��� �� B#C � Lba ')cdM OQPeR?T�ULQa ' ( M OfPeR?T�UD+C � Lba ')ghM OfPeR?T�ULQa ')(9M OfPeR?TKU (5.20)i ûNj is theradiofrequency pulse,andthehalf-integersubscriptsindicatethatthequantityconsid-
eredis calculatedatapositionbetweenthepositionswherethequantitieswith integersubscripts
arecalculated.

Theparaxialityhypothesisintroducedby KenCrandallgivesrise to certainquestionswhen
thedivergencesof anumberof particlesreachsomehundredsof milliradians.Theerrorinduced
by thehypothesiscanbecalculatedfor apurehorizontaldivergenceof 300mrad7.. By replacingÂ#= and ÞHÂ#=.î ô	������ù by Â and Þ5Â#î ô	������ù , respectively in equations(5.19),theterm:kmlÂ#= , Ý (5.21)

becomes: knlÂ#= , Ý-o pq$ B C ù2r knlÂ#= , Ý s p å pt B C ùhu �wv4xQySzez>{ knlÂ#= , Ý (5.22)

which is equivalentto 4.5%error for thefields. Most of theparticleshave far lower diver-
gences,with the resultthat, to gainan ideaof the impactof sucha hypothesis,a specificRFQ
wassimulatedwith both versionsof PARMTEQM: onewith the hypothesisof paraxialityand
theotherwithout. Table5.13summarizestheRFQparametersused,whichweregeneratedusing
theLANL codes(CURLI . RFQUICK . PARI).

7this is a typical value!
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|W <}Z õAX ( _ ..mm.mrad)

|W =hZ õ;X (deg.

With paraxiality 0.259 0.266 0.169
Without paraxiality 0.263 0.276 0.160

Table5.14: rmsemittancesnormalizedat exits for thetwo versionsof PARMTEQM.

Yield Transmission Variationin yield Variationin losses

With paraxiality 87.22% 87.58% - 5.69% + 93.45%
Without paraxiality 92.48% 93.58% 0.% 0.%

Table5.15:Total transmissionandyield with thetwo versionsof PARMTEQM.

Theresultsof thesimulationsaregivenin Tables5.14and5.15..Theparaxialityhypothesis
resultsin multiplicationof thelosseswith this RFQby a factorof 2. Thisconservatismis dueto
theartificial rigidity of thetrajectoryresultingfrom thehypothesis.

5.2.2 Err or due to integration algorithm

To conserveemittancein lineartransport,theJacobianof thetransformmustbeequalto 1 [13].
To quantifytheleap-frogquality, it is necessaryto calculatethefollowing expression:~ �������

� ÷ OQPSR� ÷ O � ÷ OQPeR�)� O�d� OfPeR� ÷ O �d� OQPSR�)� O ����� (5.23)

Here,thetransformcanbewrittenasfollows:��� ô	����� � ôE$ & ú V Uù�ê *�� , ÷�Þ åøå/.0>1 ô5î�$ , ÷�Þ å.å�.0>1 ô����@î���8-�� ô	����� � ô+$ �ù�� � ô4$ � ô	�����I8-� (5.24)

where� � B��hD�� : and
� � � � � � < � � = .. As forceonly dependsonposition(electricalfield), the

following is obtained: � ÷ OQPeR� ÷ O � p� ÷ OQPeR�d� O � �ù 8-��d� OQPSR� ÷ O � � Ãù & ú V Uê * �� ÷ O � , ÷�Þ å�å/.0>1 ô î���d� OQPSR�d� O � p (5.25)

substitutinginto (5.23),thecalculationof
~

gives:~ � p å & ú V UêE* � Ã U� �� ÷ O � , ÷�Þ å.å/.021 ôHî
�� p å Ö Þ å.å/.021 ôHîI� Ã U� (5.26)

where: ÖhÞ å.å�.0>1 ô5î�� knl-� ù, Ý �� � ô � , ÷�Þ å�å/.0>1 ô î�� (5.27)
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TheJacobianis thereforenotstrictly equalto 1. It is to benotedthatif thevelocitiesandpositions
werenot calculatedfor intermediateinstants,therewould beno factorof 1/4 in theexpression
(5.26).This first calculationcallsfor thefollowing remarks:ò Error is proportionalto 8-� ù Ù;� ..ò If theforceis linear, theerroris constantin theplanein question.ò If the forceexpressioncontainsnon-linearterms,theerrorbecomesa functionof theco-

ordinatesof theparticles.

To estimatethecombinederror for theentiretransportinstance,it is necessaryto calculatethe
productof theJacobiansof eachincrement.For simplification,weconsiderthefollowing field:, ÷�Þ å.å/.021 ô � �@îY� �Û ùÝ � 3�5?6ºÞ t _����@î (5.28)

where � =100kV, Û�Ý = 4 mm and � =350MHz. Theproductsoughtcanbewrittenas:��ô	 �� ~ ô�� ��ô	 ��q¡ p å knl-� ù, Ý 8-� ù� �Û ùÝ 3�5"6ºÞ t _��¢�@î
£ (5.29)

where ¤ is thenumberof calculationincrements.If this numberis large,expression(5.29)
canbemadeupperboundby: ��ô	 �� ~ ô�¥¦p å§¤ ¡ knl-� ù, Ý �Û ùÝ £ ù 8-� �p-¨ (5.30)

asthe large numberof termsmakesit possibleto disregardthe doubleproductsand 3/5"6 ù is an
upperboundof 1. If increment8-� is a fractionof period p Ùe� , theupperboundof error, W , canbe
written: W �w¤ ¡ knl-� ù, Ý �Û ùÝ £ ù 8I� �p]¨ �w¤ V ¡ knl-� ù, Ý �Û ùÝ £ ù p©St � ��ª ë (5.31)

where8I�«�¬p ÙÄÞ ª®­ � î , ¤ V , thenumberof cellspassedthrough,with onecell passedthroughin
onehalf-period.Figure5.32showsthevariationin theerrorasa functionof ¤ V for protonswithª � t v � © v � �ev and ��� © z¯v �d° vev MHz. For theIPHI projectRFQcase(600cellsat 300MHz),
theupperboundis around5% whenn=20anda few thousandthswhenn=40. The instanceof
transportwith a systemof the leap-frogtypein TOUTATIS givesa variationin normalizedrms
emittanceof 2% in thehorizontalplaneand0.3%in theverticalplanebetweenn=20andn=40.
Thevariationin z is only 0.1%. It canbeconcludedthatsubdividing thecell into 10 segments
in PARMTEQM is not critical. However, if it is wishedto predict the exit emittancewith an
accuracy of lessthan1%,subdivisioninto 20segmentsis preferable.It shouldalsobenotedthat
theerror is proportionalto theforcegradientandinverselyproportionalto the4th power of the
frequency.
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Figure5.32: Variationin upper-bounderrorasa functionof thenumberof cellspassedthrough¤ V for differentfrequenciesandtime increments.|W �]Z õAX / |W Ý�Z õAX |W <)Z õ;X / |W Ý�Z õ;X |W =hZ õAX (deg.MeV)

TOUTATIS 1.33 1.34 0.209
PARMTEQM 1.28 1.29 0.237

Table5.16: Increasein normalizedrms transverseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the225mA casewithout misalignment.In thesesimulations,
thetwo codeshave thesameintegrationsystem(leap-frog)andthesamelosscriterion(a square
whosesideis twice theminimumgap).

5.3 Imageeffectsand spacechargeforces

Thecalculationincludesa numberof uncertainties:thevalidity of thetransformusedto recon-
stitute the bunchdistribution at any time (only the quadrupolarterm beingconsideredfor the
transform),thesymmetryof revolution of thebunchat themiddleof thecell andfor therestof
thecell (thespacechargefieldsnothaving beenrecalculated),therepresentationof thebunchas
thesuperimpositionof asphereanda cylinderuniformly chargedfor theimageeffects.

For thesymmetryof revolutionhypothesis(SCHEFFsub-program),it hasbeendemonstrated
thattheapproximationraisesproblemswith abeamwith elliptical transversesymmetryin acon-
tinuousfocusingchannelwith thePICNIC sub-program[14]. PICNIC usesthesameprinciples
asSCHEFF, but is basedon a Cartesian3D mesh. In this study, a bunchof ellipsoidalshape
would retain,on average,anelliptical profile transversally(ratio of axis µ varyingbetween1.16
and2.58). Figure5.33shows the increasesin emittance,in eachplane,in accordancewith the
valueof the µ axisratio. Errormainly takestheform of spuriousincreasein emittancein certain
planescausedby couplingdueto thesymmetryhypothesis.

It is interestingto notethat, in our case,whenmodulationoccursin theRFQ,the tranverse
distribution of thebunchtendsto take theshapeof a lozenge(Figure5.34).This is theresultof
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Figure5.33: Increasein emittancewith an ellipsoid of half-sizeX=Z=Y/ µ in a continuousfo-
cusingchannel:a) SCHEFF(SpaceCHarge EFFects),b) PICNIC (Particle In Cell Numerical
IntegrationbetweenCubes).

Figure5.34:Typical transverseprofileof beaminducedby modulation.
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Figure5.35:Transverseprofileof beamobtainedin amisalignmentstudy.

¶·A¸]¹ ºA» / ¶·;¼�¹ ºA» ¶·I½)¹ º;» / ¶·A¼�¹ º;» ¶·;¾h¹ ºA» (deg.MeV)

TOUTATIS 1.35 1.23 0.519
PARMTEQM 1.28 1.28 0.501

Table5.17: Increasein normalizedrms transverseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the0 mA casewithout misalignment.

¶·A¸]¹ ºA» / ¶·;¼�¹ ºA» ¶·I½)¹ º;» / ¶·A¼�¹ º;» ¶·;¾h¹ ºA» (deg.MeV)

TOUTATIS 1.37 1.45 0.219
PARMTEQM 1.60 1.60 0.269

Table5.18: Increasein normalizedrms transverseemittanceand longitudinal emittancewith
PARMTEQM andTOUTATIS in the225mA casewith misalignmentby +600 ¿ m in X andY.
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ÀÁIÅ Z ÃAX ( Ä ..mm.mrad)

ÀÁAÆ Z Ã;X (deg.MeV)

“Square”criterion 0.259 0.269 0.168
“Electrodes”criterion 0.270 0.282 0.176

Variation - 4.07% -4.61% -4.55%

Table5.19: Variationin normalizedrms emittancesin all versionsof TOUTATIS. Variationis
thatinducedby the“square”

an octupolareffect. Anotherinterestingcaseis thatof error studiesto determine,for instance,
thesensitivity of themachineto beammisalignment.Onceagain,theaverageprofileof thebeam
doesnotcorrespondto acircle (Figure5.35).Thismayindicatethattheimageandspacecharge
forcesarenotproperlyrepresentedin thePARMTEQM code,althoughthecodeprobablyreflects
mostof thedisturbanceeffect. Again, this maybeacceptedasa functionof thetolerancelimits
to beapplied. In addition,Tables5.16,5.17and5.18containtheexit emittancescalculatedfor
anRFQat high current8 with PARMTEQM andTOUTATIS. Thedifference,for theprediction
of longitudinalemittance,reaches13%at 225mA ascomparedto 3% at 0 mA, andtheincrease
in transverseemittanceis thereforeperfectlycomparablefor the two codes.For thebeammis-
alignmentcase,SCHEFFpredictsan increasein tranverseemittanceof 60%whereasit is only
40%with TOUTATIS. Thetransmissionsgivenby thetwo codesareidentical.

5.4 Lossmanagement

5.4.1 Transverselosses

In PARMTEQM, any particleoutsidethesquaretwice theminimumopeningof asideis consid-
eredto belost. This criterionthereforeappliesto thehypothesisof a particlewith anamplitude
suchthat it is locatedoutsidethesquare,andcannotreturnwithin it. To verify this hypothesis,
this criterionwasintroducedinto TOUTATIS andtwo simulationsweremadeof thesameRFQ,
onewith the“square”criterionandtheotherwith thecriterionallowing for theactualgeometry
of thepolesreferredto asthe“electrode”criterion.TheRFQconsideredis thatin Section5.2..

The resultsof the simulationsare shown in Tables5.19 and 5.20.. Tables5.21 and 5.22
comparetheresultsobtainedwith TOUTATIS in the“square”configurationandthetwo versions
of PARMTEQM with andwithout theparaxialityhypothesis.Thiscomparisonis alsoof interest
ashereweareconcernedmainly with particleswith high-transverseamplitudes.

The resultsshow that this approximationcanbe extremelyunsatisfactoryif it is wishedto
accuratelypredictactivationof themachine,andcertainlyworsethanin thePARMTEQM case.
However, it mustonceagainbeemphasizedthatthefiguresgivenhereareonly valid for theRFQ
simulatedin thestudy. For theIPHI RFQ,for which thecomparisonwasalsomade,thereis no
significantdifference,asthe beamis well confinedwithin a radiussmallerthanthe minimum
gap.However, this approximationcertainlyraisesproblemsfor all RFQsif studiesaremadeof
errorswherebeamcontainmentis substantiallydegraded.

8This RFQis a versionof theRFQ2atCERNupgradedto 5 MeV. This structureis describedin Section15..
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Yield Transmission

“Square”criterion 92.45% 93.81%
“Electrodes”criterion 96.72% 98.31%

Variation -4.41% -4.57%
Lossvariation +130.20% +266.27%

Table5.20:Variationin totaltransmissionandyield for thetwoversionsof TOUTATIS.Variation
is thatinducedby the“square”..

ÀÁIÂ Z ÃAX ( Ä ..mm.mrad)
ÀÁIÅ Z Ã;X ( Ä ..mm.mrad)

ÀÁ;Æ Z ÃAX (deg.MeV)

TOUTATIS “square” 0.259 0.269 0.168
PARMTEQM with paraxiality 0.259 0.266 0.169

PARMTEQM withoutparaxiality 0.263 0.276 0.160

Table5.21:Variationin normalizedrmsemittancefor thetwo versionsof PARMTEQM andthe
“square”versionof TOUTATIS.

Yield Transmission

TOUTATIS “square” 92.45% 93.81%
PARMTEQM with paraxiality 87.22% 87.58%

PARMTEQM withoutparaxiality 92.48% 93.58%

Table5.22: Variationin total transmissionandyield for the two versionsof PARMTEQM and
the“square”versionof TOUTATIS.
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Thecomparisonbetweenthetwo versionsof PARMTEQM showshow thecodeis improved
by abandoningtheparaxialityhypothesis.

5.4.2 Particles with phaseshift

Managementof theseparticlesis describedin Section3.6.2.. Theseare dealt with by phase
translationto “return” the particleto the simulationwindow. This translation,althoughlegiti-
mate,cannotproperlyallow for theconsequencesof shift onsimulation.

Let us considerthe caseof an RFQ without transverselossesthat acceleratesonly 90% of
thebunchinjected.Thebeamentrancevelocitywouldbe0.01Ç c andtheexit velocitywouldbe
0.1Ç c, theinitial chargeby È�É , Q.Theunacceleratedparticleswouldretainavelocityof 0.01Ç c,
andthetotal chargewould thenbeunderestimatedin thePARMTEQM calculationsasthis code
alwaysgivesQ whereastheexactvalueis Ê¯ËfÌÍÇ Q.Theexplanationis asfollows. Whenthebunch
is accelerated,our simulationwindow of length È%É increaseswith È andunacceleratedparticles
from the precedingbunchesenterit. Thereare thentwo beamsin the accelerator:onebeam
modulatedaccordingto the È law in thechannel,andanunacceleratedbeam9.. In theprevious
case,thechargeof this continuousbeamis thereforeunderestimatedat theendof theRFQby a
factorof 10,andthatof thetotal beamby a factorof 1.9.

In practice,the impactof this error on the simulationis probablynegligible. Therearea
numberof reasonsfor this. The transversefocusingforcesarefrequentlyincreasedduring the
capturephase,theshiftedparticlesdonotundergothesamedepressionasthebunchandtherefore
becomeunstableandmostarelost in thefirst partof theRFQ.At theendof theRFQ,wherethe
errorwould have greaterconsequences,thebeamhasa far lower chargedensitythanthebunch
andmakeslittle contribution to spacecharge.

To seekto clarify the problem,the possibility of arbitrarily addingcharge during transport
wasaddedto TOUTATIS. This wasarbitraryasthe actualtransversecoordinatesof thesepar-
ticles areunknown. The codeusesa particleshifting from the bunchasthe marker particleto
estimatetheactuallongitudinaldensity. In practicalterms,if theparticleis shiftedwith avelocity
10timeslowerthanthesynchronousvelocity, nineparticleswith identicaltransversecoordinates,È#ÎÏÉ apartlongitudinally, areinjectedfor calculationof thespacecharge. È#Î is equalto onetenth
of È¢Ð Å Ã]Ñ�ÒdÓ�\@Ã�\@ÔÏÐ .. Two RFQ caseswerecalculatedwith andwithout this system:the versionof
theIPHI RFQwith its nominalvoltage,andthesameversionbut with avoltagereducedby 10%
over theentirestructure.This lastcaseis particularlyinterestingasa largenumberof particles
arethenshiftedandtotal transmissionremainssatisfactory. Table5.23 givesthe results. The
differencesdo not effectively appearto indicateany major problemswith the nominalvoltage
case.Thereducedvoltagecaseresultsin a differencebetweenlongitudinalemittancesof 30%.
It cannot,however, beconsideredthattheerroris of thesecondorder.

9In fact,thebeamis notnecessarilymonokinetic.It is populatedwith particleswith velocitiesthatvarywith the
zoneswheretheparticleshavebeenshifted.



5.5. COMPARISON WITH EXPERIMENTAL RESULTS 119ÀÁIÂ Z Ã;X / ÀÁAÕ Z ÃAX ÀÁIÅ Z ÃAX / ÀÁ;Õ Z ÃAX ÀÁAÆ Z Ã;X (deg.MeV) Transmission Yield

Nominalvoltage(ss) 1.04 1.04 0.148 99.72% 99.60%
Nominalvoltage(av) 1.04 1.04 0.153 99.66% 99.58%
Reducedvoltage(ss) 1.08 1.09 0.182 95.48% 78.75%
Reducedvoltage(av) 1.11 1.11 0.238 95.45% 75.29%

Table5.23: Exit emittances,transmissionandyield for differentcases(ss= without particles
added,av = with particlesadded).

5.5 Comparisonwith experimental results

In 1993,RFQ2wasintegratedinto the low-energy line of Linac 2 to improve theperformance
of the PS[16].. During the summerof 1992,RFQ2wasinstalledon a testbenchto compare
the measurementsobtainedon the beamwith the resultsof simulationmadeat the time with
thePARMULT codeanda versionof thePARMILA code10.. PARMULT is anearlyversionof
PARMTEQM with only the four mainmultipoles(quadrupole,dodecapole,periodicmonopole
andperiodicoctupole),andwith no provision for imageeffects. This differenceis minimal in
termsof thedifferencessubsequentlyobserved. In this section,a descriptionis givenof a new
comparativestudywith TOUTATIS anda versionof PARMILA modifiedby NicolasPichoff of
theFrenchAtomic Energy Commission(CEA). Oneof themainmodificationsto thecodeis the
implementationof the 3D PICNIC spacecharge routineto replaceSCHEFF. It is necessaryto
usePARMILA to simulatethediagnostics.

5.5.1 Description of line

Theprotonbeamis generatedby aduoplasmatronsourceandextractedat 90 keV. Thetransport
line consistsof two solenoidsusedfor injecting the beaminto the RFQ (Figure 5.36). The
protonbeamthusmatchedentersRFQ2 and is raisedfrom 90 keV to 750 keV (Table 5.24).
Transmissionisapproximately90%,astheentrancecurrentisnotknownwith accuracy, probably
beingbetween220and230mA of protons.TheRFQ is monitoredby thediagnosticline (see
Table5.25).

Theprincipleof eachmeasurementis describedin detail in [15]. Theauthorsconsiderthat
thesystematictransferdataerroris around5%. No indicationsaregivenconcerninglongitudinal
error.

5.5.2 Comparisonof the resultsof simulation and measurement

Considerationis first givento thedifferencein theresultsfor theRFQexit givenby PARMULT
andTOUTATIS. Table5.26 givesthe exit parametersfor eachcode. The differencesarecal-
culatedusingTOUTATIS for reference.The rmssizesarecalculatedandareusedasthemain

10PhaseAnd RadialMotion in IonsLinearAccelerator.
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Figure5.36:RFQ2testbench.

Parameter Valueor type

Ion ÖØ×
Frequency Ù¯ÚSÙEËfÛ¯Ü MHz

Entranceenergy ÌeÚ keV
Exit energy ÝeÛ;Ú keV
Exit current ÙEÊ-Ú mA

Numberof chargesperbunch Ü4ËfÛnÞSÊ-Ú¯ß
Pulselength àeÚâá�ã

Repetitionrate Ê Hz
Peakfield äSÛ MV/m (2.4Kp)

Averagegap ÝEËQàSÝ mm
Voltage ÊIÝ¯à kV

Numberof cells ÊIÙ;Ü
Table5.24:Main parametersof RFQ2.
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Position Element

z = 0 cm Endof RFQpoles
z = 5.5cm Entranceof Q10quadrupole
z = 11.0cm Exit of Q10quadrupole
z = 13.5cm Centerof buncher
z = 15.5cm Entranceof Q20quadrupole
z = 21.0cm Exit of Q20quadrupole
z = 40.1cm Measuringslips

Table5.25:Longitudinalpositionsof thedifferentdiagnosticline components.

TOUTATIS PARMULT Difference(%)å Â -2.338 -2.787 -19.20È Â (m/rad) 0.1819 0.1865 +2.53ÁIÂ Z Ó
æ%ÐNZ Ã]\�Ó
æ^X ( Ä ..mm.mrad) 0.642 0.545 -15.11çè Ó
æ%Ð (mm) 3.03 2.83 -6.60å Å 2.758 2.771 +0.47È Å (m/rad) 0.2509 0.2004 -20.13ÁAÅ Z Ó
æ%ÐNZ Ã�\@Ó
æYX ( Ä ..mm.mrad) 0.721 0.727 +0.83Àé Ó
æ«Ð (mm) 3.77 3.39 -10.08å Æ 0.049 -0.214 -536.73È Æ (deg/MeV) 866 1592 +83.83ÁAÆ Z Ó
æ%ÐNZ Ã�\@Ó
æYX (deg.MeV) 0.174 0.126 -27.59

Table5.26:RFQ2exit beamparameterscalculatedwith TOUTATIS andPARMULT.

criterionfor estimatingthequality of thesimulations,asthis is theparameterwhich is certainly
theonemostaccuratelymeasured.

It is noteworthythatthedifferenceis 10%for theverticalsize.Onthebasisof theTOUTATIS
exit distribution, a numberof PARMILA simulationsweremadefor the threediagnosticline
configurations.Tables5.27, 5.28 and5.29 give the measurementsandvaluescalculatedwith
PARMULT+PARMILA andTOUTATIS+PARMILA for eachof theconfigurations.

It hasbeenverifiedthatthetwo differentversionsof PARMILA donotgiveriseto differences
relativeto theresultsobtainedby usingtheRMSparametersgivenby PARMULT asinput for the
versionof PARMILA maintainedby NicolasPichoff. Thedifferencesrelative to measurements
areof thesameordersof magnitude:22-23%differencefor all parameters,15-17%difference
for sizes. The differencebetweenthe levelsof performanceof the two codesthereforeresults
from theRFQcodesor themannerin which their exit distributionsareused.Theresultsin [15]
wereobtainedusingrmsparametersandnot thePARMULT exit distribution. To checkwhether
this approximationwasthe causeof the differences,the instanceof transportwasrecalculated
with TOUTATIS andPARMILA but only usingthermsparametersgivenby TOUTATIS for the
exit. Table5.30givesa comparisonof theresultswith thedistribution andonly theTOUTATIS



122 CHAPTER5. VALIDITY AND COMPARISON OF METHODS

..

Meas. TOUTATIS+P Difference(%) PARMULT+P Diff. (%)å Â -5.71 -7.140 25 -7.04 23È Â (m/rad) 1.200 1.620 35 1.6 33ÁIÂ Z Ó
æ%ÐNZ Ã]\�Ó
æ^X ( Ä ..mm.mrad) 0.720 0.780 8 0.74 3çè Ó@æ«Ð (mm) 8.25 9.97 21 9.66 17å Å -1.300 -1.640 26 -2.3 77È Å (m/rad) 1.100 1.160 5 1.2 9ÁIÅ Z Ó
æ%ÐNZ Ã�\@Ó
æYX ( Ä ..mm.mrad) 0.890 0.810 9 0.900 1Àé Ó
æ«Ð (mm) 8.78 8.60 2 9.22 5êìë
(deg) 48 44 8 40 17êìí
(MeV) 0.037 0.040 8 0.060 62

Averagedifference 15 22
Averagedifferencefor size 10 13

Table5.27: Comparisonbetweenthe resultsof simulationandmeasurementwith the buncher
on,G(Q10)=47.4T/m andG(Q20)=28.7T/m. Pstandsfor PARMILA.

Meas. TOUTATIS+P Difference(%) PARMULT+P Diff. (%)å Â -6.8 -5.27 23 -5.0 26È Â (m/rad) 1.3 1.03 21 0.9 31ÁIÂ Z Ó
æ%ÐNZ Ã]\�Ó
æ^X ( Ä ..mm.mrad) 0.62 0.82 32 0.68 10çè Ó
æ%Ð (mm) 7.97 8.15 2 6.94 13å Å -1.8 -1.87 4 -2.3 28È Å (m/rad) 1.2 1.11 7 1.7 42ÁIÅ Z Ó
æ%ÐNZ Ã�\@Ó
æYX ( Ä ..mm.mrad) 0.82 0.93 13 0.83 1Àé Ó
æ«Ð (mm) 8.80 9.02 2 10.54 20êìë
(deg) 185 195 5 202 9êìí
(MeV) 0.100 0.148 48 0.160 60

Averagedifference 16 24
Averagedifferencefor size 3 14

Table5.28: Comparisonbetweenthe resultsof simulationandmeasurementwith the buncher
off, G(Q10)=46.7T/m andG(Q20)=21.9T/m.
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Meas. TOUTATIS+P Difference(%) PARMULT+P Diff. (%)å Â -3.8 -2.82 26 -2.1 45È Â (m/rad) 0.75 0.63 16 0.46 39ÁIÂ Z Ó
æ%ÐNZ Ã]\�Ó
æ^X ( Ä ..mm.mrad) 0.70 0.76 9 0.67 4çè Ó
æ%Ð (mm) 6.43 6.14 5 4.93 23å Å -2.6 -2.84 9 -3.6 38È Å (m/rad) 1.5 1.45 3 2.1 40ÁIÅ Z Ó
æ%ÐNZ Ã�\@Ó
æYX ( Ä ..mm.mrad) 0.84 0.79 6 0.81 4Àé Ó
æ«Ð (mm) 9.96 9.50 5 11.57 16
Averagedifference 10 26

Averagedifferencefor size 5 20

Table 5.29: Comparisonof the resultsof simulationand measurementwith the buncheroff,
G(Q10)=42.6T/m andG(Q20)=19.6T/m.

Distribution rms
Averagedifference 13% 13%

Averagedifferencefor size 6% 8%

Table5.30: Comparisonbetweentheresultsof simulationandmeasurementfor thethreecases
onaveragewith andwithoutconservationof TOUTATIS exit distribution(rmsparametersonly).

exit rms parameters.Thedifferencesareoneorderof magnitudelower thanthoseobserved in
Tables5.27,5.28and5.29.. It canthereforebeconcludedthatthedifferencein accuracy is due
to thedifferencesbetweentheexit rmsparametersgivenby thetwo codes.It is to benotedthat
thedifferencebetweenthe resultsgivenby TOUTATIS andthe resultsof measurementsareof
the sameorderof magnitudeas the uncertaintyon the samemeasurementsfor the transverse
direction. The casewith the buncherstill givesthe greatestdifferencesbetweenthe resultsof
thecodesandmeasurement.Shouldthereasonsbesoughtbetweenmeasurementor in thecode?
Theauthorsof themeasurementappearto bedoubtfulabouttheir resultsin this case[16]. The
questionremains.Finally, it shouldbenotedthattheaveragescalculatedarepurelysymbolic,as
they arenotstatisticallymeaningfuldueto thesmallnumberof cases.

5.6 Conclusionof chapter

It hasbeenshown that the approximationsmadein PARMTEQM for calculationof external
fields,spacecharge,andimageeffects,for determinationof lossesandintegrationof theequa-
tionsof movementall havesubstantialconsequencesin termsof dynamics.Theamplitudeof the
errorsdependson the RFQ but it negligible in standardcases.Although someof the approxi-
mationscaneasilybecorrected,suchastheparaxialityhypothesis,mostarean integral partof
the code,suchasthe analyticalformulationfor the fields, andthe choiceof z as independent
parameter. Completecorrectionof thecodewouldbeanarduousif not impossibletask.
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If thedefectsresultingfrom theseapproximationswereto bearrangedin orderof importance,
thetransverselosscriterionwould probablybethefirst, followedby theparaxialityhypothesis.
Thedefectsresultingfrom thetreatmentof spacechargeandimageeffectswould besecondary.
This is due to the fact that, for the beam,focusingforcespredominate.This is lesstrue in a
horizontalplanewherespacechargeerrorresultsin substantialdifferences[17]. Thecodecould
thereforebesubstantiallyimprovedby eliminatingtheparaxialityhypothesisandthetransverse
losscriterion(square).

As concernsthevalidationsof techniquesusedby thecode,themethodusedfor determining
theradialmatchingsectionfor a wide transversewave numberdepressionrangeandpeakfield
estimationis particularlynoteworthy.
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Chapter 6

Additional developments

This chaptercontainsa review of the different developmentsfor RFQ beamdynamics. De-
scriptionsaregivenof theeffectsof radiofrequency couplinggapson beamdynamics,a quick
methodfor designinganRFQ,andamethodfor designingtwo consecutiveRFQs.This lastcase
is studiedwith a view to insertionof a high-speedbeamchopperin the low-energy part of a
high-intensitylinac.

6.1 The effectof coupling gapson dynamics

In relatively longRFQs(e.g.with a lengthof around8 meters),thecavity is dividedinto anum-
berof sections(Figure6.1). This typeof structureis commonlyreferredto asa “compensated
structure”.. The main advantageof segmentationis longitudinaldampingof any disturbances
in theamplitudeof thefield alongthecavity [1]. The limits of thesesegmentsareindicatedby
platesinsertedinto the structureat regular intervals1.. At the boundariesof the segments,the
four vanesareinterrupted.Theresultinggapis thenadjustedto make theparasiticquadrupolar

1At 2-m intervalsin theLEDA andIPHI of RFQs.

Figure6.1: Diagramof RFQsegmentation.
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Figure6.2: Profil of poleswith radiofrequency couplinggap.

modesof thefundamentalmodeequidistant[2] (Figure6.2).
Theeffect of interruptionof thepoleson thebeamwasunknown to theRFQdesigners.To

minimize the effect, Lloyd Youngproposedsituatingthe gapin an RFQ cell at a longitudinal
positiontraversedby thesynchronousparticleatamomentwhentheamplitudeof thealternating
fields is nil [3]. To apply this conceptto a specificcell, thepositionof thecenterof thegapis
givenby: îðïwñ Ñ�ò;ó Ð òÄ (6.1)

where

î2ï Ú atthebeginningof thecell,

ñ Ñ is thelengthof thecell, and ó Ð is thesynchronous
phaseat thecenterof thecell.

Theequipotentialsurfacesresultingfromsuchageometryin theusefulzonecanbecalculated
numerically, andthis geometrywasimplementedin the TOUTATIS code. Figures6.3 and6.4
show thepotentialdistribution in aplane,with andwithout acouplinggap,respectively.

Another alternative for minimizing this effect simply consistsin reducingthe size of the
gapwithout substantiallydegradingthequality of compensationof thestructure.To determine
theeffectof thegapsdependingontheconfiguration(Young’smethod,gaplargeror smaller),an
intermediateversionof theIPHI projectRFQwassimulated.Table6.1showsthevariousresults.
The casesmarked with an asteriskindicatethatYoung’s methodwasapplied. The othercases
correspondto agapcenteredin thecell.

Thesesimulationsclearly show that couplinggapscannotbe disregardedwhenseekingto
determinethedynamicsof thebeamin the IPHI andLEDA projectRFQs.Combiningthe two
methodsresultsin the effect of the gapson the dynamicsbeingvirtually nil in this case. For
the IPHI projectRFQ, it wasinitially plannedto use3.5 mm gapslocatedin the centerof the
cells, but they weresubsequentlypositionedto allow for the synchronousphaseandmade2.2
mm wide.
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Figure6.3: Distributionof potentialin aplanewith no couplinggap.
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Figure6.4: Distributionof potentialin aplanewith acouplinggap.
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Gapwidth (mm) ô 3.5 2.2 3.5õ 2.2õÀÁIÂ ( Ä ..mm.mrad) 0.264 0.325 0.277 0.285 0.267å Â 2.07 1.70 1.88 1.99 2.06È Â (m.radö#÷ ) 0.451 0.383 0.411 0.433 0.445ÀÁIÅ ( Ä ..mm.mrad) 0.259 0.325 0.278 0.283 0.266å Å -2.11 -1.95 -2.09 -1.94 -2.03È Å (m.radö#÷ ) 0.464 0.431 0.467 0.428 0.451ÀÁAÆ (deg.MeV) 0.156 0.182 0.162 0.174 0.159å Æ -0.175 -0.132 -0.147 -0.162 -0.181È Æ (deg.MeVö#÷ ) 668 539 629 577 642
Transmission(%) 98.79 97.01 98.72 98.67 98.75

Yield (%) 96.89 94.95 96.79 96.53 96.76

Table6.1: Resultsfor differentcouplinggapconfigurations(width andposition).

6.2 Designof an RFQ

Theprecedingchapterswereconcernedwith asingleissue:whatis thebestwayof simulatingan
RFQstructurewith known parameters?This begsanotherquestion,of equalimportance:what
parametersshouldbe assignedto anRFQstructureto achieve thedesiredspacecharge regime
beamaccelerationandbunchingfunctions?A numberof possiblesolutionsareto be found in
theliterature,combininganumberof implementationcriteria[4-8]. Thissectioncoversasimple
methodbasedon spacecharge upper-boundequations[9], makingit possibleto rapidly design
anRFQstructurewith acceptableperformance.

6.2.1 Initial approximations

Considerationis only givento averageeffectson thebeam.Therefore,ratherthanallowing for
thealternatingnature(i.e. focusingdefocusing)of theexternalcontainmentforces,useis made
of anequivalentcontinuousfocusingchannel.Thesesimplificationsthenreducetheparameters
characterizingthesizeof thebeamfrom threeto two, asfollows:ødùèûúEüéìúÍüý®þYÿ ø ü�>ú�üýnþ

(6.2)

where
ü�

is theaverageradiusof thebeamand
üý

thelongitudinalhalf-sizeof thebunch.In an
RFQ,thebeamis initially continuousthenin bunches,andbeingunableto preciselyreflectthis
transitionin anupper-boundequation,wecontinueto representthebeamasauniformly charged
ellipsoid with transversesymmetryof revolution, with the longitudinalhalf-sizevaryingalong
thestructure.In themodel,it is assumedthat longitudinalemittanceremainsnil. In reality, it is
initially zerobut increasesalongtheRFQ.However, asshallbeseen,this approximationgives
goodresults,asspacechargepredominatesin thelongitudinalplane.
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Thermsupper-boundequationsbecome:�� � Î�� À ÓÎ9Ð ��� � Ó
	���
� æ����]Ñ�� � À Ó�� À � ��À Ó�� ï ÚÎ � À ÆÎ9Ð � � � Æ 	���
� æ����]Ñ�� � À Æ ï Ú (6.3)

where � is themassof theparticle, � and È arerelativistic beamfactors,� is the speedof
light in avacuum,and ã is thelongitudinalpositionof thebunchin thestructure.Theexpression�! #" Ô%$ meansthatthetotal forceis linearizedby integratingover theentiredistribution. This
includestheexternalforcesandthespacechargeforces.

6.2.2 Calculation of forces

6.2.2.1 External forces

To simplify the calculationsof �& #" Ô'$ , considerationis only given to the first term of the
developmentrepresenting( Ó and ( Æ , i.e.:) " Ó ø+* þ ï ,
-. �/ *" Æ ø î þ ï 0214365 ÷ Õ#7�8:9 ø 14î þ (6.4)

where

0
is thechargeof theion,

1 ï ÙAÄ<;AÈ%É ,

3
is theinter-electrodevoltage,

� Õ is theaver-
agepolegap,and

5 ÷ Õ is theweightingcoefficient for modulation2.. Theseforcesaretheaverage
forcesexertedon thebunchin its frameof reference

ø�* ú î þ
.. To usetheequationsof movement

(6.3), it is necessaryto calculatethequantities�= #" Ô>$ , i.e.:

� * " Ó?$?@ ÂBA ï C�D#E üFG üF E üH2I J GLK �NM üF�O �/ Ó�PRQ�SH �/ Ó�P Ó�Î�Ó�Î ÆC�D E üFG üF E üH I J GLK �TM üF�O �/ Ó
ÎNÓ
Î Æï C U 0 -. �/ ü� C (6.5)

and: � î " Æ $?@ ÂBA ï C�D E üFG üF E üH I J G2K �NM üF�O �/ Æ P ,�VB-4W J /YX:Z\[ � V Æ �]P Ó�Î�Ó�Î ÆC�D#E üFG üF E üH2I J G2K �NM üF�O �/ Ó�Î�Ó�Î Æï �_^ ,
-`W J /ba ^ V üced+f X � V üc � × � V � üc � ö ^ � X:Z\[ � V üc �hgi V � üc � (6.6)

2Notethatthemodelwassimplifiedby settingjlknmloqp for transversefocusing.
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For convenience,thesetwo forcescanbere-writtenasfollows:) � * " Ó?$r@ ÂBA ï -. �/ ü�ts ø ü� þ� î " Æ $?@ ÂBA ï 365 ÷ Õvu ø üw þ (6.7)

where üw ïx1 üý
..

6.2.2.2 Spacechargeforces

Two casesrequireconsideration:elongatedellipsoid(
ü� � üý

) andflattenedellipsoid(
ü� $ üý

).
Theintermediatecase(sphere)is unnecessary, asstrictequalitybetween

ü�
and

üý
is improbable.

The fields, for suchuniform charge densitygeometries,aregiven in the first volumeof Emile
Durand’sbook“Les distributions”publishedby Masson.Theforcesarecalculatedwith integrals
of type(6.6).

For theelongatedellipsoid:

� * " Ó?$ Ñ+@ ï ä 0zy ÉÙ¯Ú{�dÄ ÁAÕ ø ü� C � üý C þ
�||||||||||� ||||||||||�

ü� C~}��{������z� C üc�� üc × I üc � ö ü. ��� ö ü. �ü. � ������ üý C � ü� C � üý
� ||||||||||�||||||||||� (6.8)

and:� î " Æ $ Ñ+@ ï ä 0zy É üý� Ú{�dÄ ÁAÕ ø ü� C � üý C þ ^n� C
�||� ||� üý }:�2� ���� Ù üý�� üý � � üý C � ü� Cv� � ü� Cü� C � ����� Ù � üý C � ü� C � ||�||�

(6.9)
For theflattenedellipsoid:

� * " Ór$ Ñ�@ ï � ä 0Ly ÉÙ¯Ú{�dÄ ÁAÕ ø üý C � ü� C þ �||� ||� ü� C~�2���b�B� 9�� I ü. � ö üc �üc �� ü� C � üý C � üý � ||�||� (6.10)

and: � î " Æ $ Ñ+@ ï ä 0Ly É üýÙ¯Ú{�dÄ ÁAÕ ø üý C � ü� C þ �||� ||� üý �2���b�B� 9�� I ü. � ö üc �üc �� ü� C � üý C � Ê � ||�||� (6.11)

where

y
is thebeamcurrentin ampsand É is thewavelength.
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6.2.3 Parameter determination

Theequationsof movementarenow complete.What remainsis to determinethe initial values
of theparametersandtheir variation.Thefollowing criteriaarethereforeapplied:� To minimizethetransverselosses,it is imposedthat

ü� ï � �¢¡ , i.e. £ C Ð ü� ï Ú .. Thisconstant
is determinedby matchingthebeamto thechannelat theRFQentrancedefinedby voltage
andgap. This stagecanbe carriedout by minimizing the envelopeusingthe procedure
describedin thepreviouschapter.� Thechannelis dividedinto two parts:onewherethesynchronousphaseis maintainedat
-90* (highacceptance)for beambunching,referredto asthebunchingzone(ZG), andone
wherethesynchronousphaseis increasedup to around-30* for accelerationof thebunch
formed,which is referredto astheacceleration zone(ZA).� Variationof thelongitudinalhalf-size

üý ø ã þ
is imposed.It is in accordancewith a function

rangingfrom È�É~;eÙ to thevaluedesiredin thebunchingzone,andis madeconstantin the
accelerationzonefor aslong aspossible.Thelimit dependson criteriaspecificto thede-
signer(maximummodulationetc.).

Thesedifferentcriteriasimply reflectthedesiresof many RFQdesigners.By replacing
üý ø ã þ

by
theequivalentphaseextension üw ø ã þ

, i.e.:üw ø ã þ ï üý ø ã þ ÙAÄÈ�É ï¤1 üý ø ã þ
(6.12)

andusingthe equivalence
üý ï Û Àî

for an ellipsoid, the systemdefinedby the expressions
(6.3)becomes: �|||� |||� � -. �/ � ø ã þ ï À Ó � æ����]Ñ��R�¥ � ü. � � � Ó
	 � 
§¦]¨� æ©�ª��Ñ�� � À Ó � À � ��À Ó�� �ø 3t5 ÷ Õ þ ø ã þ ï � æ©���]Ñ�� � ü« ��ÐN�U V�¬ � ü« ��ÐT��� � U V � Æ 	 � 
 ¦]¨� æ©�ª��Ñ�� � ü« ��ÐN�­�x® �¯ ü« ��ÐT�V � (6.13)

even in the bunchingzonewhere È is constantaccordingto ã .. For the accelerationzone,
asthe bunchis formed,it is chosento conserve the constantfocusingforces. This choicehas
two advantages:thefirst is that thebunchformedis maintained,thesecondis thatmodulation
variationis givendirectly oncethephaselaw is established.This is because,by maintainingthe
longitudinalfocusingforceconstantduringacceleration,it canbewritten that:ø 3°5 ÷ Õ þ ø ã þ ï ø 3°5 ÷ Õ þ ø�± c³² þ u � C�D�L�ª´ F�µ �h¶ üý øT± c·² þ �u � C�D�z��ÐT�R¶ üý ø�± c³² þ � (6.14)
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where
± c·² is thelengthof thebunchingzone.

FunctionÈ ø ã þ
is completelydeterminedby thephaselaw astheenergy zonepercell is equal

to: êìí ø ã þ ï¸0 Ä � ø 365 ÷ Õ þ ø ã þ � � 7 ø ëº¹ ø ã þ�þ
(6.15)

where
ø 3°5 ÷ Õ þ ø ã þ

variessufficiently slowly for it to bepossibleto take thevaluecalculated
for theprecedingcell asbeingthatof thecell in question[4].. Theprocessis noteworthy: fromø 3t5 ÷ Õ þ ø�± c³² þ

, thevalueobtainedat theendof thebunchingzoneand
ëº¹ $ � ÌeÚ * impliesagain

for È ø ã þ
andhenceagainfor

ø 3°5 ÷ Õ þ ø ã þ
via expression(6.14)etc.Themodulationincreases“on

its own account”throughaccelerationandvice-versa.To avoid excessive modulationresulting
in an excessive decreasein » , theminimum gap,the designercanseta ceiling on modulation.
Thissecondoption,however, impliesanincreasein thelongitudinalsizeof thebunch.

The sameprinciple canbe usedfor the synchronousphaselaw,
ëº¹ ø ã þ

.. Phaseacceptance,ê_¼
, of thelinac is givenby theexpression[4]:�B� 9 ø ëº¹ þ ï 7�8�9 ø ê_¼ þ � ê_¼Ê � � � 7 ø ê_¼ þ (6.16)

For thebunchto bestable,thefollowing conditionsmustbemet:Ù üw ø ã þ � ê½¼
(6.17)

Thisconditionlinks acceptanceto velocity if it is wishedto maintainthelongitudinaldimen-
sionof thebunch.Variationof

ê_¼
alongthestructurebecomes:ê½¼ ø ã þ ï ÙIÄ È ÕÈ ø ã þ (6.18)

where È Õ is the structureentrancevalue. The valueof
ëº¹ ø ã þ

canbe obtaineddirectly by
meansof expression(6.16). It is necessaryto introducea certainmargin asacceptanceis not
symmetricalrelative to

ëº¹
.. To obtainthis margin at equivalentacceleration,the synchronous

phasecanbemodifiedby meansof theexpression:ø ëº¹ þ ¥ ï � �2���¾� � 7�¿ ø ëº¹ þnÀå Á (6.19)

Thevaluesof å of around1.1aretypically acceptable.As å increases,themargin increases
but theRFQwill belongerfor thesamefinal energy.

To completeandfinalizethemethod,it shouldalsobenotedthatif thesynchronousphase,at
theendof thebunchingzone,is not arbitrarily incremented,theprocessof “self-augmentation”
of thesynchronousphase,modulationandvelocity doesnot begin. This incrementis setat the
initiative of the designer. It would appearthat a linear increaseof 5* over aroundten cells is
acceptable.
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6.2.4 Adiabaticity criterion

Themodel,asit hasbeendescribed,leavesthedesignerfreeto choosethelengthof thebunching
zone.However, it mustnot betoo short,astherewould bea risk of introducinganexcessively
fast disturbanceaccompaniedby an irreversibleincreasein the “transverse” emittanceof the
system,“transverse”asthelongitudinalemittancecanonly increasein thezone.A criterionfor
therateof variationof theamplitudeof thetransversefocusingforcesis thereforenecessary. In
thecaseof expansionof agasin apiston,theprocessis termedadiabaticif thespeedof thepiston
is smallcomparedto thespeedof soundin thegas.In otherwords,theexternalforcesmustvary
moreslowly thantheforcesof interactionin thesystem[10]. Thedynamicsof themediumthen
correspondto asuccessionof statesof equilibriumandentropy doesnot increase.In thepresent
case,theforcesof interactionarethespacechargeforces.Thedistanceof relaxationof thebeam
in thespacechargeregime,

±
, is: ±ÃÂ ± Õ ; �Ê �ÅÄ Ó ï áÍÈ�É (6.20)

where
± Õ is the lengthof the betatronwave and Ä Ó is the wave numberdepressiondue to

spacecharge[11]. Theconstantá canexpressthis distanceasa fractionof thespatialperiodof
focusing.It mustthereforebeascertainedthatthevariationin theforceappliedis negligible over
this distance.Ratherthanthe total force,we take theratio betweenthespacecharge forceand
theradialcontainmentforce, Æ , for simplification:

Æ ø ã þ©Ç � * " Ó?$ Ñ+@� * " Ór$?@ ÂBA (6.21)

For 60* phaseadvanceand100mA, thedistancenecessaryfor establishingequilibriumis of a
few meshes.More generally, to meetthis criterion,assumingthat thevariationis infinitesimal
overaspatialperiod, Æ mustcomplywith thefollowing condition:È ø Æ þ � Á (6.22)

by writing: È ï áÍÈ�É ÊÆ_É ÆÉ ã (6.23)

whereÁ is of theorderof a few Ê]Ú+ö C .. After a numberof tests,it wouldappearthatthis orderof
magnitudefor Á constitutesagoodcompromise.Imposinga lowervalueimprovesthequalityof
thechannelbut makesthebunchingzonelonger.
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6.2.5 Transition to realbeam

6.2.5.1 Transverseequivalence

As theRFQchannelis not a continuousfocusingchannelbut focusesanddefocusesalternately
in a plane,it is necessaryto establishequivalencesfor transposingthemodelto reality. For the
two channelsto be equivalent,phaseadvanceof the particlesmust be identical over one FD
channelperiod.TheFD channelforcesaremodulatedby 7�8:9 ø]Ê � þ , i.e. 7�8:9 ø 1 ã � w þ

wherew is the
phaseof theparticleat themomentwhenit entersthechannel.In acontinuousfocusingchannel,
thetrajectoryof particlesin auniformbeamcanbemodeledwith therelationship:� Ñ ø ã þ ï � 7�8:9 ��ÙAÄ± ã � (6.24)

where
±

is the lengthof the betatronwave and
�

the maximumamplitudeof oscillationof
theparticle. If

±
is largecomparedto È%É , which is all themoretrueasspacechargeis large,the

averageof
ù" Ó * for oneperiodis: " Ó ï ÷�¾¶ E �Ë¶Õ ù" ÓYÞ � Ñ ø ã þ £+ãÌ ù" ÓYÞ � Ñ ø È�É#;eÙ þ (6.25)

where
ù" Ó is theforcegradient.For theperiodicfocusingchannel,thetrajectoryof aparticle,

with thesamephaseadvanceasthatcorrespondingto (6.24),is:��Í ø ã þ ï � 7�8�9 � ÙIÄ± ã � Þ a Ê �'Î 7�8:9 ø 1 ã þ g (6.26)

wherethetrajectoryis modulatedby a smallamplitudeÎ .. This modulationhasthesameperiod
as the focusingforcesand correspondsto modulationof the beamenvelope. Calculationof��Í ø ã þ Þ ù" Â thenbecomessomewhatmorecomplicated:" Â ï ÷�¾¶ E �¾¶Õ ù" Âe7�8:9 ø 1 ã � w þ Þ ��Í ø ã þ £+ãÌ ù" Â Þ � Ñ ø È�É#;eÙ þLÏC (6.27)

With theresultthat,for thechannelsto beequivalent,theamplitudeof theperiodicfocusing
forcesmustcomplywith theexpression: ù" Â ï Ù Î ù" Ó (6.28)

The Ù2; Î factortypically amountsto around20. This valuehasto be calculatedduring FD
channelmatching.For equivalencesin termsof size,thetechniqueconsistsof making

ùè
equal

to
ü�
..
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Parameter Valueor type

Ion Ö ×
Frequency äSÛeÙ+Ë�Ù MHz

Entranceenergy ÌeÛ keV
Current Ê-ÚeÚ mA

Averagegap
� Ë Ê-ä mm

Voltage Ê-ÚeÚ kV
Numberof cellsfor matching Ü

Totalemittancenormalizedon X (4D WaterBag) ÊeËfÛAÄ ..mm.rad
TotalemittancenormalizedonX (Uniform) equivalent ÊeËQÚ;Ä ..mm.rad

Totalemittancenormalizedto theradial(Uniform) equivalent ÙEËQÚ;Ä ..mm.rad
Wavenumberdepression 0.67á 4.5

Table6.2: Initial parametersof RFQ.

6.2.5.2 Longitudinal equivalence

Theamplitudeof the longitudinalfocusingforcesis modulatedby theradiofrequency beatand
thegeometryof thevanes.Thesetwo amplitudemodulationsgive a variationof the following
type: " Æ Ç 7�8:9 ø 1 ã þ 7�8:9 ø]Ê � þ ï 7�8�9 C ø 1 ã þ

(6.29)

With theresultthat,on average,theforceis twice assmallasthatobtainedin Section6.2.2,
theaverageof 7�8:9 C øÑÐ þ

over oneperiodbeingequalto Ê�;eÙ .. It is thereforenecessaryto multiply
expression(6.13)by Ù to obtainthelongitudinalforceto beapplied.

6.2.6 Illustration of the method for a specificcase

To illustratethemethod,initial parameterstypical of anRFQfor high currentwith theparame-
tersindicatedin Table6.2 areconsidered.Thesearchfor parametersmatchingtheentryof the
structuregivesavalueof 1.5mm for

ü�
and20 for Ù{; Î ..

Theanalyticalfunctionchosento imposegroupingis:

üw ø ã þ ï Ê-àeÚ � Û;ÚìÇ � Ê � � � 7 � Ä± c·² ã � � (6.30)

which makesit possibleto imposea phasereductionof 180* to 80* for the half-size. The
resultingradial

ø 3 ; � CÕ þ ø ã þ
andlongitudinal

ø 365 ÷ Õ þ ø ã þ
functionsarecalculatedwith expressions



138 CHAPTER6. ADDITIONAL DEVELOPMENTSÀÁIÂ Z ÃLÒ / ÀÁAÕ Z ÃLÒ ÀÁIÅ Z ÃzÒ / ÀÁAÕ Z ÃzÒ ÀÁAÆ Z ÃLÒ (deg.MeV) Yield Transmission

1.07 1.08 0.145 99.98% 99.98%

Table6.3: Enlargementof normalizedrms transverseemittance,longitudinalemittance,yield
andtotal transmission.
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Figure6.5: Variationin
È
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(6.13).To minimizethepeakfield,
� Õ is constantoveraninitial sectionof theRFQthendimin-

ishes(seeChapter3). The voltagevariesin sucha manneras to comply with
ø 3 ; � CÕ þ ø ã þ

via� Õ ø ã þ
.. For theaccelerationzone,modulationis limited to 1.7andthesynchronousphaseis in-

creasedby -33*. Theconstantå , requiredfor calculationof thephaselaw, is takento beequalto
1.1.Otherchoicescouldhavebeenmadefor thesevalues.It is amatterof findingacompromise
in termsof otherconstraints,suchasthe lengthof theRFQ,thepeakfield, or sensitivity to ra-
diofrequency powerreduction.Thesetof parametersselectedgivesanRFQlengthof 6.35m and
a peakfield greaterthan42 MV/m (i.e. 2.3 timestheKilpatrick field). A numberof parameters
of thestructurearedescribedin Figures6.5to 6.9..Table6.3summarizestheperformanceof the
RFQobtained.Figure6.10showsthevariationin thebeamenvelope.Dif ferentexit distributions
aredescribedin Figures6.11and6.12..Oneinterestingaspectof themethodis thatthestructure
obtainedhasnohigh-energy losses(Figure6.13).
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Figure6.6: Variationin the modulationalongthe RFQ.The first variationis derived from the
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Figure 6.10: Variation in beamhorizontalenvelope. This envelopeshows the importanceof
limiting the longitudinal focusingforce while keepingthe transverseforce constantin the ac-
celerationzone.High-energy lossesareminimizedby thegradualreductionin transfersizethat
results.

Figure6.11: 6.12Front andsideview of bunchat RFQ exit. The geometryis effectively that
of anellipsoid,which shows that theparticlesaremainly subjectedto linear forces,makingthe
modelusedcoherent.
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Figure6.12: Bunchdistribution in transverseXX’ andlongitudinalZZ’ phasedomainsat RFQ
exit.

Figure6.13: Variationin thetwo transverseemittancesandpower depositionin wattsalongthe
RFQ. No particleswith energies higher than 2 MeV are lost, correspondingto the activation
thresholdof copper.
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Figure6.14:Diagramof ESSprojectlinac with its low-energy section(2 RFQs+ chopper).

6.3 Designof two RFQs

Foranumberof highpoweracceleratorprojects(EuropeanSpallationSource,SpallationNeutron
SourceandEuropeanPolyvalentMachine3), it is necessaryto chopthebeamto enableinjection
into astoragering. Thisoperationis carriedoutby achopperatanenergy of around2 MeV. The
low-energy partobtainedis thensimilar to anRFQof theIPHI typedivided into two to enable
insertionof thechopper(Figure6.14).

To designsuchaline from thepointof view of thedynamicsin theRFQ,apossiblemethodis
to only finally optimizeasinglestructure,chooseacut-off point,placea transitioncell followed
by anexit sectionat theendof thefirst RFQandanentrancesectionfollowedby atransitioncell
makingit possibleto ensurecontinuitywith theentrancemodulationof thesecondone.Matching
beamparametersfor thesecondRFQcanbeobtainedby inversetransportby injecting,somewhat
upstream,thematchingbunchtakenduringsimulationof thelargeinitializedRFQ(Figure6.15).

To allow adegreeof flexibility in implementationof transportin thechopperline, it is helpful
to vary thelengthof theexit sectionsof thefirst RFQandtheentrancesectionof thesecondone
(Figure6.16). Figures6.17to 6.21show theTwissparameters,for eachplane,asa functionof
theselengthsfor thefirst of thetwo RFQscurrentlybeingdesignedatSaclayfor theESSproject.
Figure6.19clearlyshows thatvariationsin emittancearenegligible andthatinversetransportis
thereforevalid.

3Thesewouldhaveanumberof applications:spallationneutrons,productionof radioactiveions,wastetreatment
etc.
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Figure6.15:Diagramillustratingthemethodof designingtwo RFQs.

Figure6.16:Diagramshowing thedistances(redsegments)to bevariedto obtainasetof match-
ing beamparametersofferingflexibility in implementationof thechopperline.
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Figure6.17:Variationin matched÷ for eachtransverseplane.

Figure6.18:Variationin matchedø for eachtransverseplane.
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Figure6.19:Variationin emittancesin eachplane.

Figure6.20:Variationin matchedù for thelongitudinalplane.
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Figure6.21:Variationin matchedú for thelongitudinalplane.

6.4 Conclusionof chapter

This chaptershows how to estimatetheimpactof radiofrequency couplinggapson particledy-
namics.To make their effect negligible, it is necessaryto reducethewidth of thegapsasmuch
aspossibleandto positionthemin thecell with allowancefor thesynchronousphase.

A quick andsimplemethodof designinganRFQis described.This mainly stemsfrom the
desireto keepthedimensionsof thebunchobtainedin thebunchingzoneasconstantaspossible.
Thebunchingzoneis designedon thebasisof beamenvelopeequationsin a channelequivalent
to theRFQ.

A simplemannerof apprehendingthe designof two RFQsfor projectssuchasESS,SNS
andthe EuropeanPolyvalentMachineis describedin detail. Indicationsaregivenconcerning
flexibility in thedevelopmentof a chopperline to beplacedbetweenthetwo RFQs.
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Chapter 7

General conclusion

Thebasicprinciplesof anRFQhavebeenreviewed,andconsiderationhasbeengivento thestate-
of-the-artconcerningdescriptionof theusefulzoneon thebasisof subdivision into cylindrical
harmonics.Theprinciplesof time/positionmatchinghavealsobeendescribed.

The hypothesesadoptedfor simplification in the PARMTEQM codehave beencoveredin
detail. In termsof present-dayrequirementsfor high-currentRFQs,thesesimplificationsraisea
numberof issues:do they causeany errorand,if so,what is their relative importancein terms
of transmission,exit beamdistribution and the location of losses? To find answersto these
problems,a new transportcodehasbeenwritten to minimize thesimplificationhypothesesand
serve as a referencefor a numberof comparative studies. This codeis basedon solving of
thePoissonequationin three-dimensionalgrids. It usestime asthe independentparameterfor
integrationof movement,with allowancefor thegeometryof thepoles,spacechargeforcesand
imageeffects.

Thesestudiesshow that the approximationsmadein PARMTEQM for the calculationof
external fields, spacecharge and imageeffects, for the treatmentof lossesand integrationof
the equationsof movementall have consequencesfor dynamics. The amplitudeof the errors
dependson the RFQ, with the result that many of the approximationsmay be acceptablein a
numberof cases.Althoughsomeapproximationscaneasilybecorrected,suchastheparaxiality
hypothesis,mostareintegral partsof thecode,suchastheanalyticalformulationof thefields,
andthechoiceof z asthe independentparameter. Point-by-pointcorrectionof thecodewould
bearduousif not impossible.

If theerrorsresultingfrom theseapproximationswereto beclassifiedin orderof importance,
the transverselosscriterionwould probablycomefirst, followedby theparaxialityhypothesis.
The errorsresultingfrom spacecharge treatmentand imageeffectsremainsecondaryin most
cases.This is becausefocusingforcespredominate.This is lesstrue in the horizontalplane
wherespacechargeconsiderationscangive riseto substantialerror. This modecould,however,
besubstantiallyimprovedbyeliminatingtheparaxialityhypothesisanditscriterionfor transverse
losses(squaretwice theminimumgapof aside).

As concernsvalidation of the code,the methodusedfor determiningthe radial matching
sectionfor awiderangeof wavenumberdepressionin thetransversedirectionandestimationof
thepeakfield is noteworthy.
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The last chaptercovers estimationof the impact of the radiofrequency coupling gapson
particledynamics.To minimize their effect, it is necessaryto make themassmall aspossible
andto positionthemin thecell with allowancefor thesynchronousphase.

A simpleandrapidmethodof designinganRFQis given.Themodelis basedonconservation
of thebunchdimensionsobtainedattheendof thebunchingzone.Thebunchingzoneis designed
usingthespacechargeregimebeamenvelopeequationsin achannelequivalentto theRFQ.

A simplewayof apprehendingthedesignof two RFQsfor projectssuchasESS,SNSandthe
EuropeanPolyvalentMachineis describedin detail.This is accompaniedby indicationsoffering
adegreeof flexibility for integrationof thechopperline to beplacedbetweenthetwo RFQs.

Futurework could includeimprovementof theTOUTATIS code,with Taylor developments
of up to thefourthorderin thefinite differencesmethod.It might thenbepossibleto achievethe
sameprecisionwith asmallernumberof nodes.Themethoddevelopedfor designof theRFQis
relatively recentandanumberof improvementsarenecessary, suchascontrolof thepeakfield.



Appendix A

General information on harmonics1

A.1 The Dirichlet problem

Electricalpotentialresultsfrom thepresenceof chargesin space.If weconsiderspacein general,
includingtheinfinite, thereis no functioncomplyingwith theLaplaceequation.In sucha case,
thePoissonequationapplies: û_üxýÿþ

(A.1)

where

þ
is afunctionof spacerepresentingthechargedensityperunit volume(i.e. thespatial

distributionof thesources).But if limited portionsof spaceareconsidered,solutionsto equation
(2.4)canbefound,andthis is aproblemthatcontinuouslyrecurs.Sourcesareassumedto reside
somewhereoutsidethedomainin question.It is thenrequiredto find a solutionin a domain � ,
usinggivenvaluesfor theboundary� of thedomain:û_ü¸ý �

in � and

ü
given �

This is the Dirichlet problem.. If the domainis a volume limited by a closedsurface(three-
dimensionalcase,for the two-dimensionalcaseit would be a closedcurve), it is an internal
problem.. If thedomainis outsidetheclosedsurface(closedcurve for the2D case)andextends
to infinity, it is anexternalproblem.. Thefirst case,which is themostfrequent,is consideredin
this appendix.

A.2 The Sturm-Liouville problem

If the Laplaceequationis describedin a systemof coordinates�����	�
�	�
� and if solutionswith
separatedvariablesarerequired,i.e.:ü �����	�
�	��� ý � ������������������������� (A.2)

1Thisappendixdescribesanumberof methodsfor representationof thescalarpotentialonthebasisof harmonics
asdescribedin [1].
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By substitutingexpression(A.2) into equation(2.4), threedistinctdifferentialequationsare
obtainedof thefollowing type:�� � ��� ���
� � �����
�� � ���! #" ����� �%$ ��&������(')�����
� ý � *,+ � +.-

(A.3)

where $ is anarbitraryconstant,and
*

and
-
, aretheboundariesof thedomainin direction� .. TheSturm-Liouvilleproblemconsistsof finding solutionsto (A.3) which, at boundaries

*
and

-
, satisfythehomogenouslinearconditions:/10 ����� * � � 032 �)4657��� * � ý �8 ����� - � � 8 2 �)4657��� - � ý � (A.4)

where
0

,
032

,
8

,
8 2

arearbitraryconstantsand 4657������� is thederivative of �����
� relative to� .. Whenthe interval  * � - ' is bounded,the conditionscanonly be satisfiedif constant$ has
well-determinedvalues $�9 referredto ascharacteristicvalues[1]. For eachvalue $�9 , thereis
a correspondingfunction � 9 ���
� , referredto asthe characteristicfunction (i.e. harmonics).A
generalsolutionto theLaplaceequationcanbewrittenasfollows:ü ���:�;�<�;��� ý!=?>@=BA 0 > A � � > �������C� A �������C� > A ����� (A.5)

It is now requiredto determinecoefficients
0 > A

; this is thesubjectof thefollowing section.
To concludethelast two sections,it is importantto notethat thecharacteristicfunctions � 9 �����arevalid for representingapotential,solvingtheLaplaceequationwithin aboundeddomain.

A.3 Methods for determining seriescoefficients

A.3.1 Projection onto an orthonormal basein the domain

For a function D,����� to berepresentedby adevelopmentof thefollowing type:D,����� ýE= 9 0 9 ��� 9 ����� (A.6)

with: FHGI �KJ9 �����L�NMO����� � � ýQP M 9 (A.7)

where

P M 9 is theKronecker symbol2, the functionmustbeof a squarethatcanbeintegrated
into theinterval

*,+ � +.-
.. Thecoefficientsarethengivenby projection(i.e. scalarproduct):0 9 ý F�GI � J 9 �������CD,������� � � (A.8)

2This expressionis termedtheclosurerelationship.
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Undertheseconditions,theaveragequadraticerror:ROS ý F GI%TTTTT DU���V�:W S=9YX�Z 0 9 ��� 9 ����� TTTTT [ � � (A.9)

is minimized[1].

A.3.2 Methodswith non-orthonormal base

Although it is, in principle, always possibleto orthogonalizea set of functions, it can be an
arduoustask for complicateddomainsor even simple ones. The methodis morea gamefor
mathematicians!Hereit is shown that,undertheseconditions,thecoefficientsarenotcalculated
independentlyof eachother, asclosurerelationshipscannotbeused.However, othermethodsare
availablefor finding themandsolving thesystemof linearequations.Herewe briefly consider
three:theGalerkinemethod,thedirectmethodandtheleastsquaremethod(fit).

A.3.2.1 Galerkine method

Let us assumethat it is still desiredto representfunction DU���V� in a domain � with a finite
developmentof order \ : D,����� ý S=9	X^] 0 9 �C� 9 ����� (A.10)

but that, this time, the baseis not orthogonalin � .. Coefficients
0 9 are thereforecalcu-

latedseparately. It is necessaryto find therelationshipsbetweenthecoefficients. We therefore
considernew coefficients

8 >
and _ 9 > suchthat:`ab ac 8 > ýQd	e � J > �gfE���CD,�gfQ�h� �ji_ 9 > ýQd	e � J > �kfE�N��� 9 �gfQ�h� �li (A.11)

where f is apoint onclosedcurve _ boundingdomain� 3.. Equation(A.10),multipliedby� J > andintegrated,becomes: m X S=9	X^] 0 9 �C_ 9
> ý 8 A

(A.12)

This is therelationshipsought.All that remainsis to solve ( \ �on ) equationsto determine
the( \ �pn ) coefficients

0 9 .. Thismethodhastheadvantageof avoidingorthogonalizingthebase
usedin thedomainconsidered,but necessitatescalculatingalargenumberof integralswhich,for
domainswith complicatedbounds,is particularlyarduous,if not impractical. If we arewilling

3Curve for thetwo-dimensionalcase,three-dimensionalsurface.
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to solve a systemof linear equations,thereis a moresimpleandeffective method: the direct
method.

A.3.2.2 Dir ectmethod

Thesolutionapproachedis still in thefollowing form:D,����� ý S=9	X^] 0 9 �C� 9 ����� (A.13)

If ( \ �qn ) valuesof D,����� areknown at points f > , a systemof ( \ �qn ) equationscanbe
written to determinethe( \ �rn ) coefficients

0 9 :D,�gf > � ý S=9	X^] 0 9 �C� 9 �gf
> � (A.14)

( \ �sn ) points for f > mustbe judiciously selectedto improve the quality of the method.
This methodis by far themosteffectiveandthesimplestfor determiningtheseriescoefficients.
However, it hasthedisadvantagethat, for eachcoefficient required,a valuemustbepreviously
known. It is possibleto avoid this problemby usingtheleastsquaremethod.

A.3.2.3 Leastsquare method

This is themostpopularmethod.It is usedin asubstantialnumberof numericalprograms[2]. It
consistsof minimizing thequantity:R ý t= > X�Z � DU�kf

> ��W S=9YX^] 0 9 ��� 9 �gf
> � � [ (A.15)

which canbe consideredasthe sumof the leastsquaresprovided by the representationofD,����� by the baseon points f > .. It is thereforenecessaryto know u valuesof D,����� , but u
canbe smallerthan \ .. It is in this that the advantageof the methodresides:the numberof
known points is independentof the numberof coefficients sought. The methodis, however,
moreeffectiveif thenumberof pointsis high. To makethequantity R aminimum,it is necessary
to find coefficients

0 9 complyingwith the( \ �rn ) equationsof following type:4 R4 0 9 ý 44 0 9 t= > X�Z � D,�gf
> ��W S=9YX^] 0 9 ��� 9 �gf

> � � [ ý �
(A.16)

Thefinal solutionobtainedcannotbeusedto accuratelydeterminethevaluesused,contrary
to thedirectmethod,but makesit possibleto obtaina solutionif only few pointsin thedomain
areknown.
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Appendix B

RFQ vanegeometry

To simplify the analysis,the usualpracticeis to only considerthe first two harmonicsof each
seriesof theequation(2.18).Theexpressionfor electricalpotentialis thenreducedto:ü � þ �Yvj�Ywx� ýzy { /<|~} þ� ]6� [
���6� �

{ v6� � 0 ��� ] �g� þ � ���6� �g��wx�)� (B.1)

with: 0 ý � [ W n� [ � ] �k� * � � � ] � � � * � (B.2)

and: | ý n W 0 � ] �g� * � (B.3)

to meetthefollowing boundaryconditions:ü � * � � � � � ý¤ü � � * � � �Y�h��� ý y {
and: ü � � * �?� { � � � ýxü � * �?� { �Y�h�(� ý W y {

This simplified potentialcanbe usedto determinea numberof quantitiescharacteristicof the
dynamicsin anRFQ,which is extremelyusefulfor designingthestructure(calculationof phase
advancesetc.).As thissimplifiedpotentialhasthesamedisadvantagesasthatwith eighttermsas
concernsmachiningof thepoles,it is at leastpossibleto seekto equalizetheradii of longitudi-
nal andtransversecurvatureof thepoleandtheequipotentialsurfacecorrespondingto equation
(B.1). For the horizontalpole, the variation in the normalizedtransverseradiusof curvature
þ6�k� � ] is givenby thefollowing expression:
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160 APPENDIXB. RFQVANE GEOMETRYþ6�� ] ý �� ],� [����� ���[��� � W ��� (B.4)

where

� ý��
(abscissaof endof pole)and:� ý 0 � � ] ���6� �g��wx��� Z �g� � � (B.5)

The trajectoryfollowed by

�
canbe obtainedby dichotomyby varying w .. The minimum

valueof theradiusof longitudinalcurvatureis reachedwhen

� ý � *
, andits amplitudeamounts

to: þ > � � * � � �Y�h���� ] ý [ A I��� W 0 � � ] � Z � � � * �0 � [ � [] � ] � � � * � (B.6)

This is effectively theminimumthatis suitablefor machining.Theradiusof thecuttermust
be smallerthan

þ >
.. Thesevalueswere tabulatedfor differentcharacteristicsof cells by Ken

Crandall[1]..Thishastwo implicationsfor shortcells(typically for �h� � � ] between
�����6 

and

{
):¡ thepeakfield is considerablyincreased,¡ machiningis difficult.

To overcometheseproblems,Crandallsuggestsmakingtheradiusof transversecurvaturecon-
stant, the optimum valuebeing around

�����6 @¢ � ] .. Another advantageis that the inter-vane
capacityis thenvirtually constantalongthegap[2].. Crandallalsoproposesto applymodulation
of thesinusoidaltype,ratherthanthatderivedfrom equation(B.1) while maintainingtheradius
of transversecurvatureconstant.Theradiusof longitudinalcurvature,in

� ý � *
, is then:þ6� � � * � � �Y�h���� ] ý � �rn� � W n �;� [ � [] (B.7)

Cutterdimensionscanthereforebeincreasedfor shortcells. In conclusion,considerationis
to begivento two typesof longitudinalprofiles: a sinusoidalprofile anda profile extrapolated
from thesimplifiedpotentialwith two terms,thetransversesectionbeingcircularwith constant
radiusof curvaturefor vanetypeRFQs.
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Appendix C

Procedure for obtaining A and B

(A = averageenvelope,B = modulationof averageenvelope)

It is desiredto minimizetheexpression(5.13)with respectto A, hence:44 0 S=£ X^]:¤�¥|
£ W  0 � 8 _,�kw £ �('§¦ [ ý �

(C.1)

with: _,�kw £ � ý ���6� �
{ � w £��¨ª©�« �%¬:©(« � (C.2)

By derivation,expression(C.1)canbere-writtenas:­ S£ X^] ¥|
£ ý ­ S£ X^] 0 � ­ S£ X^] 8 _,�kw £ �ý \ 0 � 8 ­ S£ X^] _U��w £ � (C.3)

Similarly, for B: 44 8 S=£ X^] ¤<¥|
£ W  0 � 8 _U��w £ ��'�¦ [ ý �

(C.4)

giving: S=£ X^]N¥|
£ _U��w £ � ý 0 S=£ X^] _,�kw

£ � � 8 S= £ X^] _,�kw
£ � [ (C.5)

It is thereforenecessaryto solve thefollowing systemwith two unknowns:

� \ ­ S£ X^] _,�kw £ �­ S£ X^] _,�kw £ � ­ S£ X^] _,�kw £ � [ �.� 08 � ý � ­ S£ X^] ¥|
£­ S£ X^] ¥|

£ _,�kw £ � � (C.6)
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finally: � 08 � ý nû � ­ S£ X^] _,�kw £ � [ W ­ S£ X^] _U��w £ �W ­ S£ X^] _U��w £ � \ �r� ­ S£ X^] ¥|
£­ S£ X^] ¥|

£ _U��w £ � � (C.7)

with: û ý \ S= £ X^] _U��w
£ � [ W � S= £ X^] _,�kw

£ � � [



Appendix D

Analytical model for chamfer 1

D.1 Intr oduction

Considerableprogresshasbeenmadein computertechnologyover the last ten years,and it
is now possibleto study complex electromagneticphenomenawith codesbasedon the finite
elementmethod,suchastheTOSCAprogram[1].. This hasmadeit possibleto designmagnets
for acceleratorswith extremeprecision,with the result that error of around n �j®j¯ relative to
the ideal field canbe anticipated.In someprojects,suchlevels of performancearebecoming
necessaryfor certainprojects.For theSOLEIL project,thetolerancelimits for themagnetsare
of a few n �j®l° [2].. Magnetscannow bedesignedto achievesuchprecision,makingit possibleto
avoid thephaseof shimming2 resultingfrom themultipolarcomponentsthatarealwaysdetected
duringthemeasuringstage.

Controlof themultipolarcontentis alsoproperlymasteredduring2D calculations.But the
three-dimensionalstagehasbeenfound to be far moredifficult. To prevent the pole finishing
at anglesto the directionof the beam,the designercuts the endbit by bit. Several attempts
have beenmadeto obtaina consistentmodel for chamferdesign. LangenbeckandFrancsak
have obtainedgoodresultsthereby[3].. But the geometryobtainedwasdifficult andcostly to
machine. Their model also inducedtransverse-longitudinalcoupling which is detrimentalto
particledynamics. In mostcases,the designersmake do with a 45± chamferor with multiple
facetsasa refinement[4, 5].. In this article, it is proposedto build electromagnetswith a pole
endprofile thatconsiderablyreducestheamplitudeof themultipolarcomponents.Thisprofile is
basedon a specificsolutionto theLaplaceequation.Thegeometryindicatedby themodelalso
hastheadvantageof beingeasilymachinable.

1Thisappendixis thetranslationof anarticlepublishedin IEEETransactionsOnMagneticsin March2000.This
task,which is outsidethe scopeof the thesis,wasinspiredby a studymadeof the radial matchingsectionof the
RFQ.I would like to thankOlivier DelferriËreandDenisdeMenezesfor makingthedifferentsimulations,which
requiredanenormousamountof work.

2This stageconsistsof assemblingthepiecesof magneticmaterial,which is generallyof smallsize,at thepoles
of themagnet,to correctthemultipolarcontent.
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FigureD.1: Longitudinalprofileof centerat endof magnet.

D.2 Analytical model and simulation tools

D.2.1 Analytical solutionsfor the Laplaceequation

Theusualmannerof describingthemagneticchannelfor thetransportof chargedparticlesis to
usethefollowing 2D seriesfor scalarpotential:²´³�µ�¶	·6¸h¹Eº�»¼µ »3½¿¾ »hÀ�Á6Â ³�ÃÄ·?¸:Å�Æ »hÂ;ÇÉÈ ³�ÃV·6¸�Ê

(D.1)

themagneticfield is thensimplyobtainedby applyingthedivergenceoperator:ËÌ Í ¹ Ë Ë�Ë
Ë ÌÎÏ³g²Ð¸
(D.2)

In practice,magnetsare not of infinite length, which makes it necessaryto introduceaz-
imuthal components.To obtaina full representationof the field andensurepropercontinuity
betweenthecentralregion (I) andtheendof themagnet(II) (FigureD.1),weproposeto usethe
following series[6, 7]:²U³�µ�¶	·�¶YÑx¸Ò¹s³ ¾ ÑÓÅ�Æ�¸ º »¼µ »Ô½Õ¾ »NÀ�Á6Â ³�ÃÄ·?¸�Å%Æ »hÂ;ÇÉÈ ³�ÃV·6¸�Ê

(D.3)

It is alsopostulatedthatthediscontinuityinducedby
ÍÓÖ

is negligible. By writing thepreced-
ing equationfor asinglemultipoleof order

Ã
andusingiron length ×ÒØ andmagneticlength ×hÙ ,

weobtaina formulawhichdescribesthelongitudinalprofile for thechamfer:µ�³kÑ6¸Ò¹!Ú´Û ÜÝÞ ×KØ Ë Ñ�ß Ýkà » (D.4)

where
Ú

is theminimumdistancebetweentheaxisandthepole,and Ü is thedistanceover
which thechamferoperates.The formula is all themoreeffective whenthemultipolarcontent
of thecentralregion is poor. It is shown below thatthis approximationgivesgoodresults.
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FigureD.2: Typical dipoleprofile.

D.2.2 Simulation tools

D.2.2.1 Meshgeneration

ThedifferentmodelsweremadeusingtheTOSCAcodewhichusesthefinite elementmethod.A
numberof implementationsof thecodehave beendevelopedat CEA Saclay, makingit possible
for usto rapidlyobtaingeometrieswith chamfermanagement(FigureD.2).

Oncemeshed,themodelswerefed to thesolver. Thecalculationswerecarriedout on a HP-
J282workstation,with 512Mb of RAM. TheCPUtime necessaryfor makingthe15 non-linear
iterations(saturation)wasapproximately15 hourswith around450,000nodes,to ensurea high
level of precision.

D.2.2.2 Processingof resultsand harmonic analysis

The multipolar tolerancesgiven for transportwerecalculatedby integratingthe magneticfield
alongz. Wethereforeusedthesamecriterionin oursimulations.Thecomponentswereprojected
ontobase(D.1) to remaincoherentwith theorbit calculations.Theprojectionwasmadeon the
lateralsurfaceof a cylinder with a radiusequalto half the gap for the dipole and the groove
radiusfor thequadrupole.Theintegralwasmadefrom - á to + á (actuallyfrom - â to + â , withâ sufficiently great).

We begantheprocedurewith thefollowing 2D magneticscalarpotential:ã´ä�åCæYç6èhé êë ê¼ì ê å êNíLîðï ä�ñÄç6è (D.5)
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By projectingthecentralregion potentialcalculatedwith TOSCA,we obtainedcomponentì ê : ì ê é òó å ê�ôHõ§ö÷ ã�ø�ä�åCæYç?è í;îðï ä�ñVç6èLùlç (D.6)

We definedtheintegratedharmoniccomponentú ê as:ú ê é òû ó â å ê�ô,ü^ýþ ý ôHõ§ö÷ ã�ø�ä�åCæYçjæYÿxè íLîðï ä�ñÄç6è�ùlç?ùlÿ (D.7)

where
ã^ø

wasthe solutioncalculatedwith TOSCA.From equation(D.2), we obtainedthe
harmoniccoefficient for theradialcomponentof field ��� :ì ê é òó å ê þ�� ô õ§ö÷ ä ��� ä�åCæYç?è;è§ø íLîðï ä�ñÄç6è�ùlç (D.8)

andhencetheintegratedterm:ú��ê é òû ó â å ê þ�� ô ü^ýþ ý ô õ§ö÷ ä ��� ä�åCæYçjæYÿxèLè�ø í;îðï ä�ñVç6èLùlçOùjÿ (D.9)

Still in agreementwith theorbit calculations,wenormalizedall thetermsby magneticlengthâ�� : 	 ü^ýþ ý 	 õ§ö÷ ä ��� ä�åCæYç�æ	ÿxè;è§ø íLîðï ä�

ç6è�ùjçOùlÿ	 õ§ö÷ ä ��� ä�åCæYç�æ
�6è;è�ø íLîðï ä�

ç6è�ùjç é â�� (D.10)

where



wastheorderof theharmonic(



=1 for thedipole,



= 2 for thequadrupoleetc.).
Automaticprocedureswerewrittenin OPERA-3Dfor calculatingtheintegralsof areaú �ê forñ

=1 to
ñ

=20[8].. Thefollowing sectionsdescribecomparisonbetweenthemultipolarcontentof
a dipoleanda quadrupolewith differentprofilescharacterizedby depth � (seeSectionD.2.1).
In theory, chamferheight � (FigureD.1), is infinite in accordancewith formula (D.4) but, for
obvious feasibility reasons,we choseto make � ÷ < � , taking careto make the vertical plane
tangentialto theendof thechamfer. All thesimulationswerealsocomparedwith theno-chamfer
case(i.e. squareedge).Eachprofilewasdescribedby tenfacets.

D.3 Application to dipole

D.3.1 Description of magnet

The dipole testedhada right “C” transverseprofile correspondingto the SOLEIL ring design,
with a few simplificationsto facilitate construction. The length was1 meterand the air gap
37 mm with a nominal field of 1.56 T (Figure D.3). The lateral chamferswere deletedfor
simplification.
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FigureD.3: Completegeometryof dipolewith conductors.

D.3.2 Profile

>Fromtheequation(D.4),wederivedthefollowing expressionfor thedipoleprofile in region II
where� washalf thegap: å^ä�ÿxèKé � ��õ â���� ÿ (D.11)

Depth � wasa functionof theintegralof themagneticfield requiredby thedynamicsof the
beam ����� ê â�� (where ����� ê wasthe valueof the fields, assumedto be constant).By applying
whatwasimposed,i.e. â�� = â�� , thefunctioncanbewrittenasfollows:

� é â�� � ò � ����� ê �� ÷
���� (D.12)

In our study, we soughtto increase� to ensurefreedomfrom the “right corner” case. In
certaincases,we alsomadeallowancefor the reductionin the integral of the field dueto the
removal of material.This resultedin amp-turncompensation.If therewere(NI) � amp-turnsfor
adepthof � � , theamp-turns(NI) õ compensatingfor adepthof � õ were:ä ��� è õ é â����!� �â����!� õ ä ��� è � (D.13)

Following theproceduredescribedin SectionD.2.2.2,wecalculatedtheamplitudesfor each
harmoniccomponentrelative to the main component.FigureD.4 shows theseamplitudesfor
differentvaluesof � .. It wasapparentthatthemultipolarcontentcouldbeconsiderablyreduced.
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Figure D.4: Relative
amplitudesof harmonicswith compensation.

By compensatingfor theamp-turns,we causedextremelyhigh saturationin thetransversecor-
nersof thepoles,whichsubstantiallyincreasedthesextupole(A3). It waspossible,by meansof
a transversechamfer, to overcomethis problem.However, theproblemimplied anoptimum "
asa functionof thelevel of saturation.

FigureD.5 shows therelative amplitudesof theharmonicsin thecasewherethe integral of
thefield is not compensatedfor by differentvaluesof " .. It wasverified,for thetwo cases,that
theresultsremainedidenticalfor a reasonablesetof valuesof #%$ ..
D.4 Application to quadrupole

D.4.1 Description of magnet

Thequadrupoleusedin this studywasanotherSOLEIL projectmagneton which a chamferat
45* hadpreviously beenmade.Thequadrupolehada lengthof 0.4 m anda gapof 57 mm. Its
specificationincludedanominalmagneticgradientof 15.2T.m&�' (FigureD.6).

D.4.2 Profile

Equation(D.4) onceagaingave thegrooveradiuschangeasa functionof z:

(%)+*-,�./(10!2334 "'576�8�9 * (D.14)

where (10 wasthegrooveradiusat thecenterof region I.
Thepolesurfaceequationwasthen:
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FigureD.5: Relativeamplitudesof harmonicswithout compensation.

FigureD.6: Completequadrupolewith conductors.
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FigureD.7: Chamfergeometryfor thequadrupole.

:<; � òû>= å�äkÿ6è�? õ é@�
(D.15)

It is noteworthy that the transversesectionshaddifferenthyperbolasfor eachlongitudinal
position(FigureD.7). Similarly, depth � wasgivenby thefollowing expression:

� é â�� � ò �BA ��� ê å1Cû � ÷D�E�  (D.16)

where A ��� ê wasthegradientgivenin thespecification.
To operateat a constantintegral, it wasalsonecessaryto compensatefor variation in the

valueof thegradientintegratedover thelengthwith amp-turns.As for thedipole,theoptimum
dependedon saturation.FigureD.8 shows the differentrelative amplitudesof the undesirable
componentsin the uncompensatedcase.Also for this case,it waschecked that the resultsre-
mainedidenticalfor a reasonablesetof valuesof � ÷ .. This provesthatonly thefirst facetsare
critical whenthepoleis at its closestto theaxis,ascouldbeexpected.

D.5 Conclusion

A coherentanalyticalmodel,without transfer/longitudinalcoupling,wasdevelopedto createthe
chamfer. Theformulationusedwasvery similar to thatadaptedfor beamtransportcalculation.
Goodperformancewasobtainedwith a view to minimizing the amplitudeof the undesirable
multipolar components.The methodwas developedfor the dipole and quadrupolecasesbut
couldprobablybeadaptedto any multipole. It alsodemonstratedthat the ideal inclinationwas
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FigureD.8: Relativeamplitudesof harmonicswithoutcompensationfor thequadrupole.

not necessarily45F , but dependedon a numberof parameterssuchasthedepthof thechamfer,
theair gap,the lengthof themagnetandthemainharmonic.By varyingthechamferdepth G ,
the magneticlengthcould be adjusted.The limitations of the methodweredueto saturation,
althoughit waspossible,in many cases,to overcometheproblemwith transversechamfers.

We hopethatmagnetdesignerswill find this helpsthemto make chamferseasilyandaccu-
rately.
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